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Preface 



The fifth ERCOFTAC workshop ’Direct and Large-Eddy Simulation-5’ 
(DLES-5) was held at the Munich University of Technology, August 27-29, 
2003. It is part of a series of workshops that originated at the University of 
Surrey in 1994 with the intention to provide a forum for presentation and dis- 
cussion of recent developments in the field of direct and large-eddy simula- 
tion. Over the years the DLES-series has grown into a major international 
venue focussed on all aspects of DNS and LES, but also on hybrid methods 
like RANS/LES coupling and detached-eddy simulation designed to provide 
reliable answers to technical flow problems at reasonable computational cost. 

DLES-5 was attended by 1 1 1 delegates from 15 countries. Its three-day pro- 
gramme covered ten invited lectures and 63 original contributions partially pre- 
sented in parallel sessions. The workshop was financially supported by the fol- 
lowing companies, institutions and organizations: ANSYS Germany GmbH, 
AUDI AG, BMW Group, ERCOFTAC, FORTVER (Bavarian Research Asso- 
ciation on Combustion), JM BURGERS CENTRE for Fluid Dynamics. Their 
help is gratefully acknowledged. 

The present Proceedings contain the written versions of nine invited lectures 
and fifty-nine selected and reviewed contributions which are organized in four 
parts: 

1 Issues in LES modelling and numerics 

2 Laminar-turbulent transition 

3 Turbulent flows involving complex physical phenomena 

4 Turbulent flows in complex geometries and in technical applications. 

Part 1 combines three important topics, namely ’Subgrid modelling’, ’Wall 
models for LES and related issues’ and ’Numerical techniques and error esti- 
mation’. In their invited paper BJ. Geurts and D.D. Holm propose a nonlin- 
ear regularization formulation of the nonlinear convective Navier-Stokes fluxes 
which leads to new subgrid scale models with strongly improved accuracy of 
predictions compared to dynamic SGS models. NA. Adams describes a new 
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approach to construct implicit SGS models based on adaptive local deconvolu- 
tion. These models use the truncation error of the numerical discretization to 
handle the energy transfer at the cutoff wavenumber. Here, the discretization 
is adjusted to obtain an optimized implicit SGS model. The contributions by 
the team of L. Kleiser cover three aspects of improved SGS modelling. Stolz 
et al discuss high-pass filtering employed to the resolved quantities prior to 
computing the eddy-viscosity and strain rate. It allows for good predictions of 
transitional and turbulent flows. SGS models based on relaxation regulariza- 
tion are investigated and applied to incompressible transitional and turbulent 
channel flow by Schlatter et al They also examine the connection between 
aliasing errors and SGS modelling. Finally, S.B. Muller et al connect the eddy- 
viscosity concept employed in the EDQNM theory with the relaxation term 
concept in the ADM formulation and assess the model properties for forced 
isotropic turbulence. M. U. Haliloglu and R, Akhavan propose a nonlinear in- 
teractions approximation model that uses graded filters and deconvolution to 
parameterize local interactions across the LES cutoff and an eddy viscosity 
term to treat the distant interactions. An unconventional SGS modelling ap- 
proach is that of L. Shao et al, making use of the Kolmogorov equation for 
the resolved velocity field to derive new SGS models. C. Bogey and C. Badly 
contrast the effect of explicit filtering of the resolved field variables with that of 
a dynamic Smagorinsky eddy-viscosity model in the LES of a high Reynolds 
number subsonic jet. O. Debliquy et al. perform a high resolution DNS of a 
shear-free mixing layer and LES with various isotropic SGS models to show 
that the main features of the flow are properly reproduced with these mod- 
els. R.W.C.R Verstappen comes up with a proposition to stabilize similarity 
SGS models by projecting them onto an eddy-viscosity model. This results in 
a self-calibrating eddy- viscosity and leads to surprisingly good predictions of 
high-Re channel flow. An alternative to LES for high-Re flows is suggested by 
K. Kemenov and S. Menon. It consists in decomposing the velocity vector into 
large-scale and small-scale components. A coupled system of equations has 
to be solved where the small scale equations are modelled without referring to 
eddy- viscosity assumptions. 

Powerful wall models (section 1.2) are needed to make LES a tool to predict 
high Reynolds number wall-bounded flows reliably. A thorough understand- 
ing of the structure and dynamics of near- wall turbulence obviously is a useful 
prerequisite of modelling. To this end the work of D, Desmidts et al decouples 
the wall layer from the outer layer and constructs an empirical eigenfunction 
basis (determined by POD) on which the low-dimensional dynamics of the 
near-wall flow is projected. F. Durst and K.N, Beronov investigate intermit- 
tency effects in the viscous sublayer of wall-bounded turbulence and errors 
arising primarily in the vertical velocity component in direct numerical simu- 
lations which unfortunately increase with higher resolution and affect 2^^ and 
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4^^ order statistical moments. M. Abel et al apply nonlinear stochastic es- 
timation to derive generalizations of known algebraic wall models which are 
expected to provide improved predictions of separated flows.K-/ Kaltenbach 
develops and validates models for the prediction of the fluctuating wall-shear 
stresses in separating and reattaching flows. 

Besides modelling unresolved scales modem numerical techniques and er- 
ror estimation play a viable role in these Proceedings (section 1.3). The invited 
paper of R.W.C.P. Verstappen et al is a nice example of possible improve- 
ments in numerical accuracy of DNS results when discrete differential opera- 
tors are used which possess the same conservation and dissipation properties 
as the continuous operators. The strategy is also generalized to flow prob- 
lems with arbitrarily-shaped solid boundaries. N.K.R. Kevlahan et al are the 
first to present a three-dimensional adaptive wavelet collocation method and 
to apply it to the flow past a sphere. This method may have the potential to 
reduce the overall computational effort based on uniform grids from a Re^- 
to a i?e-proportionality. The paper by F.v.d. Bos and B.J. Geurts discusses 
effects of non-uniform filters in LES leading to commutator-errors and pro- 
poses to model these errors based on a material derivative of the filter- width 
and dimensional arguments. Using a database of DNS/LES of isotropic tur- 
bulence J. Meyers et al investigate the global error of LES performed with 
eddy- viscosity SGS models as function of LES parameters and develop ’near- 
optimal refinement strategies’ for practical LES. 

Part 2 is dedicated to laminar-turbulent transition phenomena. In their in- 
vited paper L Brandt and D. Henningson present direct simulation results of 
bypass transition in incompressible Blasius boundary layers. They focus on 
the breakdown of streamwise streaks by two different mechanisms, namely by 
nonlinear saturation of optimal perturbations in the case of steady, spanwise 
periodic basic flow and by free-stream turbulence. Both mechanisms lead to 
almost identical structures. D.S. Krasnov et al investigate the process of in- 
stability and transition to turbulence in Hartmann flow and observe within a 
critical Reynolds number range of 350 to 400 that the streak breakdown sce- 
nario (coupled with realistic perturbation amplitudes) describes the transition 
process to turbulence in MHD flow successfully. A flow that involves laminar, 
transitional and turbulent regimes is that between a stationary and a rotating 
disc appearing in computer disc-drives. E. Serre et al investigate this flow 
with a pseudo-spectral method and provide a useful database for SGS and sta- 
tistical modelling. J. Wissink and W. Rodi present results of a series of DNS 
of laminar separation bubbles affected by different levels of free-stream dis- 
turbances. Separation occurs on a flat plate induced by an adverse streamwise 
pressure gradient. Free-stream perturbations trigger transition in the free shear 
layer surrounding the separation bubble and can even lead to its disappearance. 
A similar situation is encountered in flow over turbine blades. Hence, this ide- 




XIV 



DIRECT AND LARGE-EDDY SIMULATION V 



alized situation serves to better understand the flow over turbine blades subject 
to periodically oncoming wakes. Among the three contributions dealing with 
transition in compressible flow, the one by /. Klutchnikov and J. Ballmann 
investigates the transonic flow about a supercritical airfoil at a Reynolds num- 
ber based on chord-length of Rcc — 2.14 • 10^. A A-shock develops on the 
upper side of the airfoil causing the boundary layer to separate and the free 
shear layer to generate vortices. The shock-boundary layer interaction pro- 
cess turns out to be highly unsteady. O. Marxen and U. Rist perform a DNS 
of laminar-turbulent transition in a separation bubble induced by strong lo- 
cal adverse pressure gradients and use this as a reference case to analyse an 
LES technique closely related to the ADM method. The unstable flow in the 
vicinity of the swept leading edge of a parabolic profile in supersonic flow is 
studied by J. Sesterhenn and R. Friedrich with special emphasis to understand 
the response of the boundary layer to random perturbations in the stagnation 
region. Both leading-edge and cross-flow instabilities are observed with the 
latter clearly dominating. 

Turbulent flows involving complex physical phenomena are treated in part 
3 starting with multiphase and Non-Newtonian flows. In section 3.1. B. Chen 
et al combine an LES technique with two-fluid theory to simulate small-scale 
ocean turbulence coupled with buoyant plumes. Buoyant droplets are treated 
as a quasi-fluid in an Eulerian framework. P, Liovic et al. use LES and a 
VOF-based interface tracking technique in their contribution to predict bubble 
rise, fragmentation and coalescence phenomena which result from air venting 
into a water pool through a downcomer pipe. In their LES of particle-laden 
turbulent vertical channel flow A.W. Vreman et al. address the importance 
of taking into account particle collisions which leads to full four-way cou- 
pled models for detailed simulation. In the first of the two remaining papers 
on Non-Newtonian fluid flow, K. Horiuti highlights the analogy between the 
lowest-order approximation of the Bardina SGS stress and the conformation 
stress tensor of Oldroyd-A- and B-fluids used to predict flow of dilute polymer 
solutions. Its impact on the formation of turbulence structures in isotropic tur- 
bulence is worked out. M. Manhart and R. Friedrich use DNS to investigate 
the effect of drag reduction in turbulent channel flow by dilute suspensions of 
small fibrous particles in a Newtonian solvent. The constitutive equation for 
a single fibre incorporates the strain and rotation rates of the solvent fluid and 
Brownian motion. It is solved using a Monte Carlo method. 

Effects of active and passive scalars are discussed in four papers in section 
3.2. LES of turbulent flow in a stably- stratified open channel with longitudinal 
ridges along the bottom wall performed by V. Armenio et al. aims at answer- 
ing the question how large-scale secondary motions which in neutrally stable 
situations contribute to vertical fluid transport are affected by stable stratifica- 
tion. LES of conjugate heat transfer, a topic of considerable industrial interest. 
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is investigated by A. Chatelain et al. using a wall function approach in order 
to reduce the computational effort. It is pointed out that standard approaches 
can lead to biased predictions and that more sophisticated solution strategies 
are needed. J. de Hoogh et al. perform DNS of passive scalar transport in 
fully developed turbulent pipe flow in order to test diffusion theory based on a 
Fokker-Planck equation for the PDF of the scalar concentration. A theory that 
is of great value in predicting the occurrence of rare events of scalar transport 
from LES or experimental data, is EVT (Extreme Value Theory). It is success- 
fully used by Z. Xie et al in predicting concentration fluctuations of passive 
plumes in a turbulent boundary layer over a rough wall using LES. 

There are six papers dealing with nonpremixed and premixed turbulent com- 
bustion. The invited paper by D. Thevenin demonstrates that DNS of 3D turbu- 
lent methane/air flames is nowadays feasible even for low-temperature kinetics 
by prolongating the Intrinsic Low-Dimensional Manifold in combustion space 
using the laminar premixed flame structure. In a companion paper R. Hilbert 
and D. Thevenin use 2D DNS and detailed chemistry to describe the effect 
of differential diffusion on combustion of hydrogen in air in a turbulent non- 
premixed flame. The results show a strong impact of differential diffusion on 
the local flame structure. The contribution by K.H. Luo discusses 3D DNS 
results of mixing and combustion of buoyant reacting flows from rectangular, 
square and round sources. A one-step global reaction is simulated. Buoyancy 
effects result from the dynamics described by the full compressible Navier- 
Stokes equations without invoking the Boussinesq approximation. The data 
are used to construct two new SGS models for radiative heat transfer. The 
importance of generating suitable inflow conditions for LES of non-premixed 
flames is stressed by A. Kempfet al. A grid independent approach is presented 
and applied to jet flames. Two more papers are related to LES of combustion 
in gas turbines. C. Duwig and L. Fuchs investigate the influence of the subgrid 
flame thickness on a swirl stabilized flame using a premixed flamelet formula- 
tion in the LES framework. A parameter is defined which expresses the relative 
importance of the turbulent filtered flame speed and its thickness in comparison 
to the effective diffusivity. Its influence on the flame brush turns out to be sig- 
nificant. G. Eggenspieler and S. Menon report on LES of turbulent premixed 
combustion in a gas turbine engine close to lean blow out, a regime where clas- 
sical flamelet assumption breaks down. A subgrid combustion model based on 
the linear-eddy mixing model is used along with transport models to predict 
pollutant (CO and NO) formation. The inclusion of unbumed hydrocarbons 
turns out to be important in the CO emission prediction. 

Traditionally, the compressible turbulence community is small. Three pa- 
pers are included in section 3.4. The invited paper by Q. Li and G.N. Coleman 
is an investigation of oblique shock wave / turbulent boundary layer interaction 
by DNS at Mach 2. A new efficient technique of generating inflow conditions 
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for compressible wall-bounded turbulence is presented and applied. The im- 
pinging shock induces significant intrinsic compressibility effects forming a 
challenge for turbulence modellers. C. Le Ribault discusses LES results of 
spatially developing mixing layers obtained for two different dynamic SGS 
models. Convective Mach number effects are shown and compared with those 
obtained from experiment and DNS of Pantano and Sarkar (2002). The pa- 
per by S. Sarkar et al provides scaling laws and conclusive explanations for 
the change in turbulence structure due to compressibility in fully developed 
channel flow along isothermal cooled walls. 

The last topic in section 3.5 involving complex physics is noise generation 
by turbulent flow and its radiation into the far-field. In his invited paper S.K. 
Lele covers a broad range of aspects related to noise emanating from high- 
speed jets. Starting with features of such jets and their relationship to the radi- 
ated noise, analysed by DNS, the paper discusses the mechanism responsible 
for the generation of strong screech noise and implications of a new analytical 
model of shock-cell noise generation. B.J, Boersma uses DNS to study the flow 
and acoustic field of a subsonic round turbulent jet spreading parallel to a flat 
wall. He finds that a solid wall enhances the acoustic emission and also the 
angle under which the sound is emitted, a result which is in agreement with 
real life situations. EJ. Avital and R.E. Musafir couple incompressible LES 
with the Lighthill-Curle acoustic analogy in order to investigate flow patterns 
and sound generation in open cavities with different shape. Elliptic cavities 
turn out to produce lower dipole noise than box configurations. 

Turbulent flows appearing in complex geometries and in technical applica- 
tions form the topic of the fourth and last part. It includes prediction meth- 
ods which deviate from the classical DNS/LES path, namely hybrid methods 
like LES/RANS coupling and detached-eddy simulation techniques. They are 
dealt with in section 4. 1 . The invited paper by K. Hanjalic et al. discusses 
issues related to zonal and seamless combinations of LES and URANS, de- 
signed for high Reynolds number flows. These promising methods are tested 
in fully developed turbulent channel flow on coarse grids. The invited paper 
by K.D. Squires provides an overview of the current status of detached-eddy 
simulation and its perspectives. This technique designed to predict massively 
separated flows avoids the Reynolds number limitations that plague LES and 
provides results the accuracy of which is typically superior to that of steady 
or unsteady RANS methods. Computations of flow around a fighter aircraft 
(F-15E) highlight the strengths of the DES method. The paper by S. Kapa- 
dia et al. presents, like most of the DES applications, DES results based on 
the Spalart-Allmaras model. The Ahmed reference car model with 25° and 
35° slant angles is investigated using an unstructured grid method. Since the 
flow over the base slant in the experiments is attached at 25° and separated at 
35°, its accurate prediction forms a challenge for statistical models, because 
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the boundary layer separation has to be predicted accurately. The paper by 
M. Ciardi and W.N. Dawes focusses on implementing four SGS models into 
an unstructured Navier-Stokes solver, tailored to broadband noise analysis in 
turbomachinery. It also addresses the problem of limiting the commutative er- 
ror by using an implicit filter. Preliminary 2D tests of the ERCOFTAC square 
cylinder case are performed. 

Section 4.2 deals with turbulence modification due to permeable, rough and 
non-stationary walls. W.P. Brtugem and BJ. Boersma pursue an interesting ap- 
proach to compute turbulent flow over a permeable wall. They perform a vol- 
ume averaging of the Navier-Stokes equations within the porous layer which 
leads to transport equations for a sort of pore-averaged velocity incorporating 
dispersion and drag terms and needs closure, similar to the filtered equations 
used in LES. Results show that wall permeability increases the friction factor 
and enhances turbulent mixing. Turbulent channel flow with a smooth and a 
rough wall, generated with the help of circular cylinders and square bars is in- 
vestigated by S. Leonardi et al using DNS. The roughness elements are treated 
with the immersed boundary technique of Fadlun et al. (2000). Budgets of the 
four Reynolds stress components are analyzed in order to clarify the mecha- 
nisms by which these components are enhanced on the rough wall side. C.P. 
Yorke and G.N. Coleman apply an ingenious method to generate and remove 
adverse pressure gradients (APG) in DNS of turbulent channel flow with pe- 
riodic boundary conditions. They reproduce, e.g., the irrotational plane strain 
found in an APG boundary layer by streamwise compression of the flow do- 
main and wall normal divergence. The work aims at better understanding the 
dominant mechanisms controlling APG boundary layers and improving turbu- 
lence models. 

Flows involving streamline curvature and swirl are the subject of section 
4.3. The paper of C. Munch et al. presents large-eddy simulations of turbu- 
lent weakly compressible flow in a curved and S-shaped duct of square cross 
section using the selective structure function model. The simulations mimic 
the transport of heat in cooling channels of heat exchangers and reveal the en- 
hancing and inhibiting effect of concave and convex wall curvature on the heat 
flux. Effects of multiple streamline curvature in a duct are predicted by A. Silva 
Lopes et al using LES and a Lagrangian-dynamic eddy-viscosity SGS model. 
Zones of flow transition from convex to concave curvature and vice versa are of 
special concern since they produce major changes in the turbulence structure 
and lead to instantaneous separation with time-dependent recirculation bub- 
bles. R.Z. Szasz et al. perform LES of momentum and passive scalar transport 
in swirling co-annular jets with various SGS models in order to reveal their 
influence on the flow field and mixing characteristics. 

Control of turbulent flow and interaction of turbulent flow with elastic struc- 
tures are the themes of two papers in section 4.4. Two more papers discuss im- 
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mersed boundary methods that are very well suited for fluid structure interac- 
tion simulations. J, Neumann and H, Wengle perform LES of a controlled tur- 
bulent flow over a rounded backstep. The incoming turbulent boundary layer 
is either passively controlled by a surface-mounted fence or actively by blow- 
ing/suction. The impact of the specific control mechanism, the position of the 
control device and the amplitude as well as frequency of the forcing (in the 
active case) are thoroughly investigated. The paper by E. Longatte et al pro- 
vides an overview of the use of DNS and LES techniques to the prediction of 
flow-induced vibrations in tube-bundles. Near-wall fluid forces acting on the 
tubes are estimated, e.g., in terms of spectral density obtained from LES in the 
case of weak coupling. Modal spectral calculations are carried out to compute 
the tube dynamic response. The fully coupled problem is treated as well. The 
immersed boundary method described by E.R.A. Coyajee and B.J. Boersma 
represents complex geometries on a regular Cartesian grid and enables highly 
efficient flow calculations based on second-order central finite differences. It is 
tested in a DNS of flow around a circular cylinder. The technique presented by 
P. Parnaudeau et al combines a direct forcing method with high-order com- 
pact schemes in order to represent solid walls of arbitrary shape. Results of 
flow around circular cylinders demonstrate improvements achieved with this 
new approach. 

Flows of practical relevance appearing in aerodynamic and turbomachinery 
applications are at the heart of section 4.5. The invited paper by P. Flohr and 
C. Hartel contributes a case study for LES in turbomachinery flows, analyz- 
ing the flow and mixing pattern in a swirl-stabilized gas turbine burner. By 
demonstrating the fact that such flows can only be properly predicted with un- 
steady simulations, this paper underlines the potential of LES in gas turbine 
combustors. The highly complex flow phenomenon of a round jet in a turbu- 
lent crossflow at high local Reynolds numbers, is predicted and analyzed in 
detail by X. Guo et al using LES. The separated flow past an airfoil at high an- 
gle of attack and confined between two parallel walls to provide well-defined 
upper and lower boundary conditions is studied by N. Jovicic and M. Breuer 
using LES. Due to a laminar separation bubble on the upper side of the profile, 
subsequent transition to turbulence and turbulent separation in the rear part, 
this flow forms a challenge for LES. M. Opiela et al apply LES to predict the 
effect of an upstream wake on the flow around a low-pressure turbine blade. A 
sliding interface technique is used to ensure flux conservation in the numerical 
scheme between the rotor and stator sides. The comparison with time-averaged 
experimental data for various Reynolds and Mach numbers shows good agree- 
ment. The same flow configuration is investigated also by B. Raverdy et al 
using well-resolved LES and a sliding interface technique. Only the lowest 
Reynolds number case is analyzed, but with two different SGS models show- 
ing good agreement with experimental data. A slightly different approach to 
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predict the effect of cylinder wakes on a turbine blade has been used in an LES 
by 5. Sarkar and P. Yoke, Here, the cylinder wake is generated in a precursor 
simulation and the flow data are interpolated onto the grid of the inlet plane to 
the turbine cascade. Flow data are collected and phase-averaged over 8 wake 
passing cycles in order to provide insight into the underlying physical mech- 
anisms. Finally, 7. Wissink et al present large-eddy simulations of flow in 
a modem highly loaded turbine cascade affected by impinging wakes which 
result from cylinders upstream. For weak wakes and low wake-frequency a 
natural transition scenario is found in the simulation on the blade suction side, 
while strong wakes and high wake-frequencies give evidence of a by-pass tran- 
sition scenario. 

The organizers take this opportunity to thank all the scientists who, through 
their valuable contributions, made DLES-5 a real success. They also express 
their hope that the material contained in these Proceedings will inspire future 
developments. Finally, they wish to express their appreciation to the respon- 
sible persons of Kluwer Academic Publishers for producing this volume in a 
short time. 



Rainer Friedrich, Bernard Geurts, Olivier Metais 
Miinchen, November 2003 
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1.1 SUBGRID MODELING 
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Abstract We review the spatial filtering approach to large-eddy simulation and describe 
the intuitive dissipation and similarity requirements, commonly imposed on mod- 
els for the turbulent stress. Then we present direct regularization of the nonlinear 
convective flux which provides a systematic framework for deriving the implied 
subgrid model. This approach allows one to incorporate several rigorous math- 
ematical properties of solutions to the Navier-Stokes system into the modeled 
large-eddy formulation. Regularization maintains the central transport structure 
of the governing equations. We illustrate the approach with Leray regularization 
and the Lagrangian averaged Navier-Stokes-a model. The new subgrid models 
are applied to turbulent mixing. These models display a strongly improved accu- 
racy of predictions compared to dynamic subgrid models, as well as robustness 
at high Reynolds number. 

Keywords: Regularization, turbulence, large-eddy simulation, Kelvin theorem 

1. Introduction 

Modem strategies for the computation of turbulent flow are aimed at reduc- 
ing the dynamical complexity of the Navier-Stokes solutions, while reliably 
retaining their primary flow phenomena. In large-eddy simulation (LES) a 
balance of these two requirements is approached through subgrid modeling, 
designed to compensate for a coarsened numerical description. LES coarsen- 
ing is achieved by spatial filtering L : Ui ^ Ui where Ui (resp. Ui) denotes 
the filtered (resp. unfiltered) component of the velocity field in the Xi direc- 
tion. Spatial filtering selects the physical detail that will be retained in the LES 
solution; moreover, it gives rise to the central closure problem in LES. 

5 
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Clearly, the adopted spatial filter L defines all aspects of the flow smooth- 
ing. Among others, L should identify the subgrid model. However, subgrid 
models for LES have traditionally been obtained through physical or mathe- 
matical reasoning that may be only loosely connected to a specified filter L. 
For example, traditional subgrid modeling approaches are primarily based on 
dissipation and similarity considerations (e.g., Geurts, 2003). 

In contrast to this traditional LES modeling, the regularization approach 
is based on an explicit alteration of the convective nonlinearity and the in- 
troduction of a filter and its (formal) inverse: (L, L~^). In this setting the 
adopted regularization principle specifies both the implied subgrid model and 
the interpretation of its LES predictions in terms of reference DNS results. 
This modeling strategy has a number of benefits. For example, it addresses 
directly the filtered nonlinear convective contributions instead of ‘manually’ 
adding smoothing through eddy-viscosity. Moreover, it requires no ‘external’ 
ad hoc parameters. Proper regularization principles make the modeled system 
of equations to adhere to certain fundamental properties of the Navier-Stokes 
equations in a transparent way, maintaining, e.g., symmetries, transformation 
properties, Kelvin’s circulation theorem, Karman-Howarth theorem, etc. Fi- 
nally, the implied model is quite simple to implement, with the major technical 
complication arising from the construction of an accurate inverse operator L~^. 

The organization of this paper is as follows. In section 2 we review the fil- 
tering approach to large-eddy simulation and discuss traditional subgrid mod- 
eling based on dissipation and similarity considerations. Then we consider 
the benefits of direct regularization of the convective fluxes in section 3. The 
corresponding subgrid models are tested in turbulent mixing and compared to 
dynamic subgrid models in section 4. Concluding remarks are in section 5. 

2. Filtering for large-eddy simulation 

In this section we shall briefly review the spatial filtering formulation for 
large-eddy simulation. Moreover, we will sketch the central intuitive features 
of dissipation and similarity that are often ascribed to turbulent stress mod- 
els. We also discuss the dynamic procedure used to optimize parameters in a 
subgrid model in accordance with the local, instantaneous flow. 

Filtering the Navier-Stokes equations requires a spatial filter, L. For conve- 
nience we consider a convolution filter in one spatial dimension: 

u = L{u) = J Ga{x - ^ Ga^u (1) 

with normalized filter-kernel Ga characterized by a width A. For incompress- 
ible fluids, the application of the filter L leads to: 

djUj = 0 ; dtUi + dj{ujUi) -h dip — -^djjUi — —dj{uiUj — ujUi) (2) 

Re 
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Here dt (resp. dj) denotes partial differentiation with respect to time t (resp. 
spatial coordinate xj). The component of velocity in the Xj direction is uj 
and p is the filtered pressure. In this formulation of the ‘LES-template’ we 
recognize the application of the ‘Navier-Stokes operator’ to the filtered solu- 
tion {uj , p} on the left-hand side. On the right-hand side the turbulent stress 
tensor tij = ufuj — ufuj appears. This tensor can not be evaluated from the 
filtered solution alone and hence a closure problem arises. One of the central 
aims in the development of successful large-eddy simulations is the effective 
capturing of the dynamical relevance of Tij in terms of model tensors that can 
be evaluated using the filtered solution. 

In the absence of a comprehensive theory of turbulence, empirical knowl- 
edge about modeling Tij is essential, but it is rather incomplete. Commonly, 
LES subgrid models are proposed on the basis of their presumed dissipative 
nature, or in view of the similarity of Tij in an inertial range (Meneveau, Katz, 
2000). As further guidance in the construction of suitable models, one may 
attempt to incorporate constraints associated with rigorous properties of the 
modeling problem such as realizability conditions (Vreman et al, 1994), al- 
gebraic identities (M Germano, 1992) or approximate inversion of the filter ( 
Geurts, 1997, Kuerten et al, 1999; Stolz, Adams, 1999). While realizability 
conditions may impose bounds on certain model parameters, the incorporation 
of algebraic identities such as Germano’s identity has led to a successful class 
of so called ‘dynamic’ subgrid models. 

Dissipation of turbulent kinetic energy is parameterized in eddy-viscosity 
models. The earliest of these was Smagorinsky’s model (Smagorinsky, 1963): 

Tij~.mfj = -{Cs^f\S\Sij (3) 

where Cs denotes Smagorinsky’s constant, A is the grid scale, Sij = diUj + 
djUi is the rate of strain tensor and = Sij Si j is its magnitude. The sim- 
ilarity aspects of the closure problem were first parameterized by the Bardina 
model (Bardina etaL, 1984): 

Tij mfj = UiUj - UiUj (4) 

Thus, the Bardina model applies the definition of Tij to the filtered velocity. 

These subgrid models separately describe important intuitive features of the 
turbulent stresses. However, these models are well known to be seriously 
flawed in their own ways. The Smagorinsky model displays low levels of 
correlation with Tij and often leads to excessive dissipation, especially near 
solid walls and in laminar flows with large gradients. This may even hin- 
der a modeled flow from going through a complete transition to turbulence. 
The similarity model of Bardina is known to display high correlation, but it 
fails to provide effective dissipation of energy and it may give rise to unre- 
alistically high levels of small scale fluctuations in the solution. For these 
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reasons, so-called ‘mixed’ models have been proposed which combine sim- 
ilarity with eddy-viscosity models. As an example, a basic mixed model is 
T^j — > mfj = mfj - Cd^‘^\S\Sij in which Cd denotes the ‘dynamic’ eddy co- 
efficient. The central problem that now arises is how the dynamic coefficient 
should be specified in accordance with the evolving flow. A well-known and 
elegant way to achieve this without unduly introducing ad hoc parameters is 
based on Germano’s identity (M Germano, 1992). 

In dynamic models the eddy-viscosity is intended to reflect local instanta- 
neous turbulence levels. One starts from Germano’s identity: Tij — ^j — Rij, 

where Tij = uiUj — uiUj and Rij = ~ UiUj, Here, in addition to the 

basic LES-filter (•) of width A, a so-called ‘test’ -filter (•) of width A is intro- 
duced. The only external parameter to be specified is the ratio of filter widths, 
which is commonly assigned as A/ A = 2. 

The implementation for obtaining optimal model parameters starts by as- 
suming a mixed model rriij = (n) + cbij (u) for Tij and Mij = Aij + cBij 

for Tij where Aij — a^j(u), Bij = bij{\i). Here aij and bij express assumed 
basic models. Insertion in Germano’s identity yields Aij + cBij = Rij where 
Aij = Aij^Odj, Bij = Bij+bij and we used the approximation cbij ^ cbij. In 
a least squares optimization we can solve the local coefficient as (Lilly, 1992) 

_ ii^ij ~ /c\ 

where we assumed {cfg) ^ c{fg). The additional averaging operator (/) 
is usually defined in terms of an integration over homogeneous directions of 
the flow-domain (Ghosal, 1999). In complex flow-domains, averaging over 
homogeneous directions may no longer be possible or sufficient to smoothen 
fluctuations in c. Taking an average over t may provide a workable solution. 
In order to prevent numerical instability caused by negative values of the eddy- 
viscosity, the dynamic coefficient is also artificially set to zero where (5) re- 
turns negative values. This is referred to as ‘clipping’. 

Dynamic models have become popular in LES but they suffer from some 
important drawbacks. The dynamic procedure is quite expensive and the im- 
plementation contains a number of ad hoc features or inaccurate assumptions. 
Moreover, the achieved accuracy remains quite limited due to shortcomings 
in the assumed base models. Since the dynamic approach does not contain 
ad hoc parameters, there is no chance of improving the predictions by ‘tinker- 
ing’ with parameters. Finally, an extension to flows involving complex physics 
and/or developing in complex domains is difficult since no rigorous systematic 
framework exists for this purpose. 

For these reasons, an alternative modeling approach is summoned and we 
turn to the recently proposed regularization modeling (Geurts, Holm, 2003). 
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Regularization does provide a systematic mathematical framework for deriving 
a subgrid model. This is in sharp contrast with traditional subgrid modeling in 
which the desired smoothing of a turbulent flow is achieved only indirectly 
through the introduction of an eddy-viscosity. However, introducing diffusion 
by eddy- viscosity does not do justice to the intricacies of turbulent transport 
phenomena; it can at best perhaps characterize effective statistical properties 
of the kinetic energy dynamics. 

Applying a specific filter in a regularization of Navier-Stokes equations al- 
lows one to obtain systematically the implied subgrid closure and to incorpo- 
rate rigorous mathematical properties and energy balances from first principles 
into the modeled equations. The central question then becomes, “Which phys- 
ical principles lead to successful regularization for turbulent flow?" We turn to 
this in the next section and discuss the formal similarities between the regular- 
ization approach and the large-eddy formulation. 

3. Derivation of implied subgrid models: connection to 
large-eddy simulation 

In this section we consider two regularization principles and derive the as- 
sociated subgrid models in case the basic filter L has an inverse L~^ (Geurts, 
Holm, 2003). We consider Leray regularization (Leray, 1934) and the La- 
grangian averaged Navier-Stokes-a (LANS-a) approach (Foias et al, 2001). 

A mathematically rigorous modeling approach for large-eddy simulation 
can be obtained by combining a ‘regularization principle’ with an explicit filter 
and its inversion on the given mesh (Geurts, Holm, 2003). Historically, the first 
example of a smoothed flow description in this category is the Leray regular- 
ization (Leray, 1934). Although this regularization was introduced for entirely 
different reasons, we may reinterpret the Leray proposal in terms of its implied 
subgrid-model. This provides the connection with large-eddy simulation. 

In Leray regularization one alters the convective fluxes into UjdjUi, i.e., the 
solution u is convected with a smoothed velocity u. Consequently, the nonlin- 
ear effects are reduced by an amount governed by the smoothing properties of 
the filter operation, L. The governing Leray equations are (Leray, 1934) 

djUj = 0 ; dtUi + UjdjUi + dip - = 0 ( 6 ) 

He 

For proper filters, Leray solutions possess global existence and uniqueness. 
That is, they possess proper smoothness and boundedness, whose demonstra- 
tion depends on the energy balance for /|up d^x. Based on the Leray equa- 
tions (6) we may eliminate u by assuming u = L(u) and u == L“^(u). For 
convolution filters one may derive after some manipulation 

dtUi + dj{ujUi) + dip - = ~^j {^ij) 



( 7 ) 
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The implied asymmetric, filtered similarity-type Leray model is: 

— UjUi = UjUi — ujUi ( 8 ) 

Simulations based on this model remain stable at arbitrarily high Reynolds 
numbers (Geurts, Holm, 2003). In (8) the reconstructed solution Ui is found 
from any formal or approximate inversion L~^. For this purpose one may use 
a number of methods, e.g., polynomial inversion (Geurts, 1997), geometric se- 
ries expansions (Stolz, Adams, 1999) or exact numerical inversion of Simpson 
top-hat filtering (Kuerten et aL, 1999). 

A regularization principle which additionally possesses correct circulation 
properties may be obtained by starting from the following Kelvin theorem: 

^ / Uj dxj - ^ / dkkUj dxj ^ 0 (9) 

dtJriu) ^e/r(u) 



where F(u) is a closed fluid loop moving with the Eulerian velocity u. The 
derivation of the Navier-Stokes equations from (9) was used to inspire a guid- 
ing regularization principle for Navier-Stokes turbulence (Foias et al, 2001). 
In fact, the basic regularization principle was originally derived by applying 
Taylor’s hypothesis of frozen-in turbulence in a Lagrangian averaging frame- 
work (Holm, 1999). In this framework, the fluid loop is considered to move 
with the smoothed ‘transport’ velocity u, although the circulation velocity is 
still the unsmoothed velocity, u. That is, in (9) we replace F(u) by F(u). From 
this filtered Kelvin principle, we may obtain the Euler-Poincare equations gov- 
erning the smoothed solenoidal fluid dynamics, with diUi = 0 and 



dfUj + UkdkUj + UkdjUk + djp - dj{^UkUk) - -^dkkUj = 0 ( 10 ) 

Z rCe 



For the specific Helmholtz operator = {l — a^djj)ui = Hea(ui) we recover 
the LANS -a equations (Foias et al, 2001). The LANS -a model derives its 
name from the length-scale parameter a ^ A/5 (Geurts, Holm, 2002). Com- 
parison with the Leray regularization principle in (6) reveals two additional 
terms in (10). These terms guarantee the regularized flow to be consistent with 
the modified Kelvin circulation theorem with F(u) ^ r(u). For LANS-a 
the analytical properties of the regularized solution are based on the energy 
balance for Ju- L{\i)d^x. 

The Kelvin-filtered equation (10) can also be rewritten in the form of the 
LES template. The extra terms that arise in (10) in order to maintain the Kelvin 
circulation theorem also yield additional terms in the implied subgrid model: 



dtUi + dj{ujUi) + dip - -r^djjUi 

rCe 



= -di 



'j I UjUi — UjUi 



- ( UjdiUj — UjdiU 



j 



( 11 ) 
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We observe that the Leray model (8) reappears as part of the LANS-a model. 
The additional second term on the right hand side takes care of recovering 
the Kelvin circulation theorem for the smoothed solution. This formulation is 
given in terms of a general filter L and its inverse. After some further rewriting 
it may be shown that this model can be formulated fully in conservative form, 
i.e., a tensor rrff- can be found such that the right hand side of (11) can be 
written as —djmfj. 

The subgrid scale model presented in (11) can be specified further when a 
particular class of filters is considered. For the case in which the Helmholtz 
operator Hcq, is used, the following parameterization for the turbulent stress 
tensor is obtained: 



= a^Rey(dkUi dkUj + dkUi djUk - diUk djUk^ 



( 12 ) 



This formulation recovers the LANS-a model reviewed in (Foias et ai, 2001) 
and studied numerically in (Geurts, Holm, 2002). The subgrid model mfj 
has three distinct contributions. The first term on the right-hand side is the 
Helmholtz-filtered tensor-diffusivity model. The second term combined with 
the first term, corresponds to Leray regularization using Helmholtz inversion 
as filter. The third term completes the LANS-a model and maintains Kelvin’s 
circulation theorem. In (12) an inversion of the Helmholtz operator He^ is 
required which implies application of the ‘exponential’ filter (M. Germano, 
1986). However, since the Taylor expansion of the exponential filter is iden- 
tical at quadratic order to that of the top-hat or the Gaussian filters, one may 
approximate He“\ e.g., by an application of the explicit top-hat filter, for rea- 
sons of computational efficiency. 

Although the regularized turbulence equations (11) and the ‘subgrid stress’ 
(12) are formally similar to LES turbulence equations, they arose from differ- 
ent principles. In fact the LANS-a formulation arose by combining Lagrangian 
averaging with Taylor’s hypothesis of frozen-in turbulent fluctuations (Holm, 
1999). The literature underlying this derivation will not be discussed here. 
Instead, we emphasize that, through the combination of an explicit filter and 
its inversion, the regularization principle allows a systematic derivation of the 
implied subgrid-model. This resolves the closure problem consistent with the 
adopted filter. Even though the LANS-a formulation may be interpreted a pos- 
teriori in terms of an implied subgrid-model, the regularization equations were 
not obtained by applying the LES filtering method. We emphasize that this 
approach to modeling turbulence from the viewpoint of mathematical regular- 
ization is an alternative to LES, whose results may be related to the filtering 
approach to LES, but they are not derivable from it. 
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4. Regularization modeling of turbulent mixing 

In this section we present some simulation results obtained with the Leray, 
LANS -a and dynamic eddy-viscosity model. We consider flow in a temporal 
mixing layer (Vreman, et al, 1997) at a moderate Reynolds number Re = 50 
based on the upper stream velocity and half the initial vorticity thickness. The 
flow displays a rapid mixing transition to small scale turbulence. The large- 
eddy simulations of this flow adopted a second order accurate finite volume 
spatial discretization, combined with explicit Runge-Kutta time-stepping. We 
consider LES on a number of grids with 32^, 64'^ and 96^ cells while keeping 
A = £/16. Here, I denotes the length of the side of the cubical computational 
domain that was used. In this way we can separately influence the numerical 
errors in the description and assess the quality of the (approximately) grid- 
independent simulation (Geurts, Froehlich, 2002). 




Figure 1. Snapshots of the vertical velocity in the turbulent regime at f = 80; light (dark) 
surface corresponds to U 2 = 0.3 (u 2 = —0.3). From left to right: filtered DNS at 192'^, Leray 
prediction and LANS-a using A = £/16 and a resolution of 96'^ 

A first introductory test of the subgrid models is obtained by studying struc- 
tures in instantaneous solutions. As a typical illustration of the mixing layer, 
the filtered DNS prediction of the vertical velocity, and the corresponding 
Leray and LANS-a results are shown in the turbulent regime in Fig. 1. We 
approximately eliminated the spatial discretization effects by using A = £/16 
and a resolution of 96^. This allows us to separately assess the quality of the 
subgrid models in predicting the physical aspects of the flow, without the in- 
terference of discretization errors. Even at the instantaneous solution level, 
both the Leray and LANS-a models capture the ‘character’ of the filtered so- 
lution. While the Leray prediction appears to provide a slight under-prediction 
of the influence of the small scales, the LANS-a result appears to correspond 
more closely with the filtered DNS findings, restoring some of the small scale 
variability. These instantaneous predictions are both much better than those ob- 
tained with the dynamic eddy- viscosity model which turn out to be too smooth. 
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(b) 



Figure 2. Momentum thickness (5 for A = ^/16 and three LES models: LANS-a (solid), 
Leray (dashed) and dynamic model (dash-dotted), compared with filtered DNS (solid circles). 
In (a) the approximately grid-independent prediction at 96^ is shown; in (b) convergence to- 
ward the grid-independent solution is illustrated with e{t) = SLEs{t) — for 

t* = 100: 32^: no markers, 64^: open circles and 96^: thick lines. 



The evolution of a crucial mean-flow property such as the momentum thick- 
ness is shown in Fig. 2. First, we concentrated on the grid-independent pre- 
dictions obtained at 96^. We observe a strong improvement of the predic- 
tions using Leray or LANS-a compared to the dynamic model predictions. 
The LANS -a results agree almost perfectly with the filtered DNS results. In 
Fig. 2(b) we consider the convergence of the predictions as a function of spatial 
resolution. We observe that the dynamic model results are less accurate but nu- 
merically captured well already at 32^ while the Leray predictions require 64^ 
cells in order to attain their full potential. The results of the LANS-a model 
are slightly more sensitive and show near grid-independence at 96^. 

5. Concluding remarks 

In this paper we reviewed the filtering approach to large-eddy simulation and 
proposed an alternative ‘regularization’ formulation to obtain accurate and ro- 
bust descriptions of the smoothed turbulence dynamics. Proper regularization 
principles imply that the smoothed description has a unique, strong solution 
and the modeled system of equations possesses an attractor of finite dimen- 
sion. This contributes to the ‘computability’ of the solution and illustrates that 
one may incorporate from first principles, various rigorous mathematical prop- 
erties of (filtered) Navier-Stokes solutions into the modeled LES system. 

The ‘mixed’ formulation of regularized flow descriptions in terms of the 
filtered as well as the unfiltered solution can be turned into one involving the 
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filtered solution alone, by incorporating the (formal, approximate) inverse L~^ 
of the filter L. The implied subgrid model can directly be derived from the 
adopted regularization principle, which renders the modeling processes not 
only theoretically transparent and mathematically sound, but, as illustrated for 
turbulent mixing flow, leads also to accurate and robust subgrid models, which 
compare well against popular dynamic modeling. 
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Abstract In this article we describe a new approach for the construction of implicit subgrid- 

scale models for Large-Eddy Simulation based on adaptive local deconvolu- 
tion. An approximation of the unfiltered solution is obtained from a quasilin- 
ear combination of local interpolation polynomials. The effective subgrid-scale 
model can be determined by a modified differential equation analysis. Model 
parameters are found by evolutionary optimization. Computational results for 
the stochastically forced Burgers equation show that the proposed model gives 
significantly better results than other implicit subgrid-scale models. 

Keywords: large-eddy simulation, subgrid-scale modeling, deconvolution, 

finite-volume method 

1. Introduction 

The original intention of subgrid-scale modeling was to stabilize under- 
resolved flow simulations under the constraint that correct results on the re- 
solved scales are obtained (Smagorinsky, 1963; Schumann, 1975). The fil- 
tering approach (Leonard, 1974) to Large-Eddy Simulation (LES) provides 
the mathematical framework for physical modeling and sparked the develop- 
ment of a wide range of explicit subgrid-scale (SGS) models, for a summary 
see, e.g., Sagaut, 2000. It also was found that good results with explicit SGS 
models can be obtained only with numerical discretizations which have good 
wave-resolution properties or with sufficient subfilter-scale resolution (Ghosal, 
1996,Stolz et al., 2001,Geurts and Frohlich, 2002). 

The idea of implicit SGS modeling has been introduced by Boris et al., 
1992. In this approach the truncation error of the numerical discretization 
functions as SGS model and no explicit computation of model terms is nec- 
essary. The solution of the discretized transport equations is an exact solution 
of the modified differential equation which gives the means for a nonlinear 
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analysis of implicit SGS models (Fureby et al., 1997; Adams, 2001; Margolin 
and Rider, 2002). In this paper we construct a discretization from an approx- 
imate local deconvolution of the filtered solution. The deconvolution adapts 
locally to the smoothness properties of the solution and contains a SGS model 
implicitly. Here we restrict ourselves to one spatial dimension. 

For a given generic nonlinear transport equation with solution v the corre- 
sponding truncated and filtered equation for the grid function vn given by 

dtVN + dxF{vN) = £sgs- (1) 

^SGS is the subgrid-scale contribution which arises due to nonlinearity of 
F{v). A semi-discretization of the filtered, fully resolved {£sgs — 0) eq. 
(1) is given by 

dtUN + G * dxFN{uN) = 0 , (2) 

where un = uj\f results from an approximate inversion of the filtering un = 
G * uat. This equation can be written as transport equation for un 

dtujsi + G * dxF{uN) = £n, (3) 

where — G ^ dxF{ujs[) — G* dxFjsf{uN) is the truncation error. A com- 
parison between eq. (1) and eq. (3) shows that if approximates SsGS in 
some sense the discretization contains an implicit subgrid-scale model. An ex- 
plicit expression for Sn can be obtained by performing a modified differential 
equation analysis of eq. (3), as explained in section 3.3. 

2. Approximate deconvolution 

The use of a top-hat filter allows for a primitive-function reconstruction 
(Harten et al., 1987) as deconvolution operation. From the filtered solution 
sampled at the cell centers for a cell of width hj 

^j + l/2 

Uj — ^ J u{x)dx' (4) 

an approximation for the unfiltered solution at the left and right faces of each 
cell j has to be reconstructed, ^7+1/2* purpose a set of 

Newton polynomials of order k — 1 with k = 1, . . . , is used, for each k with 
shift r = 0, . . . , A: — 1 of the left-most stencil point. The stencil ranges from 
j — r to j — r + /c — 1 which we express by (/c, r). Right-face interpolants at 
Xj_^i /2 and left-face interpolants at Xj_ij 2 are obtained from 

k—1 k—1 

Pk,A^J + l/2) = ’ Pk,ri^j~y2) = ' 

1=0 1=0 

( 5 ) 
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For each k these expressions represent the information contained in admissi- 
ble polynomials, interpolating u at Xjj-i/ 2 - The construction of the discrete 

deconvolution operator c^^i{j) follows Shu and Osher, 1988, 



k k 

, s n ^j+l/2 ^j—r+u— 1/2 

k p=o 

/X /+1 r-f-ix— 1/2 

i/ = 0 



( 6 ) 



The index range of cl/{j) is r = 0, . . . , A; — 1 and I = 0, . . . , A: — 1 for 
each k = 1,. . . ,K. Quasi-linear combinations of (5) under the restriction 
that a sum of all weights over k and r is unity result in the following 

approximants for the deconvolved cell-face solutions 

K k-1 

“J±l/2 = EE ^^r(7')Pfc,r(^i±l/2) • (7) 

k=l r=0 

Finally, a numerical flux function needs to be chosen. We propose a formula- 
tion which resembles the Lax-Friedrichs flux function 

= F j , (8) 

where (Jj-^ 1/2 can be any shift-invariant functional of ujsf, 

3. Modified-differential-equation analysis 

The modified-differential equation analysis (MDEA) is performed here for 
the semi-discretization only. Discretization of time integration is not consid- 
ered. This is consistent with the spatially filtered interpretation of the LES 
equations, the time step being sufficiently small for the spatial truncation error 
to be dominant. For the numerical experiments with the forced Burgers equa- 
tion, section 3.5, an explicit third-order accurate Runge-Kutta time integration 
(Shu, 1988) is used. For larger time-step sizes MDEA needs to be extended to 
the full discretization. 

For performing the MDEA we use the fact that the discrete unfiltered so- 
lution UN in 3 . neighborhood of xj can be represented by local approximation 
polynomials of degree up to K — 1 



K-l 

un{x) = ^ d^UN{xj)M^^\x — Xj) , 



(9) 
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where — Xj) is the /x-th moment of the filter kernel G with Taylor- 

series factors included. This equation can be inverted by taking the first K — I 
derivatives of 12 at and solving for and its first K — 1 derivatives (Harten 
et al., 1987; Geurts, 1997). Note that this procedure implies a regularization 
of the inverse filter operation, un = uj\j is obtained in terms of the first K — 1 
derivatives of un which can be inserted into eq. (2). For SGS modeling only 
the convective term of eq. (1) is relevant, so that we will show results of MDEA 
for this term only. Also, MDEA is performed for equidistant meshes with hj — 
h. The exact expression for the Burgers equation with 2dxF{uisi) = du\/dx 
is 

G * dxF{u]si) = Un dx un + z^dxUN d^UN — dxUN ^ > 

( 10 ) 

where derivatives are to be taken at Xj. 

On the example of Burgers equation we show as an illustration of MDEA 
for finite K that by proper choice of parameters in the adaptive local de- 
convolution of UN, eq. (7), and in the numerical flux function eq. (8) the 
Smagorinsky model can be obtained implicitly up to leading order 0{h?). A 
simple maple’ exercise shows that for = 1, = 1, = 1/3, 

^ 2,1 ~ ^ 2,0 ~ 1/3, ^ 2,0 ~ l/3» und o'j-\-i /2 ~ ‘^Cg\uj^i uj\ the 

truncation error is 



£n = 2Gsh^\dxUN\ dluN + ^h^dxUN - ^h!'^Cs\dxUN\ O ^un H • 



4. Implicit SGS model 

For the proposed model we will use local approximation polynomials up to 
order K — 1 = 3. In order to ensure that the leading term of Sn is 0{h?) we 
set = 1/(K — 1). The remaining weights are defined in analogy to the 
WENO approach (Liu et al., 1994) as 

( k—\ \ k—r—2 

H=Q I /t=-r 



where — 7^,.(e + f3k,r)~‘^ . e is a small number to prevent singularity and 
the smoothness measure is (3k r which weighs the contributions of each stencil 
(k, r) to the approximation given by eq. (7). 



'Maple 7, Waterloo Maple Inc., 2001 
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In eq. ( 8 ) we set crj+ 1/2 = ~ %|- Eq. (12) contains free pa- 
rameters 7 ^ = These parameters determine the implicit SGS 

model. We estimate these parameters by evolutionary optimization. A com- 
puter code for this purpose was provided by P. Koumoutsakos of the Institute 
of Computational Sciences at ETH Zurich, Switzerland. Within the present 
one-dimensional model development the appropriate underlying eq. ( 1 ) is 
Burgers equation. For a resemblance of Navier-Stokes dynamics a stochas- 
tic forcing is added which generates a stationary state with an energy spectrum 
E{^) ~ The formulation is detailed in section 3.5. We found that a suit- 

able definition of the cost function is based on the slope of a linear regression 
In E{Q = a -I- 6 In ^ within the inertial range. The cost function is then defined 
as = |6 — 5/3|. It is computed by integrating the forced Burgers equation 
in time, performing time averaging and ensemble averaging since a moderate 
dependency of the cost function on the initial random seed was found. Initial 
parameter guesses for optimization are the values which deliver interpolation 
order for each k. 

The following set of parameters is identified: 7 ^q = 0.9629, 7 ^^ = 0.0016, 

7^0 ~ 0.5790, 7 ^j = 0.0105, 7^2 = 0.0015. For these parameters we find 
the following expression for the truncation error 



Sn = (0.0553uA?c)|uiv + 0.02750j;Ujv5x^Af) 



-f ( — 0.0505- ^-_^^ ^^Ujvc)^UAf — 0.0591dx 






- OmOQ^^^^^UNdluN + OmiSdludlu 
4- 0.0041 ^ UNd^UN + 0.0238\dxU]y\d^UN 

UxUn 

- 0.0011 - 0 . 0006 *®'®"’' 



\dxUiv\ 



dxUN 



h* + -- - . 



5 . Results for forced Burgers equation 

A relevant one-dimensional model for Navier-Stokes turbulence is a prop- 
erly forced Burgers equation. Here we employ a stochastic force as suggested 
by Chekhlov and Yakhot, 1995, 



du du d^u , 



(13) 



The solution u is 27r-periodic. As Reynolds number we choose 1/u = 10^. For 
the forcing defined below we obtain a dissipation scale of order r] ~ 10“^. The 
random force f{x,t) is defined in wavenumber space as /(^) = , 
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where — tt < (/> < tt is randomly chosen for every wavenumber and at every 
time step. After an initial transient a stationary state is reached which exhibits 
an E{i) r\j ^ 5/3 lYitnial range. The time-step size r is determined by a 
Courant-Friedrichs-Lewy criterion with CFL = 0.5. Time integration is per- 
formed with a TVD Runge-Kutta scheme of Shu, 1988. It is found that neither 
a reduction of the time-step size nor a different Runge-Kutta time integration 
scheme has a significant effect on the results. 

In figure 1 we show our main results. Eq. c(13) has been integrated up to 
t = 500. Statistics were gathered after a short initial transient. First, we note 
that the prediction by the implicit Smagorinsky model as given at the end of 
section 3.3 agrees for the inertial-range well with that of an explicit Smagorin- 
sky model computed with a spectral discretization. Discrepancies at small 
wavenumbers are caused by the different discretization schemes and different 
random seeds. Improved results are observed with a 3rd-order WENO scheme 
which represents the use of a standard shock-capturing scheme for implicit 
SGS modeling. With the optimized model a significantly better agreement 
with the theoretical spectrum is achieved. 

6. Conclusions 

We have shown that, based on adaptive local deconvolution, subgrid-scale 
model and discretization of a conservation law can be merged. The discretiza- 
tion can be adjusted systematically in order to obtain a desired implicit SGS 
model up to a certain order in terms of grid spacing, or to find an optimized im- 
plicit model, provided that turbulent statistics for the considered case are avail- 
able. The extension of the approach to the three-dimensional Navier-Stokes 
equations is subject of ongoing work. 
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Abstract This paper reports LES of a high Reynolds number subsonic jet performed us- 
ing an explicit filtering alone or in combination with the dynamic Smagorinsky 
eddy- viscosity model. The results of the two LES are compared and the way 
the energy is dissipated by the filtering or by the eddy-viscosity model is inves- 
tigated from the energy balance. 

Keywords: Large Eddy Simulation, subgrid modelling, selective filtering, high-order sche- 

mes, eddy viscosity, jet 

1. Introduction 

In Large Eddy Simulation, for flows at sufficiently high Reynolds number, 
the fine turbulent scales affected by viscous diffusion are not resolved. An ar- 
tificial damping is therefore required to dissipate the turbulent kinetic energy. 
The classical approach consists in using eddy- viscosity models [1], developed 
from physical considerations to represent the subgrid stress tensor, the most 
famous one being the Smagorinsky model [2] recently improved by dynamical 
formulations [3]. However, the use of an eddy viscosity in LES raises ques- 
tions still to be discussed. For instance, since an eddy viscosity has the same 
functional form as the molecular viscosity, it is difficult to define the effec- 
tive Reynolds number of the simulated flows [4]. Moreover, an eddy viscosity 
might dissipate the turbulent energy through a wide range of scales up to larger 
ones which should be dissipation-free at high Reynolds number. 
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Alternatives to the eddy-viscosity approach have therefore been proposed 
using numerical dissipation for modelling the effects of the subgrid scales. 
In the so-called Implicit LES (ILES), dissipation is provided implicitly by 
the numerical scheme [5], and no additional subgrid-scale model is imple- 
mented. One difficulty of this approach concerns the dissipation of the low- 
order schemes used, which might be too strong as shown for instance for the 
shock-capturing schemes [6]. To closely control the dissipation, it then appears 
more appropriate to use low-dissipative numerical schemes, while applying ex- 
plicitly a compact/selective filter to the flow variables with the aim of removing 
only the higher wave numbers located near the grid cutoff wave number. Note 
that this approach was recently successfully applied to isotropic turbulence, 
channel flows and jets [7], [8, 9]. 

The present paper reports LES of a Mach number M = 0.9 circular jet at 
a high Reynolds number Re^^ = 4 x 10^. The LES have been performed us- 
ing explicitly a selective filtering, alone or in combination with the dynamic 
Smagorinsky eddy- viscosity model [9], [10], [11]. The motivation is to show 
the effects of these two kinds of subgrid modelling, filtering and eddy viscosity, 
on the turbulent flow features, and also to evaluate the relative role of these two 
artificial dissipations in the energy balance. This can be done since the numer- 
ical solver used displays spectral-like accuracy providing negligible dispersion 
and dissipation on the resolved scales. The selective filtering was indeed de- 
signed to eliminate grid-to-grid oscillations without affecting significantly the 
scales discretized by more than four grid points [9, 12]. It is thus useful to 
distinguish two cutoff wave numbers in the present LES: the grid cutoff wave 
number for two points per wavelength at kl — Tij Hsx (Ax is the mesh grid 
size) and the filtering cutoff wave number at kl = 7t/(2Ax). The resolved, 
the filtered and the subgrid scales can then be defined as shown in Figure 1. 




resolved filtered subgrid 

scales scales scales 

Figure 1 . Schematic representation of the spectrum of turbulent kinetic energy with the wave 
numbers associated to the integral, Taylor and Kolmogorov scales, L, A and 77, and with the 
filtering and grid cut-off wave numbers, k{. and k-/,. 
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2. Jet simulations 

The present jet simulations have been initially performed to obtain directly 
the radiated sound field using LES, with the aim of investigating the noise 
sources as done in a preliminary simulation of a jet at moderate Reynolds 
number [13]. In the present work, the jet has a Mach number of M = 0.9 
and a higher Reynolds number of Re d — 4 x 10^. Its inflow shear layer is 
forced with random velocity disturbances to seed the turbulence. The jet flow 
and noise features are compared systematically with experimental data in [9] 
where all the simulation parameters can be found by the reader. The influence 
of the inflow forcing is also studied in detail in [10]. 

The objective is then to investigate the effects of the subgrid modelling on 
the jet [11]. First, simulations have been carried out using an explicit filtering 
alone for subgrid modelling. By applying the filtering differently in two simu- 
lations, every two and three iterations respectively, the results are found not to 
be appreciably modified. This can be easily understood from Figure 1 : owing 
to the high selectivity of the filter, the resolved scales which contain most of 
the kinetic energy are developing independently from the filtering procedure. 
Simulations have been then performed using also the Dynamic Smagorinsky 
eddy- viscosity Model (DSM) [3]. They show that the use of a subgrid scale 
kinetic energy in the DSM has a negligible influence on the turbulence results. 
They also provide results with significant discrepancies with respect to those 
obtained using the filtering alone. The major ones are given in what follows. 

The vorticity fields obtained from the simulations referred to as LESsf and 
LESdsm, using the filtering alone or with the DSM respectively, are presented 
in Figure 2. The jet developments appear similar with for instance the same 
potential core length. However the turbulent flow field seems to display more 
fine scales in LESsf than in LESdsm. 

To illustrate more quantitatively the effects of the DSM on the turbulent jet 
development, the centerline profile of the axial turbulence intensity is presented 
in Figure 3(a). In both LES the self-similarity plateau where u'^^gjuc ^ 0.25 
is not reached as expected [14], but the increase is much faster in LESdsm than 
in LESsf. Since the jets appear to become self-similar more rapidly at low 
than at high Reynolds numbers, this could indicate that the effective Reynolds 
number of the simulated flow is artificially decreased in LESdsm by the use of 
the eddy viscosity. 

Moreover the structures of the turbulence obtained from the two simulations 
are quite different as shown by the velocity spectra of Figure 3(b). On the 
one hand, the magnitude of the higher wave numbers is reduced in LESdsm, 
with an eddy viscosity which visibly damps wave numbers located well below 
the filtering cutoff wave number. On the other hand, the magnitude of the 
large scales is enhanced in LESdsm, in agreement with the larger turbulence 
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(a) 




(b) 




Figure 2. View in the plane 2 : = 0 of the two vorticity-norm contours associated with the 
magnitudes of 3.2 x 10^ and 9.6 x 10"^ s“\ obtained from LESsf (a) and LESdsm (b). 



intensity observed in Figure 3(a). In the same way note that the integral length 
scales are also larger in LESdsm than in LESsf as reported in [11]. These 
results show that the large-scale features of the jet computed by LES depend 
significantly on the way the energy is dissipated, by filtering or by the eddy- 
viscosity model. 



(a) 



(b) 




Figure 3. Flow features obtained from LESsf (solid lines) and LESdsm (dashed lines): 
(a) centerline profiles of the turbulence intensity {u is the axial fluctuating veloc- 

ity, Uc the centerline velocity); and (b) one-dimensional spectrum {k\) of the u velocity 
for X = 20ro and r = 0, as a function of the axial wave number k \ . The dotted line represents 
the filtering cut-off wave number kj. — 7t/(2Ax). 
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3. Energy balance and dissipation 

The budget of the turbulent kinetic energy is calculated in order to determine 
the relative contributions of the explicit filtering and of the molecular and eddy 
viscosities to the energy dissipation. This study on the dissipation mechanisms 
involved in the different LES is feasible thanks to the low-dissipative feature of 
the time-integration algorithm. The maximum numerical dissipation, obtained 
for the higher angular frequency resolved by the optimized Runge-Kutta algo- 
rithm, is indeed only of 3 x 10“^ per iteration. 

The equation for the kinetic energy budget is derived from the filtered Navier- 
Stokes equations given in [9]. It writes 







( 1 ) 

where the turbulent kinetic energy is defined by {p) k = (^pu'‘^/‘^. Density, 

velocity and pressure are represented by p, ui and p, the turbulent and subgrid 
stress tensors by rij and TJj = ~pUiUj — puiUj. The tilde and overbar indicate 
Favre and Reynolds grid-filtered quantities, and the prime fluctuating quanti- 
ties. Statistical averaging is denoted by ( ), and [ui] = / (p). The main 

terms in (1) are referred to as (A) to (F), and correspond to meanflow advec- 
tion (A), to production (B), to viscous dissipation (C), to subgrid dissipation 
(D), to turbulent diffusion (E) and to the pressure- velocity term (F). 

To quantify the dissipation due to the explicit filtering, observe that the fil- 
tering is equivalent to a second-order explicit integration over the simulation 
time step At of the following term 

n 

Dsf ih) = E (2) 

j=-n 

in the mass and momentum conservation equations, with f = p and / = ~pui, 
respectively (dj: coefficients of the filter, 0 < < 1 is arbitrary). Two terms 

are thus added in the energy equation which becomes 

(1) + {u[Dsf {pul)) - {u[uiDsf (p)) (3) 

" V " 
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(a) (b) 





Figure 4 . Kinetic energy budget at a: = 20ro from LESsf (a) and LESdsm (b). The curves 
are normalized by pculSo.5 (pc and Uc: centerline mean density and axial velocity, 60.5- jet 
half- width): advection (thin solid lines), production (dashed lines), total dissipation (thick solid 
lines), turbulent diffusion (dotted lines), and pressure diffusion (dashdot lines). 



where the dissipation due to the filtering is mainly given by (G). 

The kinetic energy budget across the jet atx — 20ro is shown in Figure 4 for 
the two simulations LESsf and LESdsm. The total dissipation, Le. the sum of 
the three terms (C)+(D)+(G), is represented here. The different curves display 
similar shapes in LESsf and LESdsm, and agree also fairly well with the cor- 
responding experimental curves [15, 16]. The slight discrepancy in amplitude 
is certainly due to the location of the study section which is far from the self- 
similarity region where the measurements are done. We can also note that the 
low magnitude of the pressure-velocity term is rather in agreement with [15] 
where it was neglected, than with [16] where it was found to be of the order of 
the advection term on the centerline. 



(a) (b) 




Figure 5 . Dissipation at x = 20ro from LESsf (a) and LESdsm (b). The curves are nor- 
malized by pcuiAi.T^'. total dissipation (solid lines), dissipation due to molecular viscosity (dia- 
mond), eddy viscosity (square), and selective filtering (o). 
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(a) (b) 




Figure 6. Dissipation curves obtained from LESsf (a) and LESdsm (b) for x = 20ro and 
r = 0, given by (z/ + (solid lines) and by Dsf{kiAx)E^y{ki) (dashed lines), 

as a function of the axial wave number /ci, in m.s“^ (Dsf{kiAx) is the transfer function of 
(2) in the wave number space). The dotted line represents the filtering cutoff wave number 
kf = 2kl where the grid cutoff wave number is kl — tt j Ax = 2357m“^ . 



The difTerent contributions to the total dissipation are shown in Figure 5 for 
LESsf and LESdsm. In both simulations, the effects of the molecular viscosity 
are negligible as expected owing to the flow high Reynolds number. In LESsf 
the dissipation is thus due to the filtering alone, whereas in LESdsm the tur- 
bulent energy is found to be dissipated both by the filtering and by the eddy 
viscosity, in comparable proportions. 

To characterize the scales affected by the dissipation mechanisms, the one- 
dimensional spectra of the u’ -velocity at x = 20ro and r = 0 are now mul- 
tiplied by their respective transfer functions. The corresponding curves are 
presented in Figure 6 for the two simulations. They illustrate clearly that the 
explicit filtering and the eddy viscosity dissipate energy through different tur- 
bulence scales: the filtering through the scales referred to as filtered in Figure 1 
located beyond the filter cutoff wave number, the viscosity mainly through the 
so-called resolved scales. This may be a major deficiency of eddy-viscosity 
models, especially at high Reynolds number where the dissipation on the large 
scales must be negligible. 

4. Conclusion 

In the present work, the influence of the modelling used to dissipate the tur- 
bulent energy instead of the subgrid scales in LES is shown for a high Reynolds 
number jet. The ways the energy is dissipated by selective filtering and by 
eddy-viscosity models are found to basically differ. In the latter case indeed, 
all the turbulent scales are significantly affected, which is likely to bias the tur- 
bulence development, and also to artificially decrease the effective Reynolds 
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number of the simulated flows. Considering this, the use of selective filter- 
ing alone may appear one appropriate way to compute by LES the physics of 
turbulent flows at high Reynolds number. 
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Abstract Results from a high resolution (512 x 1024 x 512) DNS of a shear-free mixing 
layer are investigated. The mixing layer consists of the transition between two 
regions of homogeneous turbulence characterized by different turbulent intensi- 
ties and energy spectra. The simulation has been initialised in order to reproduce 
the conditions of laboratory investigations of the same flow and an extensive 
comparison between the DNS and the experimental results is proposed. Also, 
the possibility to reproduce the main features of this flow using LES is explored. 

Keywords: Mixing layer, inhomogeneous flow 

1. Introduction 

The shear-free mixing layer represents one of the simplest inhomogeneous 
flows. It consists of two distinct homogeneous regions of different turbulent 
kinetic energy interacting through a layer of rapid transition. The layer is said 
to be shear-free since the two homogeneous regions have no relative velocity. 
This configuration is an interesting test case in which the influence of inhomo- 
geneity on the turbulence properties can be studied in detail without having to 
deal with the influence of solid boundary. 

Both experimental and numerical studies of this problem have already been 
performed in the past. The most extensive and well-documented experiment is 
due to Veeravalli and Warhaft, 1989. It is used here as the main benchmark. 
In this experimental setup, the flow was obtained by forcing a flow through a 
grid with two different meshes. From the numerical point of view, DNS with 
a resolution of 128^ have been done by Briggs et al., 1996. These authors 
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also targeted the Veeravali & Warhaft experiment. When properly nondimen- 
sionalized, they were able to reproduce satisfactorily the turbulence statistics 
of the flow. However, they couldn’t reach the microscale Reynolds number of 
the experiment. 

The scope of this study is twofold. First, with today’s computers, DNS 
reaching the experimental Reynolds number could be performed so that results 
achieved by Briggs et al. could be complemented. Secondly, a LES of the 
shear-free mixing layer was also processed. In that context, the behaviour of 
traditional LES models in the presence of an inhomogeneity could be tested 
without having to deal with complex numerical issues. Indeed, the mixing 
layer can be computed with a spectral code (fully de-aliased) for which the 
accuracy of the modelling is largely decoupled from the numerics. 

In this paper, a brief introduction devoted to the initial condition is followed 
by an extensive comparison between experimental and DNS results. The DNS 
approach is also used to characterize the inhomogeneity and the anisotropy of 
the mixing layer by computing quantities like the Reynolds tensor, the skew- 
ness, the kurtosis and the Shebalin angles. Finally, a comparison between DNS 
data and LES predictions is also presented. 

2. Initial condition 

As mentioned before, the shear-free mixing layer can be studied using a 
three dimensional spectral code. Indeed, periodicity can be enforced by con- 
sidering a second mixing layer which performs the “reverse” transition com- 
pared to the first one. This also has the advantage that results gathered from 
both mixing layers can be averaged to improve the statistics. Obviously, for 
long enough times, the two mixing regions would interact. The simulations 
presented here have been stopped before this interaction is observed. This is 
not very restrictive since the typical time scale characterizing the increase of 
the mixing layers is much longer than the typical decaying time of the homo- 
geneous regions. 

Initializing isotropic turbulence with a prescribed energy spectrum and pre- 
serving incompressibility is a standard procedure (Rogallo, 1981). The details 
of the procedure used for initializing the mixing layer can be found in Knaepen 
et al., 2003. In practice, the amplitudes of the velocity modes Ui{kx,y,kz) 
transformed by FFT in the direction of the inhomogeneity, chosen here to be 
y are prescribed. For values of y inside the homogeneous layers, these am- 
plitudes basically correspond to isotropic turbulence with spectra chosen to 
reproduce the main properties like energy, dissipation, Reynolds number and 
integral scale of the two homogeneous layers reported by Veeravali & Warhaft 
for the experiments with the 3:1 perforated plate. Incompressibility is enforced 
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using an iterative procedure that allows simultaneously to satisfy continuity 
and to match the desired spectra. 

The computational domain is a rectangular box of size = 2tt, ly = 47t 
and Iz = 27t with periodic boundary conditions. The dyr-length is chosen along 
the inhomogeneity direction in order to ensure the existence of sufficiently 
large homogeneous layers. The kinematic viscosity u is set to 6.10“^ and the 
microscale Reynolds numbers in each homogeneous regions are respectively 
70 and 30. The DNS is performed using 512 x 1024 x 512 modes. 

3. DNS results 
3.1 Moments profiles 

All statistics extracted from the DNS will be averaged over the direction of 
homogeneity (x and z). This averaging operation is denoted by the overbar 
— . In order to compare to the Veeravalli and Warhaft (1989) experiment, the 
results have been normalized using the same conventions. Time is normalized 
using the initial eddy-turnover time. The curves are centred around the in- 
flection point y* of the variance curves and normalized by the half- width / 1/2 
(see Veeravalli and Warhaft (1989) for details). In Figure 1(a), (b) and (c), we 
present respectively the variance, the skewness and the kurtosis of the velocity 
component v at three different times. The skewness and kurtosis are defined 
as. 



5 .= 



{v^) 



3 ’ 
2 






(^ 2)2 



( 1 ) 



The variance has been divided by its (average) value reached in the high en- 
ergy region, vjj. First, we observe for the three profiles that the comparison 
with the experiment is satisfying. For homogeneous and isotropic turbulence, 
measures of the skewness and the kurtosis show that they are very close to 
those calculated for a Gaussian signal, i.e., 5 = 0 and K = 3. However, both 
curves show deviations from those values in the location of the mixing layer 
and indicate that the deviations occur on the low energy side. This supports the 
idea that these deviations result from the more likely penetration of intermittent 
structures from the high-energy region to the low-energy region. 

3.2 Kinetic energy 

Fig 2(a) represents the profile of the kinetic energy E{y) = |ui(x)p/2 at 
three different times in the simulation. In order to explore which mechanisms 
are responsible for the evolution of the energy, we have considered the balance 
equation obtained by multiplying the Navier-Stokes equation by the velocity 
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{y - y*)Ai/2 

Figure 1. Variance (a), skewness (b) and kurtosis (c) profiles of the velocity component v at 

three different times; : = 0; - -- : = 0.56; — : t* = 1.51; o: experimental data from 

Veeravalli and Warhaft, 1989. 

and averaged over the xz-plme: 

dtE{y) = -dy^y) - s{y) . (2) 

Two type of terms are responsible for the evolution of the energy E{y). The 
first one is a flux term that does not affect the total energy but modifies its 
spatial distribution in y. It can be decomposed into three contributions: a con- 
vective flux = \ui\^Uy/2, a pressure flux ^^{y) — pu^ and a viscous 

flux ^^{y) = 2uSiyU^, which is the smallest contribution to the total flux. The 
second term is due to the viscous dissipation. In Fig. 2(b), the contributions 
due to these two terms of this equation are shown. One can observe that the 
flux has no mean in the homogeneous parts while in the mixing layer it has a 
negative contribution. As a result, it almost cancels the effect of the dissipation 
and tends to maintain a higher energy in that region. 
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Figure 2. Profile of E{y) at three different time; : t* = 0; - -- : t* = 0.56; — : t* = 

1.51 . Profile of the different contributions to the evolution of E{y) (right) at t* = 0.56 . 

— : e{y); : dtE{y); - - - : dy^{y). The sum of these three terms must be zero to numerical 

accuracy, as shown by the dotted line. 




y 



Figure 3. Profile of the Shebalin angle at t* = 0.56 . 



3.3 Anisotropy 

In the study of Briggs et al., 1996, it was noted that the shear-free mixing 
layer was not strongly anisotropic. We decided to explore in more detail this 
property for the higher Reynolds number considered here. This property is 
very important in the context of LES since isotropy of the small scales is usu- 
ally assumed in most LES models. To that end, we have recorded the Shebalin 
angle (Shebalin et al., 1983) defined as: 



tan^ 



Gxy + G xz 
Gyx “1“ efyy “j- GyZ 



(3) 
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where Gij is the average square value of the velocity gradient components: 

Gij = {diUjY (no summation). (4) 

According to the theory of isotropic turbulence (Batchelor, 1953), the follow- 
ing relation should hold for all i ^ j\ 

Gii = IrGij (no summation). (5) 

and, based on this, d — arctan 54°. This is indeed the case as presented 
on Fig. 3, not only for the homogeneous layers but also for the mixing layers. 
This tends to support the idea that isotropic LES models are well adapted for 
flows with rather strong inhomogeneities in the energy distribution. 

4. LES 

Within the framework of LES, a filter kernel is applied to the Navier-Stokes 
equations in order to obtain a set of equations for the resolved quantities. Here, 
because our code is spectral, we adopt the sharp fourier cut-off for the filtering 
operator, denoted here ~. The filtered equations thus read: 

diUi = -dj{uiUj) + - dip- djTij . ( 6 ) 

The unknown subgrid-scale stress (SGS) tensor Tij = u^j - UiUj accounts 
for the effects of the small scales on the large scales and cannot be computed 
directly from the resolved quantities. Therefore, in order to close the equa- 
tion (6), Tij needs to be modelled. In this work, the model proposed in Wong 
and Lilly, 1994 is used. It is defined by : 

^ 1 ^ ~ 4 ^ 

rij - -Tkkhj = -^CAsSij (7) 

where Sij = {diUj + djUi)l2 is the resolved strain tensor and A is the LES 
filter width. The dimensional parameter C is evaluated by introducing a second 
(coarser) filter — (the test filter) and using the dynamic procedure (Germano 
et al., 1991). Since the dynamic procedure was developed initially for the case 
of the homogeneous isotropic turbulence, only minor changes have to be done 
while dealing with inhomogeneous flow. Indeed, here it can be assumed that C 
is a function of the direction of inhomogeneity C — C{y). It can be obtained 
by averaging only in x — z directions, considered as homogeneous: 

(J(y\ — _ ^ {LijSjj)xz 

2(A4/3 - A4/3) {S,,S,j)xz 



( 8 ) 
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Figure 4. Energy (a), skewness (b) and kurtosis (c) profiles. Energy spectrum (d). All curves 
computed at t* = 0.56. : filtered DNS; - - - : LES; : no model. 



where Lij = uiUj — UiUj is the Leonard tensor. The free parameter A/ A 
is set to be 2. It should be notieed that we have made use of the following 
relation: ~ , valid for cut-off filters. The LES initial condition was 

obtained by filtering the DNS field at time to down to 32 x 64 x 32 modes. 
In order to emphasize the importance of the model, a run without any model 
(referred to as the no-model) has been performed also. Finally, we have plotted 
for comparison the results obtained for the filtered DNS. 

Fig. 4(a), (b), (c) shows the profiles of the resolved energy, the skewness and 
the kurtosis respectively. For the energy diagnostic, the LES run shows clearly 
a better agreement with the DNS than the no-model while both perform well 
for the skewness and kurtosis profiles. Surprising at first, this is to be expected 
since the intermittency is attributed to large-scale structures penetrating the low 
energy region from the high energy region. A more sensitive measurement of 
the effect of the model is the energy spectrum. It is shown on Fig. 4(d). The 
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expected piling up of the energy in the high wave vector modes is observed for 
the no-model while the simulation performed with the SGS model is capable of 
reproducing well the filtered DNS. Results obtained at later time show similar 
behaviors. 

5. Conclusion 

We have presented the results obtained for a high resolution DNS and have 
shown that most of the aspects of the experimental database of Veeravali & 
Warhaft (1989) could be reproduced. In particular the skewness and kurtosis 
show a good agreement despite the fact that they cannot be prescribed by the 
initialization procedure. It is also observed that, in the absence of shear, no 
significant anisotropy is observed in the flow. Finally, the comparisons between 
the predictions of LES and DNS show very good agreement, supporting the 
idea that isotropic models can reasonably be used for inhomogeneous flows. 
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Abstract A new approach to LES modelling based on direct approximation of the non- 
linear terms in the filtered Navier-Stokes equations is presented. The proposed 
Nonlinear Interactions Approximation (NIA) model uses graded filters and de- 
convolution to parameterize the local interactions across the LES cutoff and an 
eddy viscosity term to parameterize the distant interactions. A dynamic proce- 
dure is used to determine the unknown eddy viscosity coefficient, rendering the 
model free of adjustable parameters. The proposed NIA model has been ap- 
plied to LES of turbulent channel flow at Rct ~ 210 and Rcr ~ 570. The 
results show that NIA significantly improves the prediction of turbulent flows 
compared to standard existing models such as the dynamic Smagorinsky or the 
dynamic mixed models. 

Keywords: Large eddy simulation, subgrid scale modelling, explicit filtering, deconvolu- 

tion, turbulent channel flow. 

1. Introduction 

In LES the flow variables are separated into large-scales and subgrid-scales 
by applying a low-pass spatial filter to the Navier-Stokes and continuity equa- 
tions to damp out the fluctuations with a characteristic scale smaller than a 
given value A. This filtering operation introduces an unknown term vfuj in the 
Navier-Stokes equations which needs to be modelled. The traditional approach 
to modelling this term is to rewrite ufuj = UiUj + Tij and to model the subgrid- 
scale (SGS) stress tensor, Tij. Existing SGS models can be broadly classified 
into five categories: eddy viscosity models [24, 22], [20], [8, 18] similarity and 
tensor diffusivity models [2, 31], [29], [14], [6, 15], generalized similarity and 
deconvolution models [23, 7], [26, 10], hyperviscosity models [5, 3], and spec- 
tral eddy viscosity models [13, 17], [5]. See [16] and [19] for comprehensive 
reviews. 
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The detailed interactions between the resolved and subgrid scales of motion 
can be modelled analytically in inertial range turbulence based on classical 
two-point closures such as TFM [13] and EDQNM [17, 5]. The effect of the 
subgrid scales on the resolved scales is captured in a k-dependent spectral eddy 
viscosity v{k\k), representing the effective eddy viscosity acting on a resolved 
scale k due to nonlinear interactions with subgrid scales with k > k [\3]. The 
spectral eddy viscosity is found to have a dual character [13, 1]. For k/k 1, 
the spectral eddy viscosity is k-independent and always positive. This portion 
of the spectral eddy viscosity represents a forward drain of energy from the re- 
solved scales to disparate subgrid scales and can be well represented by an eddy 
viscosity model in the physical space. For a spectral cutoff filter, these inter- 
actions account for 25% of the total transfer across k. For k/k ~ 1, the above 
eddy viscosity mechanism is still at work, accounting for an additional 25% 
of the transfer across k in the case of a spectral cutoff filter. However, there 
is now an additional mechanism arising from mutual shearing of resolved and 
subgrid vortical structures of scale comparable to A. These interactions give 
rise to both a forward transfer of energy from the resolved to subgrid scales, 
as well as a backscatter of energy from the subgrid to resolved scales. These 
‘local’ (in wavenumber space) interactions can not be properly represented by 
an eddy viscosity model in the physical space. However, they contribute a sig- 
nificant portion of the total transfer (50% in the case of a spectral cutoff filter) 
and their accurate modelling is critical to the success of LES. Until recently it 
has not been clear how to incorporate these k-dependent features of the spec- 
tral eddy viscosity into physical-space SGS models. The structure function 
model [20] was proposed as a representation of the low wavenumber (k 0) 
asymptote of the spectral eddy viscosity in the physical space; hyperviscosity 
models [5, 3] have been proposed to mimic the cusps in the net spectral eddy 
viscosity observed with spectral cutoff filters near k; while similarity, general- 
ized similarity, and deconvolution models can be viewed as attempts to model 
the ‘local’ interactions across the LES cutoff [1]. 

In this study we present an alternative modelling approach for LES based on 
direct approximation of the nonlinear terms, UjUj, instead of the SGS stress, 
Tij. The proposed model, which we call the Nonlinear Interactions Approxi- 
mation (NIA) model, is derived from the physical space representation of the 
spectral eddy viscosity which was suggested in [1]. Section 2 describes the 
NIA model and its implementation in LES. In section 3, the model performance 
is evaluated by LES of turbulent channel flow at Rcr ~ 210 and Rcr ~ 570. 
Section 4 provides a summary and conclusions. 
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2. The nonlinear interactions approximation model and 
its implementation in LES 

In Akhavan et al. [1], a detailed analysis of the subgrid-scale interactions in 
a numerically simulated turbulent jet was performed in both the spectral-space 
and physical-space representations. Based on this analysis, a formulation of the 
spectral eddy viscosity in terms of a physical space SGS model was proposed. 
It was shown that the low wavenumber asymptote of the spectral eddy viscosity 
can be represented by a Smagorinksy term in the physical space, while the local 
interactions near the cutoff can be represented in terms of the dynamics of the 
scales near the cutoff. This suggests a parameterization of Tij as 

- UiUjY = {uiUj - UiUjY - 2CA^\S\Sij, ( 1 ) 



where the * superscript denotes the deviatoric part of the stress tensor, Ui is 
the large-scale velocity field, Sij is the large-scale rate of strain tensor, A is 
the characteristic width of the LES filter, and ui represents the velocity field 
truncated (using a spectral cutoff filter) to a scale k where 1.25 < k/k < 2. 
While a value of k/k ^ 2 ensures that all the ‘local’ interactions are captured 
in the first term on the r.h.s. of Eq. (1), it was shown in [1] that even for 
k/k ^ 1.25 the bulk of the ‘local’ interactions are well represented. When 
the LES filter applied at k is sharp (spectral cutoff), recovering Ui from Ui is 
not an easy task and one has to either resort to approximations of the form 
suggested in [1] or perform nested computations as suggested for example in 
[7] or [4]. However, if the LES filter at k is graded, Ui can be easily recovered 
from Ui by inverse filtering or deconvolution because the resolved and subgrid 
scales have some overlap. In this case, to within the accuracy of the numerical 
discretization, one can assume UiUj UiUj. Equation (1) then reduces to a 
parameterization for the nonlinear terms in the filtered Navier-Stokes equations 
instead of the SGS stress term, given by 



UiUj — UiUj 2(7 A -\- ~^{UkUk (^) 

This model, which we call the Nonlinear Interaction Approximation (NIA) 
model, is the subject of the present study. With NIA, the governing equations 
for LES of incompressible flow can be written as 

duj d I 1 /ON 

dt dxj dxi Re dxjdxj dxj ’ 



duj 

dx 



= 0 , 



(4) 



<2 ^ ^ 

where Yij = —2(7 A \S\Sij, and the isotropic term -^{ukUk — UkUk) is ab- 
sorbed into pressure. The unknown coefficient C is found using the dynamic 
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procedure suggested by Germano [8] and Lilly [18]. To do this, an auxiliary 

graded filter is introduced at seale A = 2A and the nonlinear interactions at 
this scale are expressed as 

UiUj — UiUj 2(2A ^k^k^i (^) 

where " denotes a spectral cutoff filter. Combining Eqs. (5) and (2) gives C as 



1 TTijMjj 

2 MkiMki ’ 



( 6 ) 



where Mij = (A^|5|*Sij — A |S'|S'^j) and Hij — {uiUj — uiUj). Note that, 
unlike DSM, no averaging is required in time or in space in the expression 
for C in Eq. (6). This makes NIA an inherently local model suitable for 
applications in complex geometry and non-equilibrium flows. 

We solve Eqs. (3) and (4) for a turbulent channel flow using standard pseu- 
dospeetral methods employing Fourier series in the homogeneous {x and y) 
directions and Chebyshev polynomials in the wall-normal (z) direetion [1]. 
The simulations are de-aliased using the 2/3 rule. Filtering is applied only in 
the homogeneous (x and y) directions. The charaeteristie filter widths A and 

A are defined as A = (AxAyAz)^/^ and A = (A^AyAz)^^^, where A;^ 
denotes the grid size in the z-direetion. The graded LES and test filters are 

applied at A^ = 2A^ and A = 4A^, respectively, where A^ denotes the grid 
size in the ith direction. The spectral cutoff filters at ki and ki are applied 

at = 4/3(7 t/A^) = IjZki^ra and ki — 2(7t/A^) = l/2ki^rn^ respeetively, 
where ki^rn denotes the maximum wavenumber used in the simulations in the 
ith direction. For the graded filter, we use a diserete symmetric three-point box 
filter evaluated using the trapezoidal rule. With a uniform grid, this filter ean 
be defined in eaeh dimension as 



K, 

wjuj+i, (7) 

l=-Kj 

where wj are the weights. In the Fourier space, this filter can be represented 
by the kernel [27] 

_ 

G{h)= (8) 

l=-Kj 

where A^ is the grid spacing and ki is the wavenumber in the direction in which 
the filter is applied. The inverse of this filter kernel in the spectral space is used 
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Table I. Computational parameters used in the simulations and predicted ( 7 / values 



Case 


Resolution 


Rer 




Ly / b 


A,+ 


A,+ 


2 max 


Cf X 10- 


DNS 


64 X 128 X 129 


210 


87t/5 


87t/5 


24.7 


12.4 


5.2 


7.922 


NIA 


16 X 64 X 65 


210 


87t/5 


87t/5 


131.9 


33.0 


10.3 


7.964 


DMM 


16 X 64 X 65 


210 


00 


87t/5 


98.9 


24.7 


10.3 


7.254 


DSM 


16 X 64 X 65 


210 


87t/5 


87t/5 


98.9 


24.7 


10.3 


7.638 


NIA(L) 


8 X 32 X 33 


210 


87t/5 


87t/5 


263.9 


66.0 


20.58 


6.920 


DNS 


256 X 256 X 257 


570 


57t/3 


57t/9 


17.5 


5.8 


7.0 


5.671 


NIA 


64 X 64 X 65 


570 


57t/3 


57t/9 


93.3 


31.1 


27.9 


5.699 


DMM 


64 X 64 X 65 


570 


57t/3 


57t/9 


69.9 


23.3 


27.9 


5.770 


DSM 


64 X 64 X 65 


570 


57t/3 


57t/9 


69.9 


23.3 


27.9 


5.343 


NIA(L) 


32 X 32 X 65 


570 


57t/3 


57t/9 


186.5 


62.2 


27.9 


5.332 



to construct the velocity field Ui up to 2j3ki^rn^ from which Ui is also calcu- 
lated. Sinee deconvolution is performed only up to 2/3ki^m^ the singularities 
of the filter are avoided. As an alternative to the above exact deconvolution 
procedure, one can use approximate deeonvolution as suggested for example 
by [9] or [25]. 

3. Results 

The performance of NIA is evaluated in LES of incompressible turbulent 
ehannel flow at Rcr = Urhju ^ 210 and Rcr ^ 570, where Ur is the 
wall-friction velocity and h denotes the channel half-width. The results are 
compared to DNS, available experimental data [30, 12], LES with no model, 
and LES using two popular SGS models, namely, the Dynamic Smagorinsky 
Model (DSM) [8, 18] and the Dynamic Mixed Model (DMM) [31]. The com- 
putational parameters used in these simulations and the predicted skin frietion 
coefficients, Cf, are summarized in Table 1. To demonstrate that NIA remains 
robust at marginal LES resolutions, simulations are also reported with NIA at 
half the resolution of the original LES. The simulations with DSM and DMM 
were performed with filter widths of = 1.5A^, instead of A^ = 2A^ used 
with NIA. This is done in order to employ the full computational resolution 
with these models. Furthermore, since DSM is known to perform poorly with 
graded filters [21], speetral cutoff filters were used with DSM instead of box 
filters. Simulations performed using DSM and DMM with the same filters as 
those used with NIA (i.e., box filters at A^ = 2A^) gave much poorer results. 
As such, the reported results for DSM and DMM represent the best possible 
performance of these models at the given resolution of the eomputations. 
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Figure 1. Evolution of the skin friction coefficient for (a) Rcr ~ 210, and (b) Rct ~ 570. □, 
DNS; thick solid lines, NIA; , DMM; - -, DSM; — , NIA(L); • • • , no model. 





Figure 2. Mean velocity profile normalized by the friction velocity at (a) Rer ~ 210, and 

(b) Rer ~ 570. □, DNS; thick solid lines, NIA; , DMM; — , DSM; — , NIA(L); • • • , no 

model; A, experiments at Rer ~ 170 [30]; ▼, experiments at Rer ~ 640 [12] . 

All the simulations were started from laminar flow on which a combination 
of two- and three-dimensional least stable eigenmodes of the Orr-Sommerfeld 
equation were superimposed. A constant flow rate was imposed in the channel 
during the course of the simulations. Fig. 1 shows the time history of the 
skin friction coefficient, Cf — I pU‘^uik^ ^ function of tUo/h, where 
Uo = 3/2Ui,uik denotes the centerline velocity in the initial laminar channel. 
The flow undergoes transition between 60 < tU^jh < 120 and equilibrates to 
a stationary turbulent state after tUojh ~ 200. In the fully-developed turbulent 
state, NIA predicts a skin friction coefficient within 0.5% of the DNS results at 
both Reynolds numbers. In contrast, DSM and DMM incur errors of up to 6% 
and 8.5% in the prediction of Cf, respectively, as shown in Table 1. Even at 
marginal LES resolutions, NIA remains robust and predicts Cf values within 
13% and 6% of DNS at Re^ of 210 and 570, respectively. 
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Figure 3. Resolved r.m.s. velocity fluctuations and Reynolds stresses at (a-c) Re^ ~ 210, 
(d-f) Rer ~ 570. □, DNS filtered using box filter at the resolution of (a,d) NIA, (b,e) DMM 
or (c,f) NIA(L); A, DNS filtered using spectral cut-off filter at resolution of DSM; thick solid 
lines, NIA; - • -, DMM; - -, DSM; — , NIA(L); • • , no model. 



The mean velocity profiles predicted by these models are shown in Fig. 2. 
NIA predicts a mean velocity profile in good agreement with DNS, the avail- 
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Figure 4. Full (resolved plus subgrid) r.m.s. velocity fluctuations and Reynolds stresses at (a) 
Rer ~ 210, and (b) Rer ~ 570. ■, DNS; thick solid lines, NIA; — , NIA(L); A, experiments 
at Rcr ~ 170 [30]; ▼, experiments at Rcr ~ 640 [12]. 



able experimental data [30, 12], and the law of the wall at both Reynolds 
numbers. Even at marginal LES resolutions, the model remains robust and 
predicts a logarithmic layer with the correct slope at both Reynolds numbers. 
However, due to the under-prediction of the wall-shear stress at marginal res- 
olutions, the non-dimensional velocities are somewhat overpredicted here. In 
contrast, DSM fails to predict a logarithmic layer with the correct slope at both 
Reynolds numbers even at high LES resolutions. DMM performs better, but 
its predictions are not as good as those obtained with NIA at comparable LES 
resolutions. 

The resolved root-mean- square velocity fluctuations and Reynolds stresses 
predicted by these models are compared to filtered DNS results in Fig. 3. NIA 
(Figs. 3a, 3d) predicts r.m.s. velocity fluctuations in good agreement with fil- 
tered DNS at both Reynolds numbers. At Rer ^ 210, the peak of the stream- 
wise r.m.s. velocity fluctuations is overpredicted by 6% compared to filtered 
DNS. However, this is significantly improved compared to DSM and DMM 
(Figs. 3b, 3e), which overpredict the peak of the r.m.s. streamwise velocity 
fluctuations by nearly 25% compared to their respective filtered DNS results at 
Rer ^ 210 . 

With NIA, one can also predict the magnitude of the full (resolved plus sub- 
grid) r.m.s. velocity fluctuations and Reynolds stresses. These quantities are 
computed using < u[u'j >^< u'-Uj > + < > [28], where u[ denotes 

the full (resolved plus subgrid) velocity fluctuations, u'l denotes the resolved 
velocity fluctuations, rij = UjUj — UiUj with UiUj given by Eq. (2), and we 
have assumed the term -^{uCuk — Uk'^k) ^ t>e negligible. The results are 
shown in Fig. 4. NIA predicts full r.m.s. velocity fluctuations and Reynolds 
stresses in good overall agreement with DNS and available experimental data 
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at both Reynolds numbers. The slight under-prediction of the full r.m.s. veloc- 
ity fluctuations arises from the use of the Smagorinsky model for the ‘distant 
interactions’. Since the kinetic energy can not be properly recovered from an 
eddy- viscosity model, the only contribution to the subgrid kinetic energy here 
comes from the ‘local interactions’. As a result, the subgrid (and full) turbu- 
lence intensities are somewhat underpredicted. 

4. Summary 

A new approach to LES modelling is presented based on direct approxima- 
tion of the nonlinear terms in the filtered Navier-Stokes equations. The pro- 
posed model, which we call the Nonlinear Interactions Approximation (NIA) 
model, uses graded filters and deconvolution to parameterize the ‘local in- 
teractions’ across the LES cutoff, and a Smagorinsky eddy viscosity term to 
parameterize the ‘distant interactions’. A dynamic procedure is used to de- 
termine the unknown eddy viscosity coefficient, rendering the model free of 
adjustable parameters. The proposed NIA model has been applied to LES of 
turbulent channel flow at Rcr ~ 210 and Rsr ~ 570. The results show good 
agreement with DNS and available experimental data, and are significantly 
improved compared to existing models such as DSM and DMM. The improve- 
ments in NIA arise from its more accurate modelling of the ‘local interactions’ 
across the LES cutoff. The inclusion of the ‘local interactions’ term in NIA re- 
sults in a dynamic model coefficient C which on average is about 60% of that 
associated with DMM and 25% of that associated with DSM with box filters 
(DSM with spectral cutoff filters has a substantially lower C than DSM with 
box filters). Proper accounting of the local-interactions in NIA also results in 
a much narrower distribution of the dynamic model coefficient compared to 
DSM. This eliminates the need for any averaging of the dynamic model coeffi- 
cient in time or space, making NIA an inherently localized model suitable for 
applications in complex and non-equilibrium flows. 
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Abstract A new approach, two level simulation (TLS), has been developed based on 
the decomposition of velocity into large-scale and small-scale components. A 
coupled system of equations that is not based on an eddy-viscosity type of as- 
sumption has been implemented to simulate high-Re temporal mixing layer and 
channel flow. The small-scale equations are modeled on a family of three one- 
dimensional, orthogonal lines that are embedded inside the three-dimensional 
large-scale grid. Results suggest that the baseline TLS approach can capture 
high-Re flows in both free shear and wall-bounded layers using very coarse 
grids. 

Keywords; Turbulent flows, small scales, large eddy simulation, subgrid scale modeling 

1. Introduction 

Direct numerical simulation (DNS) of high Reynolds (Re) number wall- 
bounded flows is computationally very expensive because of the resolution 
requirement in the near-wall region. Even with the advent of massively paral- 
lel supercomputers, DNS is still limited to low Re number flows (Rcr = 590, 
Moser et al., 1999). Recently, large eddy simulation (LES) has become a 
viable method to study high-Re complex flows. However, past LES of high- 
Re wall-bounded flows have not proven successful in capturing the near-wall 
dynamics, which is dominated by quasi-streamwise vortices, unless DNS like 
resolution is employed near the wall. This has led to methods in which only 
the outer layer is computed while the near-wall region is modeled. Many near- 
wall subgrid models have been proposed (Piomelli and Balaras, 2002), but 
so far such models have shown a relatively limited success. A fundamental 
limitation is that most models employ empirical arguments about small-scale 
isotropy and requires the introduction of arbitrary model parameters. However, 
the near-wall region is strongly anisotropic and to resolve it near-DNS resolu- 
tion has been required. This resolution need is prohibitive for high-Re flows 
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and thus, new methods are needed that are not dependent on DNS resolution 
near the wall. 

The present approach, called two level simulation (TLS), departs signif- 
icantly from LES and is similar to several alternative approaches (referred 
loosely here as “decomposition” approaches) that have emerged in literature 
recently. In contrast to LES, where decomposition is introduced through spatial 
filtering and the major effort is concentrated on SGS modeling, in “decomposi- 
tion” approaches considerable attention is devoted to modeling of small-scale 
velocity itself. This usually involves a derivation of the governing equation for 
small-scale velocity with its subsequent simplification based on some physical 
arguments (Foias et al., 1988; Laval et al., 2000). In TLS, the small-scale 
velocity field is explicitly reconstructed by solving approximate small-scale 
equations on a family of ID grid lines embedded inside the 3D resolved grid. 
The 3D small-scale velocity field constructed from these ID lines serves as a 
closure for the 3D large-scale equations. The reduction in dimensionality for 
the small-scale equations allows the coupled TLS approach to be computation- 
ally feasible (on massively parallel machines). In this paper, the mathematical 
formulation of the TLS approach is highlighted and its application to simula- 
tion of high-Re temporal mixing layers and channel flow is discussed. 



2. Mathematical Formulation 



We split the velocity and pressure fields into large-scale (LS, superscript L) 
and small-scale (SS, superscript S) components: 

u,(x, t) = uf (x, t) + uf (x, t), p(x, t) = p^(x, t) + p*^(x, t) (1) 



and substitute into the incompressible Navier-Stokes equations to obtain the 
baseline TLS equations: 



d 



{uf + 'uf ) + 



d 

dxj 



{uf + uf){uf + u^) = +p^) + u-^{uf + uf) 

( 2 ) 

^(wf + wf) = 0 (3) 



If the SS fields (uf ,p*^) are known, the LS fields can be determined 

by integrating Eqs. (2, 3). The LS velocity represents not only the filtered 
quantity with respect to some spatial filter (as in LES) but also any LS velocity 
that can be defined based on its values at LS grid points. Once a LS quantity is 
defined any small-scale quantity is defined based on decomposition similar to 
Eq. (1). Rearranging Eq. (2) results in the coupled LS and SS equations: 



duf 



+ 



d 



dt dx 



(uf + <)(u 






+ ly 



dx] 






( 4 ) 
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duf d 
dt 



+ 






d‘^u^ 
+ v 



dx] 



+ Fl 



'{uf,p^) (5) 



The LS and SS velocities affect each other through the forcing terms Ff, FF. 



= - 



Ff{u: 



f,/) 



dxi 

dp^ 



dt dxi 



+ v- 



duf' dp^ ^ di^uf 

~W 

du? 



+ p- 



dxf 

d^uf 

dx] 



( 6 ) 



(7) 



Note that all forms of the TLS Eqs. (2, 4-5) are different forms of the full 
Navier-Stokes equations written for different unknown velocities, and most 
importantly, they do not involve any type of LES spatial filtering. Thus, the 
TLS formulation is inherently free from problems associated with filtering such 
as commutativity between filtering and differentiation, which is an issue in 
LES formalism near boundaries and on non-uniform grids (Ghosal, 1999). 

A numerical simulation of the TLS equations is quite challenging and will 
require computational effort similar to that for a DNS. Therefore, although Eq. 
(4) is solved in 3D domain, Eq. (5) is simplified while retaining the underlying 
picture of multi-scale interaction. Since the SS field evolves on a much faster 
time scale than the LS field we introduce two time coordinates such that: 



uflx,t) = Ui{x,t^;t^) = uf'{x,t^) +uf{x,t^]t^). (8) 

Here, we assume that uf does not depend on the SS time coordinate and 
is set to a constant in the time scale. Thus, the time derivative in Eq. (5) is 
assumed to be with respect to and all LS quantities in Eq. (5) depend only 
on the spatial coordinates. 

To model the SS field in a 3D domain fl, we consider a family of three 
ID lines embedded in (Fig. 1). Generally, the lines can be arbitrarily posi- 
tioned in space, even in random fashion, and do not have to be straight. Here, 
we consider a Cartesian and orthogonal (for simplicity) system of three lines 
{^ 1 ) ^ 2 , ^ 3 } that are parallel to the corresponding LS coordinates Xi and model 
the SS field on these lines such that: uf{x , — > ufi Ij G 

f). The simplified set of ID equations obtained from Eq. (5) requires closure 
for SS velocity gradients with respect to directions orthogonal to the lines. We 
make one assumption that: 

duf duf duf 

— L- — L- 

dh dh dk 

and obtain the ID small-scale equations: 



duf „ 



ij 5 ^ij 5 



Jj) = 3z/- 



d^ 



u: 






dij 



dpf 

dU 



+ Ff{uf,pf , I j) 



( 10 ) 
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Figure 1. The small-scale ID line arrangement within a 3D large-scale grid in the TLS model. 
One component of the SS velocity is shown on each line schematically. 



— (ttfj + U2j + ulj) — 0 (11) 

Here, the following notation is used: = {uf{x, t^) \ x C Ij} repre- 

sents the i-th eomponent of the small-scale velocity belonging to the j-th type 
of line. The small and large scales are coupled through the non-linear con- 
vective term NL which subsumes all terms of the small-scale equation except 
diffusion, pressure gradient, non-stationary and the large-scale forcing terms 
For example, the ID equation for along Zi-line is: 



du^ d 
dt dll 



uu-\-u^ {v-Yio)-\-u^ {v^ +w^) 



-YW- 



■ [dv^ dv^ dw^ dw^ 



dy dx ^ dz 



du^ du^ 



dy dx 



-\-W- 



du^ du^ 
dz dx 



+ - 



du^v^ 



dx 

( 12 ) 



du^w^ „ di^u^ dp^ ^ 



dy 



dz 



= Zv- 



dl\ dll 



where u = + u^ = -f uf i^ , = pf^ , = F ^^^ , and so on. 



3. Results and Discussion 

In the numerical implementation, four steps are involved: (i) at the n-th 
time step interpolate uf and p^ onto each of the ID lines, such that: 
uf{x,t^) — > Uijlh)’ p^{x,t^) — > Pj{lj)', (ii) solve Eqs. (10, 11) on 
each line with corresponding boundary condition to obtain uf-{lj,t^\ t^); (iii) 
obtain the SS velocity on the LS grid uf by averaging ufj{lj,t^) over the three 
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lines intersecting at the LS grid point: 




(iv) 



advance the LS velocity to time by solving Eq. 

(4). Here, At^ is the time step for evolving the LS field. In step (ii), ufj 
evolves from an initial zero state at a time step At^ for a number of time steps 
N = 0{At^ / At^) before it is spatially averaged over all three ID lines within 
each LS 3D cell to obtain uf . This averaged uf is considered the LS part of 
the SS velocity that is evolving at the slow time on the LS grid. In step 
(iv), the LS field (Eq. 4) is forced by the LS part of the SS field in each cell. 
Further details on the implementation of TLS model can be found elsewhere ( 
Kemenov and Menon, 2003). 




K (a) 




(b) 




Figure 2. TLS prediction of channel flow compared to DNS (Moser et al., 1999). (a) LS and 
SS averaged energy spectra over streamwise lines in near-wall plane; (b) near-wall (LS-i-SS) 
streamwise velocity fluctuation contours at = 9.5; (c) mean streamwise velocity {u^) and 
(d) rms velocities uf (in descending order: streamwise, spanwise, wall-normal). 



TLS of channel flow has been conducted using a second-order accurate stag- 
gered grid technique using a third-order, low storage Runge-Kutta scheme for 
temporal discretization. A i?er=590 turbulent channel flow is simulated us- 
ing a 32 X 40 X 32 LS grid with no stretching in the streamwise and the 
spanwise directions and only a nominal stretching in the wall-normal direc- 
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Figure 3. LS (a, c) and SS (b, d) span wise vorticity contours at T = 40 and 75. 



tion = 19). This near- wall resolution is very coarse even for LES (the 

DNS resolution is 384 x 257 x 384). The near-wall turbulent field is not ex- 
pected to be captured completely in the LS field and the burden of the accurate 
reconstruction of the total turbulent field is on the SS model. A uniform grid 
of 8 SS cells per LS cell is used in the periodic directions and a variable grid 
of 12 (near the wall) to 4 (in the centerline region) is used in the wall-normal 
direction. 

Typical results are summarized in Figs. 2(a-d). It can be seen that the TLS 
approach recovers both LS and SS spectra (Fig. 2a). The near-wall veloc- 
ity contours (Fig. 2b) show the characteristic high-speed streaks observed in 
past DNS and LES studies. The comparison between the DNS and TLS mean 
streamwise velocity and rms fluctuations (Figs. 2c, d) show that the present ap- 
proach can capture the near-field turbulence reasonably well. Analysis of the 
results suggest that the non-linear interactions between the LS and SS fields 
in the RS equation (Eq. 4) provide an adequate 3D forcing effect on the LS 
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Figure 4. LS (a,c) and SS (b,d) streamwise vorticity contours at T = 40 and 75. 



field. More detailed analysis is underway to determine how the TLS method 
recovers the near-wall anisotropy using the SS model developed here. 

Temporal mixing layers are also simulated primarily with the goal of eval- 
uating the performance of TLS away from the wall and also in regions where 
2D coherent modes dominate (where SS field should be negligible). The TLS 
used for the channel case is used here without any modification. A uniform 
resolution of the 64^ LS grid is employed (with 4 SS cells per LS cell) to dis- 
cretize a 47 t cubic domain and Res number is 200 (based on the initial vorticity 
thickness and the half of the maximum difference of the initial velocity across 
the layer). The hyperbolic tangent mean velocity profile with the superimposed 
3D random fluctuations of high intensity is employed as an initial condition. 

The contours of the LS and SS spanwise and streamwise vorticity at the 
non-dimensional times T = 40 and T = 75 are given in Figs. 3 (a-c), 4 (a-c). 
The occurrence of positive LS spanwise vorticity regions (Fig. 3d) indicates 
the presence of the vortex- stretching mechanism responsible for transition to 
3D turbulence. It is also seen that the SS vorticity field is almost three order of 
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magnitude smaller than LS vorticity since the most of energy is concentrated 
in LS structures. Nevertheless the SS field is still created in regions with high 
LS velocity gradients which indicates the TLS ability to capture the physically 
correct SS vorticity pattern. 

4. Conclusion 

A new TLS approach, as an alternative to LES, has been developed based 
on the decomposition of velocity into large and small-scale components. A 
coupled system of the large and small-scale equation, that is not based on an 
eddy-viscosity type of assumptions and requires no adjustable parameters, has 
been derived and implemented to simulate two very different turbulent flows: 
channel flow with Rcr — 590 and temporal mixing layer with Res — 200. 
Results suggest that the TLS approach has the potential for capturing turbulent 
flow behavior at high-Re numbers using very coarse grids. The more detailed 
comparison of temporal mixing layer results with benchmark LES results ( 
Vreman et al., 1997) is currently underway. Further study is still needed to 
understand all the nuances of the TLS approach. Issues related to optimal 
large-scale grid resolution and different flow geometries are currently being 
addressed. 
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Abstract We connect the eddy-viscosity concept employed in the eddy-damped quasi- 
normal Markovian (EDQNM) theory of turbulence with the relaxation-term con- 
cept which is being used with great success in the approximate deconvolution 
model (ADM) for large-eddy simulation. We present a representation of the 
eddy viscosity Uc, in terms of a relaxation-term formulation with optimized filter 
kernel. Subgrid-scale modeling properties of the relaxation regularization are as- 
sessed for forced isotropic turbulence at high Reynolds number. We also propose 
a new formulation of the relaxation regularization where the inverse relaxation 
time scale is derived from theory. 

Keywords: Large-eddy simulation, isotropic turbulence 

1. Introduction 

The spectral eddy-viscosity approach (Kraichnan, 1976, Chollet andLesieur, 
1981) is a widely used approach to large-eddy simulation in spectral compu- 
tations and is based on a wavenumber dependent eddy viscosity that has been 
derived from analytical theory of turbulence. In this contribution, the rela- 
tion between a relaxation regularization as used in ADM (Stolz et al., 2001) 
and the spectral eddy-viscosity concept is investigated. We derive filter-based 
representations of spectral eddy- viscosity dissipation for application to the in- 
compressible Navier-Stokes equations. 

2. Relaxation regularization and spectral eddy viscosity 

When studying the relation between relaxation regularization and commonly 
used subgrid-scale models, several questions arise immediately: What are the 
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effects of the relaxation regularization when added to the system of filtered 
equations? Why does this type of dissipation prove to be successful in nu- 
merous simulations? In order to answer these questions, it is useful to shortly 
review existing subgrid-scale model formulations. An important modeling ap- 
proach in large-eddy simulation is the eddy-viscosity concept where the global 
drain of energy from large (resolved) to small (unresolved) scales is modeled 
by a simple eddy viscosity, invoking the fact that the unclosed terms arising 
in the filtered Navier-Stokes equations represent stresses (stresses are naturally 
related to the strain rate tensor by a molecular viscosity, at least in constitutive 
material laws for Newtonian fluids). 

Refinements of this modeling concept resulted in numerous models: (i) 
models that take into consideration that the eddy viscosity acts differently on 
different scales of motion, yielding wavenumber-dependent eddy-viscosity ap- 
proximations derived from analytical theories of turbulence; (ii) models that 
dismiss simplifying assumptions such as subgrid equilibrium where it is as- 
sumed that changes in the resolved scales are immediately detected by the sub- 
grid field: additional transport equations for the subgrid-scale kinetic energy 
are employed and the usefulness of these models is shown in a number of test 
cases, e.g. Menon et al., 1996; (iii) models that explicitly distinguish between 
transfer from large scales to small scales and backward transfer from small to 
large scales (so-called backscatter)\ the latter transfer terms are modeled by in- 
corporation of stochastic random forcings , e.g. Chasnov, 1991: in case of ho- 
mogeneous isotropic turbulence certain turbulence statistics can be improved; 
(iv) extensive work has also been spent on the development of physical-space 
formulations with adequate determination of time-dependent model constants 
varying locally in space, see e.g. the dynamic procedure for the Smagorinsky 
model (Germano et al., 1991); (v) recent developments aim at vanishing the 
eddy viscosity dissipation at lower wavenumbers and allowing it to act only at 
higher wavenumbers, see e.g. the models of Hughes et al., 2001, Stolz et al., 
2003. 

On the other hand, increasing publications report success using implicit 
large-eddy simulations where the features of particular numerical methods are 
used to construct implicit subgrid-scale models, e.g. Grinstein and Fureby, 
2002. 

In the present contribution, we focus on the spectral eddy-viscosity model 
for comparison with relaxation regularization since the spectral model was 
constructed to exhibit desirable properties like accounting for the correct ef- 
fective energy transfer from large to small scales in isotropic turbulence. Fur- 
thermore, it was successfully used as a research tool in various fundamental 
investigations concerning isotropic turbulence and the inertial subrange. 

In order to compare the relaxation regularization with the theoretical eddy 
viscosity, we define the relaxation term of ADM (see Stolz et al., 2001) in 
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spectral space as the right-hand side of the Fourier-transformed incompressible 
Navier-Stokes equations 

^ + uk^ n(k, t) + N(k, t) = -x{t) (i - Qiv(k)G(k)) n(k, t), (1) 

where u(k, t) denotes the Fourier-transformed filtered solution. N(k, t) repre- 
sents the resolved-scale nonlinear term. For a definition of this term in spectral 
space see Pope, 2000 (p. 606). It is important to notice that in this contribution 
this term is not treated by approximate deconvolution operations, unlike in the 
ADM formulation. G is the primary filter kernel, and Qn is the kernel of the 
approximate deconvolution operator defined as 

Qjv = 5](i-G)", (2) 

e.g. Stolz et al., 2001, where N is the deconvolution order. The parameter 
X is the relaxation parameter that determines the total amount of dissipation 
by relaxation regularization. The specific amount of dissipation at a certain 
(resolved) wave length is controlled by the form of G. We refer to the product 
^2 .= QtvG as secondary filter kernel. The relaxation term (1) can be related 
to a spectral vanishing viscosity mechanism since the combination of, e.g. 
with G, essentially represents a relaxation regularization being inactive at low 
wavenumbers but acting strongly at wavenumbers near the numerical cutoff 
(see also figure 1 (a)). 

We next consider the formulation for the spectral eddy- viscosity model. 
This model is typically defined as 

^ + (I'e + i') u = N(k,f), (3) 

where the effective subgrid-scale dissipation (at different scales of motion) is 
represented by a wavenumber-dependent spectral eddy viscosity 

Ue{k\kc, t) = I/+ (k\kc) ■ y— (4) 

with a non-dimensional eddy viscosity written as 

u+{k\kc) = 0.441 -b 15.2 

(Chollet, 1983), where Ck is the Kolmogorov constant, kc the numerical cutoff 
wavenumber and E{kc^t) is the spectral energy density at kc as function of 



exp ( — 3.03 • — 



, 0 < k < kc, (5) 




60 



DIRECT AND LARGE-EDDY SIMULATION V 



time. Eq. (5) arises from EDQNM theory, a well-known analytical framework 
to investigate eddy-viscosity concepts (Chollet, 1983). 

In our investigations, motivated by ADM (Stolz et al., 2001 and references 
therein) we replace the spectral eddy-viscosity dissipation 

-Ue{k\kc.,t)k^u ( 6 ) 

by a relaxation regularization using a filter G 2 such that x(^)(l ~ ^ 2 ) ~ 
re(klkc,t)k^ or, 






:= iy^(kclkc)k^. 



(7) 



How we adapt the filter kernel G 2 is documented in the next section. 



3. Optimizing filter definitions 

In this section, we detail procedures to obtain filters which approximate the 
spectral eddy viscosity with sufficient accuracy. For simplicity we begin by 
trying to fit explicit discrete filters. 

Explicit Filters. For a solution being available on a set of discrete grid 
points, explicit symmetric filter definitions can be implemented in physical 
space by 

f i = ^ fi + 2 Ui+l + fi-l) + 2 + fi-‘2) + 2 

Given such an approximation, the task consists of finding coefficients a, 6, c, d, .. 
such that the transfer function of (8) has characteristics corresponding to spec- 
tral eddy-viscosity dissipation. The transfer function of (8) can be easily de- 
rived and has the general form (e.g. Lele, 1992) 

k 

G 2 (cj) — a + bcos{uj) + ccos(2cj) + dcos{3u) + • • • , u; = tt — . (9) 

kc 

A Taylor series expansion of (9) yields 

oo .. 

= E (10) 

m=0 

Matching the Taylor series coefficients from this expansion with the coeffi- 
cients of a polynomial representing the EDQNM working fit (5) reduces the 
number of free parameters in the transfer function (9). The expression (5) em- 
phasizes that the constant part of the normalized eddy viscosity (commonly 
called plateau) is the only remaining asymptotic value as fc ^ 0 and does only 
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depend on the Kolmogorov constant Ck- The remaining free parameters of 
the filter transfer function can be determined by minimizing the integral 



J = 



/ 



vj {u)kc/n\kc)/vj {kc\kc) - (1 - G 2 {lo, a, 6, c, ...))/ [lo /ti) 



duo. 

( 11 ) 



We require (1 — (?2(a;,a,6,c, ...))/(o;/7r)^ to match ut{^kcjTc\kc)/ut{kc\kc) in 

a fairly wide wavenumber range, uo < 9/IOtt. The upper bound was chosen 
because the slope of the transfer function (9) vanishes in the neighborhood of 
kc and the spectral eddy-viscosity dissipation can not be represented accurately 
in this wavenumber range. Equality constraints arising from the comparison of 
Taylor series expansions were incorporated prior to optimization and serve to 
match the spectral eddy viscosity for low u. 



Compact filters. Apart from the common filters employed in LES such as 
Gaussian, top-hat or spectral filter. Fade filters have gained increased popu- 
larity in recent years. We employed also this type of filter definition to con- 
struct a ’filter’ -representation of the theoretical eddy-viscosity dissipation. The 
classical form of implicit symmetric Fade-filters (Lele, 1992) is given by the 
equation 



/^/i+2 + ^fi+l + /z + i-l + f^fi-2 — 

^ + 2 + /i-l) + 2 (/^+2 + fi- 2 ) + 2 (/^+3 + fi-s) • (12) 

The transfer function corresponding to equation (12) is 



(?2(a;) 



a + b cos uo + c cos 2uo + d cos 3a; 
1 + 2a cos uo + 2j3 cos 2a; 



(13) 



The difference of this filter definition compared to its explicit counterpart is 
that the width of the stencil required to achieve characteristics corresponding to 
spectral eddy- viscosity dissipation is much smaller. The definition (13) is sym- 
metric with respect to a; = 0, as was also the case for the explicit filter transfer 
function (8). Again we compare the Taylor-series expansion of the filter kernel 
(12) with the corresponding coefficients of the spectral eddy- viscosity polyno- 
mial (resulting in equality constraints) and perform a nonlinear minimization 
to find optimally adjusted parameters. The optimization was accomplished 
using a (/i//i/, A) -Covariance-Matrix- Adaptation Evolution Strategy (Hansen 
and Ostermeier, 1997). 



4. The relaxation parameter 

In our investigations, the parameter x could be easily determined in spec- 
tral space by X \/^(^c,t)/kc. However, this definition is not suitable 
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for physical-space applications. To obtain a physical-space estimate, we con- 
ceptually followed the derivation of the structure function model (Metals and 
Lesieur, 1992) and obtained 

x(x,Ax,t) a 1.826648 ■ C~^^^^^F 2 (x, Ax, t) (14) 

where 

F 2 (x,Ax,t) = (||u(x,t) -u{x-{-r,t)\\^)\\r\\=Ax (15) 

represents the local second-order velocity structure function. In case of a reg- 
ular cubic grid, one can estimate this local structure function at each point by 
averaging over the six closest surrounding points. Comparisons of simulations 
using the spectral estimate x •= X~^ y/E{kc,t)/kc and simulations using (14), 
(15) did not show major differences in the turbulence statistics of forced as 
well as decaying isotropic turbulence and are therefore not documented here. 
Modifications of (14), (15) are investigated in Schlatter et al., 2003. 




Figure 1. (a) Solid line: Inverse optimized filter transfer function I — G 2 divided by wavenum- 
ber ratio (k/kc)^ for an optimized Fade -filter. Dashed line: {k\kc)/{x^ /^r). Dashed- 

dotted line: (1 — Q 5 G) divided by wavenumber ratio (k/kc)^ with G(uj) = 5/8-h 1/2 cosuj — 
1/8 cos 2a;. (b) Compensated three-dimensional energy density spectra of LES. Solid line: 
relaxation-term formulation using Gk = 162, dashed line: spectral model (5) with Gk — 2.1, 
dotted line: spectral model (5) with Gk — 1-62. 



5. Results 

Several explicit and compact filter definitions were analyzed. In case of 
explicit filters, a comparatively satisfactory fit was achieved for a stencil width 
of 15 points. For smaller number of points (i.e. smaller width of the stencil), 
it was possible to adapt the plateau behavior of spectral eddy viscosity but the 
cusp could not be represented really well. In case of the compact filter, very 
good approximations had been obtained for a filter with a stencil width of five 
points on both the explicit and implicit side. A representative filter transfer 
function is plotted in figure 1 (a) (solid line). 

Simulation results using this compact filter and the spectral estimate of x for 
isotropic turbulence with forcing (to achieve a stationary state, see Muller et 
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al., 2002) were obtained with a Fourier pseudospectral code with full dealias- 
ing and a resolution of 120 grid points in each coordinate direction. The non- 
dimensional kinematic viscosity was v = 1/400000 in all simulations result- 
ing in Re A ~ 4900. It has been observed previously that spectral large-eddy 
simulations exhibit a dependence of the spectral statistics on the choice of the 
Kolmogorov constant Ck in (5), e.g. Alvelius and Johansson, 2000. This is 
confirmed in our spectral eddy-viscosity simulations, see figure 1 (b). We ob- 
serve a wavy shape in the compensated 3-D energy spectra for Ck = 1-62 
and a more elongated inertial range for Ck = 2.1. The local deviation of G 2 
from near the cutoff (see figure 1 (a)) appears to have the same effect as 
increasing the value of the Kolmogorov constant in the spectral eddy- viscosity 
simulations using (5). Results are closer to the spectral model with Ck = 2.1 
than with Ck — 1-62. 

6. Conclusions 

Relaxation regularization as a method to dissipate small-scale energy in LES 
of turbulent flows has been investigated with the emphasis on its relation to the 
well-established concept of spectral eddy viscosity. It has been shown that by 
devising a suitable secondary filter G 2 it is possible to represent a wavenumber- 
dependent eddy viscosity by a relaxation term employing G 2 . The relaxation 
parameter is given in spectral as well as real-space formulation. The theoretical 
considerations were confirmed by low-resolution (120^) numerical simulations 
of forced isotropic turbulence at high Reynolds number (Re a ^ 4900). We 
conclude that it is well possible to represent subgrid-scale dissipation based on 
analytical theory of turbulence by a relaxation term. 

Although relaxation in the ADM formulation does reflect qualitative fea- 
tures of theoretical eddy viscosities, it does not reproduce the quantitative 
details of subgrid-scale dissipation as predicted by the EDQNM approxima- 
tion. However, one should keep in mind that in ADM in addition to the use 
of relaxation, modeling of the nonlinear term by filtered products of approx- 
imately deconvolved quantities is included. The specific shape of a spectral 
eddy-viscosity appears to be less important if one is primarily interested in the 
correct global dissipation. The corresponding filter could also be constructed 
to satisfy properties different from fitting the plateau and cusp behavior. The 
success of ADM (or high-pass filtered Smagorinsky-type models, e.g. Stolz 
et al., 2003, or implicit LES modeling, e.g. Grinstein and Fureby, 2002) in a 
variety of flows at moderate Reynolds numbers gives rise to the question how 
important the precise form of the energy dissipation term really is for obtain- 
ing good simulation results. This point has not yet been fully explored but it 
appears to be important for reliable LES of realistic engineering flows. 
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Abstract Subgrid- scale (SGS) models based on relaxation regularization are investigated 

for incompressible transitional and turbulent channel flow using a spectral method. 
The main focus is on a simple model formalism which can be used on very coarse 
LES grids. During the initial phase of transition, the models remain inactive as 
long as the flow is still well resolved on the coarse LES grid. During the late 
stages of transition and the following fully-turbulent phase the models provide 
necessary SGS dissipation. The connection of aliasing errors and SGS modelling 
is examined. Of particular importance is that SGS models based on relaxation 
regularization reduce the effects of aliasing errors, allowing to perform numer- 
ical simulations even without dealiasing and thus lowering the computational 
time significantly. Furthermore, the performance of the models is evaluated for 
different dynamic and non-dynamic model coefficients all showing good agree- 
ment with fully-resolved DNS. 

Keywords: Large-eddy simulation, transition, turbulent channel, SGS models, relaxation 

term, aliasing errors, dealiasing 

1. Introduction 

The use of large-eddy simulations (LES) to predict transitional and turbu- 
lent flows is appealing as they promise to provide accurate results at greatly 
reduced computational cost in comparison with fully-resolved direct numeri- 
cal simulations (DNS). Numerical simulations always introduce modeling and 
discretization errors due to truncation of the physical domain and the discrete 
representation of the solution and its derivatives. Moreover, aliasing errors due 
to misrepresentation of high-frequency components which cannot be resolved 
on the computational grid are present if no special treatment of aliasing er- 
rors is employed. As in large-eddy simulations the computational grid is much 
coarser than that of a corresponding DNS, the numerical errors are more severe 
(Chow and Moin, 2003). Numerical errors mainly contaminate the small-scale 
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content of the resolved solution which in a LES is the range of scales inter- 
acting with the non-resolved scales. In spectral simulations it is possible to 
minimize the derivative errors and eliminate the aliasing errors by employing 
the 3/2-rule with additional computational effort. On the other hand, most LES 
simulations of flows in complex geometries are performed with non-spectral 
discretization, usually finite-difference or finite- volume methods, where these 
numerical errors are inherently present. Although strategies for the reduction 
of errors with such methods exist, e.g. filtering method (Lele, 1992), increased 
filter-to-grid-ratio (Chow and Moin, 2003) and the skew-symmetric form ( 
Kravchenko and Moin, 1997), they are not commonly employed. For this rea- 
son, it seems important to examine both the influence of dealiasing on the LES 
results and the usability of SGS models, i.e. the relaxation term, to minimize 
the effects of aliasing errors. 

A SGS model suitable to simulate laminar- turbulent transition should be 
able to deal with laminar, various stages of transitional and turbulent flow 
states. The models should only be active, in an appropriate way, when non- 
linear interactions between the resolved and non-resolved scales become im- 
portant. Due to the possible intermittent character of transitional flows (e.g. 
spatial simulations, bypass transition), spatial averaging of any model coef- 
ficients over the integration domain should be avoided. Furthermore, for the 
sake of generality, a fully three-dimensional formulation of the model is re- 
quired. A particularly troublesome problem for SGS models is to avoid any 
singularity when dealing with laminar flows (e.g. a singularity in the midplane 
of laminar channel flow for the dynamic Smagorinsky model). 

There are substantial differences between laminar, transitional and turbu- 
lent flows in many respects. In laminar and transitional flows, initially, there 
is no fully-developed energy cascade. Furthermore, the flow development is 
often governed by slow growth and subtly complex interactions between large- 
scale flow structures and various instability modes that can affect the physical 
changeover from the laminar to the turbulent state and must thus be resolved 
or modeled reliably. 

There are many reports on LES subgrid-scale models for turbulent wall- 
bounded flows (see e.g. Lesieur and Metals, 1996). Only recently, transitional 
flows have been simulated with LES, mainly using SGS models based on the 
Smagorinsky (1963) model. It is well known that Smagorinsky ’s model in its 
original form is too dissipative and usually relaminarizes transitional flows. 
Therefore, several refined and alternative SGS models for transitional flows 
have been proposed, most prominently the dynamic model which computes its 
model coefficient during the simulation (Germano et al., 1991; Lilly, 1992). 
This class of models has been successfully used in a variety of flow configura- 
tions. 
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Recently, the approximate deconvolution model (ADM), which has been 
applied before to turbulent flows such as incompressible channel flow (Stolz 
et al., 2001a) and compressible boundary layer flow (Stolz et al., 2001b), has 
been adapted successfully to transitional channel flow (Schlatter et al., 2003). 
It was found that for ADM with deconvolution applied for the computation 
of the nonlinear terms a certain minimum resolution in the wall-normal direc- 
tion has to be maintained. It was shown further that an ADM-type SGS model 
without deconvolution yielded very appealing results for incompressible chan- 
nel flows at even lower resolution. Based on those findings, models based on 
an ADM-type relaxation term formulation are analyzed further in this contri- 
bution and validated with results of direct numerical simulations. Comparisons 
to the ADM and the dynamic Smagorinsky model are given and the effects of 
aliasing errors are examined. 



2. SGS model and numerical method 



As SGS model a relaxation term similar to that of ADM (Stolz et al., 2001a) 
is employed and added to the right-hand side of the Navier-Stokes equations. 



dui dujUi dp 1 d^Ui _ „ _ 

dt dxj ^ dxi Redxjdxj ^ ^ ^ 



( 1 ) 



where Ui and p are the grid-filtered velocity and pressure, respectively. The 
modeled equations are solved together with the incompressibility constraint 
= 0. Hjsf is a high-pass filter which is defined in physical space on an 
implicit 5-point stencil (see also Stolz et al., 2003). The formulation of the 
filters in physical space allows greater flexibility, e.g. extension to non-spectral 
numerics such as finite differences. Spectral filtering has been tested yield- 
ing similiar results. For equidistant grids the filters are given equivalently in 
Fourier space as 

Hn{oo) = [1 - ( 2 ) 

with the implicit filter 



GH 



Gex{^) 

l + K[GexM-l] ’ 



2(jex(^c) ~ 1 

Gexi^c) ~ 1 



(3) 



and the explicit filter Gex 

Gexi^o) = 0.625 + 0.5 COS w- 0.125 COS 2w. (4) 

Filters employed for non-equidistant grids are described in Stolz et al., 2001a. 
For the present results, = 5 and the cutoff wavenumer lOc = 27t/ 3 is 
used. Note that is equivalent to the high-pass filter used in ADM (Stolz 
et al., 2001a), Hn{<^) = [1 - = 1 - Qn{lo)G{lo) with Qn{^) = 
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~ G{uj)Y ^ G~^{uj) being the transfer function of the approximate 
deconvolution filter. 

High-pass filtered quantities Hn * Ui with > 0 are vanishing for low- 
order polynomials which represent laminar (channel) or smooth flows and also, 
approximately, in the viscous sublayer of turbulent flows (see also Stolz et al., 
2003). Herewith, model contributions of the relaxation term vanish in such 
flow regions. 

An important feature of the present SGS model (l)-(4) is the determination 
of the model coefficient x- In a previous investigation (Schlatter et al., 2003) 
the above model was used with the dynamic procedure x = Xdyn of Stolz 
et al., 2001b. In the present contribution, additional tests have been performed 
with simplified definitions of x, e.g. x = {Uiy/h)Ci = const., x = C 2 ||Vu|| 
and X = Cs\\V{Hn * u)|| with the bulk velocity Uh and the cha nnel half- 
width h. The term || V(i/Ar * u)|| is closely related to \/F 2 [Hn * u)/A where 
F 2 denotes the second-order velocity structure function and A the grid spac- 
ing (Lesieur and Metais, 1996). The structure function is easier to evaluate in 
physical space. A similar approach was also studied in Muller et al., 2003 
for isotropic homogeneous turbulence. In principle, the constants Ci can be 
derived from energy considerations similar to Ducros et al., 1996 for homo- 
geneous isotropic flow. No additional artificial bounds (clippings) or filter op- 
erations need to be applied. 

The SGS model has been implemented in a spectral Fourier-Chebyshev code 
(Gilbert and Kleiser, 1990) with periodic boundary conditions in the wall- 
parallel and no-slip conditions in the wall-normal direction. The 3/2-rule in 
all three spatial directions is used to prevent aliasing errors, unless mentioned 
otherwise. 

3. Results 

Two different incompressible flow situations are considered: Subcritical 
temporal K-type transition with the Reynolds number based on bulk velocity 
and channel half-width Re\) = 3333 {Rcr ^ 210 in fully developed turbu- 
lence) and fully turbulent channel flow with Rcr 180 (i^e^ = 2800, Moser 
et al., 1999). The transition simulations used the same parameters and ini- 
tial conditions as Gilbert and Kleiser, 1990 and were performed for the DNS 
using up to 160^ x 161 grid points while for the LES a deliberately chosen 
coarse resolution of 32^ x 33 points is used (see Schlatter et al., 2003 for 
a discussion). The same LES resolution was also used for the turbulent case 
with Re\) = 2800. At this resolution, a computation without any model is 
significantly underresolved (except for the laminar case) in all three spatial 
directions. 
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Figure 1. Turbulent statistics for Ret = 2800. Left column: calculations without dealiasing. 
Right column: calculations using 3/2-rule for dealiasing. Top row: Mean velocity profile in 

wall units. Bottom row: Reynolds stresses /ut and X = Xciyn. 

ADM (with deconvolution, Stolz et al., 2001a), DNS 32^ x 33, dynamic 

Smagorinsky model. 



Figure 1 shows different calculations of turbulent channel flow, both with 
aliasing errors and with full dealiasing. It can be seen that for the simula- 
tions involving a relaxation term of the form (1) the lack of dealiasing does 
not worsen the results. On the other hand, the calculations using the dynamic 
Smagorinsky model and the no-model calculations are much worse without 
the dealiasing procedure. It should be noted that the computational effort with- 
out dealiasing is reduced by at least a factor of two for the present spectral 
code. Moreover, proper dealiasing can usually only be performed with spec- 
tral numerics (Chow and Moin, 2003). However, as shown here, the effects of 
aliasing errors can be reduced significantly by using a relaxation term. An in- 
teresting observation is that with the dynamic estimation Xdyn is automatically 
increased if no dealiasing is employed. 

Furthermore, the different variants of determining the relaxation parameter 
X have been investigated for transitional and fully turbulent channel flow with 
Rcb = 3333. In figure 2, statistical quantities of the fully turbulent simulations 
with and without dealiasing are depicted. It is evident that the coarse-grid DNS 
deviates significantly from the fine-grid DNS. However, all LES results agree 
better with the fully resolved DNS data concerning the law of the wall and the 
turbulent fluctuations. The simulations without dealiasing depicted on the left 
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Figure 2. Turbulent statistics for Rei, = 3333. Left column: calculations without dealiasing. 
Right column: calculations using 3/2-rule for dealiasing. Top row: Mean velocity profile in wall 

units. Bottom row: Reynolds stresses (u\u'iy^^/uT and ^ ^ j Ur\ X = Xdyn, 

X = = const., X = C' 2 ||Vu||, X = CaliVTf *u||, DNS 

32^ X 33, • grid-filtered DNS 128^ x 129 



confirm the above-mentioned findings and show that it is possible to even use 
a constant x to reduce the effects of aliasing errors significantly. 

It is interesting to note that the results of the three LES are similar, although 
different formulations of the model coefficient x were used. It can therefore 
be concluded that for fully turbulent channel flow the specific form of x is 
less important as long as an appropriate amount of energy is dissipated and, 
additionally, effects of aliasing errors are reduced. 

The evolution of the shape factor El \2 and the wall friction Rer during the 
transitional phase is shown in figure 3. The underresolved DNS shows prema- 
ture transition compared to the fully resolved DNS for the dealiased simulation 
whereas it completely fails in the presence of aliasing errors {H \2 1.8 af- 

ter transition). Generally, the effects of aliasing errors lead to slightly earlier 
transition for the LES; nevertheless, all LES with the relaxation term as model 
produce acceptable results for transition, i.e. showing correct onset of transi- 
tion and the well-known overshoot of Rer of approximately 15%. However, 
the inclusion of high-pass filtering in the model coefficient, e.g. x^ seems to 
lead to more accurate results (see also Stolz et al., 2003). On the other hand, 
assuming constant x = {U\)lh)C\ gives very appealing results, only slightly 
less accurate than the dynamic determination x = Xdyn- 
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Figure 3. Time evolution of the shape factor if 12 and the Reynolds number Rcr based on the 
skin friction for simulations of K-type transition. Left column: calculations without dealiasing. 
Right column: calculations using 3/2-rule for dealiasing. Line captions see figure 2. Multiple 
values indicate lower/upper channel wall. 



4. Conclusions 

SGS models based on high-pass filtered relaxation regularization have been 
investigated in incompressible transitional and fully turbulent channel flow us- 
ing a deliberately coarse grid. The SGS model is easy to implement and does 
need only a small computational overhead. The appropriate definition of the 
relaxation term has the effect that model contributions vanish during the initial 
stage of transition and, approximately, in the viscous sublayer of wall turbu- 
lence. The relaxation term models are also quite insensitive to the exact deter- 
mination of the model coefficient v and its absolute value, see also Stolz et al., 
2001a. 

Numerical tests confirmed that these models are insensitive to a proper cor- 
rection of aliasing errors as opposed to DNS calculations and classical LES 
models such as the dynamic Smagorinsky model. This property is very im- 
portant for numerical schemes where proper dealiasing is not straight-forward 
or impossible; for spectral simulations additional computational effort can be 
saved. In other words, the relaxation term SGS models can be employed to 
reduce the effects of aliasing errors inherently present in flow computations 
using other than spectral schemes. 
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Abstract The present study uses the Kolmogorov equation for large eddy simulation (KE- 
LES, see C. Meneveau [1]) for the purpose of subgrid modeling. We will show 
that when a scale-similarity hypothesis is injected, suitable subgrid models can 
be obtained. The resulting subgrid models have no "model coefficient". A 
dynamic method for the evaluation of the coefficient in existing subgrid mod- 
els is also obtained. The new models are successfully tested and compared to 
the Metais-Lesieur model [2] in decaying and forced homogeneous isotropic 
turbulence. The coefficient evaluation method is applied with success to the 
Smagorinsky model [3]. 

Keywords: LES, Kolmogorov Equation, scale-similarity, dynamic subgrid modeling 

1. Introduction 

The Kolmogorov equation for the filtered velocity field can be written as: 

--e/r = Dlll - ^Glll (1) 

In this expression, D lll \ht third order longitudinal velocity correlation of 

the filtered field: 



DLLuir) =< [u{x + r) - >; (2) 

Glll is the longitudinal velocity-stress correlation tensor: 

GLLuir) =< ui{x)rii{x + r) >; (3) 
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and €f is the subgrid dissipation: 



ej — < TijSij > 



( 4 ) 



where Sij is the resolved scale strain rate. As the Kolmogorov equation for the 
real fluid, the KELES can be interpreted as an energy balance for the resolved 
scales. 

Although the KELES is a "closed" equation in the sense of classic statistical 
modeling, it does not constitute a stand alone necessary and sufficient condi- 
tion for subgrid modeling. The KELES is a direct consequence of the large 
eddy simulation equation. During an A Priori test where the real fluid (ex- 
perimental or DNS data) is available, the KELES could give good results for 
model testing or recasting, see Meneveau 1994. In an A Posteriori LES, the 
Kolmogorov equation is not unique as it would be for a real fluid. Each subgrid 
model will provide a modeled LES equation that must satisfy a subgrid-model- 
Kolmogorov equation. The subgrid-model-KELES only reflects the energy 
balance obtained by the input subgrid model if no other physical condition has 
been supplied. In the context of a LES, the KELES is similar to the Germano 
identity [4]. When the dynamic procedure of Germano is employed in sub- 
grid modeling, a scale similarity condition is implicitly assumed. Similarly, if 
we want to use the Kolmogorov equation for large eddy simulation to derive 
a practically useful subgrid model, we need a physical condition which can 
correctly represent the action of the velocity-stress correlation. This is the aim 
of the present paper. 

2. Subgrid modeling with the Kolmogorov equation for 
LES 

From extensive numerical experiments (see [6]), eddy viscosity type subgrid 
models are able to reproduce subgrid dissipation and, qualitatively, the velocity- 
stress correlation according to Meneveau [1]. We therefore limit our investiga- 
tion to the viscosity type subgrid model. 

2.1 Scale-similarity condition for Glll 

Scale similarity [7] is a good candidate for physical interpretation of the real 
subgrid stresses mechanism. Numerous works support the scale-similarity type 
of subgrid models, for an extensive review, see Meneveau 2000 [5]. We now 
introduce a scale-similarity hypothesis on the velocity-stress correlation: 



GhLL{r) oc 



( 5 ) 
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There is a particular issue of the above relationship in the case of constant eddy 
viscosity subgrid model. It is exact. Indeed, Glll is: 

Glll = 2^^^ < +ri) > 

= -2l^i?LL,ri (6) 

= ^tDLL.n 

Comma separated indices denote derivatives. Extending the Kolmogorov 2/3 
power law of a real fluid to Dll, we have: p = 2/3 — 1 = —1/3. Now 
the KELES and the scale-similarity condition can be assembled in a simple 
relationship: 

0.8e/ri + ^LLL(ri) ^ (Il'j-i/a 

0.8e/r2 + ^2 

No subgrid term is explicitly present in the above equation, ef is the large scale 
energy time derivative. It is a scale-similar, Glll independent KELES. In 
the next section, the subgrid model evaluated with equation 7 will be refereed 
as multi-scale model, when the KELES with 2/3 power law is used at one 
separation distance, so-evaluated models are referred to as 1 -scale model. 



2.2 1 -scale subgrid model 

Constant eddy viscosity. For a given filter and for homogeneous isotropic 
turbulence, consider a constant eddy viscosity subgrid model. We have: 



'^ij — 2z>'^ <C SijSij > 



( 8 ) 



Replacing the above two expressions in equation 1, we get: 






^SkDLL'^ 



(9) 



where Sk is the skewness of the longitudinal velocity increment for the filtered 

— 3/2 

velocity: Sk = DlllIDll - Imposing the Kolmogorov scaling on Dll, '^ = 
\Dll/'^, we obtain the following expression: 






-Sk 



1.6 



Dll 



-4 



7^1/2 

-Diir 



( 10 ) 



The first term of the denominator of the above equation can be simplified. 
Isotropy implies: < SijSij >= ^ < u\ i >. For r of the same order of the 
filter size A and for / << 1, where L is the integral length scale, <u\i> 

can be approximated by < <1 >~ Although this approximation would 
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not be appropriate for the full velocity field, it is acceptable for the resolved 
velocity scales as the smallest scale in a LES is of order A. We obtain an 
"asymptotic" expression for vt\ 



i^t = ~Y^LLr ( 11 ) 

The skewness is a spectral measure of the rate between the energy cascade and 
the viscous dissipation. Therefore the inter-scale energy transfer information 
is included in the present subgrid viscosity. Note that the well known Metais- 
Lesieur subgrid model 

= 0.063:Oii(A)i/2A (12) 

is a particular form of the simplified form of equation 11. If one takes the 
separation distance r to be equal to the filter size A and a value of —0.5 for Sk, 
one obtains the Metais-Lesieur model. 

Non-constant Smagorinsky eddy viscosity. We address the possibility to 
use the Kolmogorov equation for LES in the case of a non constant eddy vis- 
cosity subgrid model. A local strain rate subgrid eddy viscosity is considered. 
In this case, it is interesting to link the Smagorinsky constant to the velocity 
derivative skewness. To do so we suppose the following form of Glll- 

Glll = a < ut > Dll,t (13) 

in which a is a proportion coefficient, supposed to be a constant. The value of 
a can be determined using the knowledge of LES of homogeneous isotropic 
turbulence. 6/ is: 

ef = -< njSij >= 2{Cs^? < > (14) 

In the case of a fully developed homogeneous isotropic turbulence, the value 
of the Smagorinsky coefficient is about 0.18 in a LES with spectral method, 
see Bertoglio [8]. Using the value of the skewness Sk from the previous sec- 
tion, —0.5, the value of a is nearly 2.0. Therefore for the general case, the 
Smagorinsky coefficient could be approximated by the following expression: 

Cs ~ (15) 

in which S'^ is the skewness of the longitudinal velocity derivative. 

2.3 Multi-scale subgrid model 

Now we apply the multi-scale KELES 7 for 2 different separation distances. 
Expressing ey as — < TijSij >, we get the following solution for constant 
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eddy viscosity: 



PLLL{ri) - (^)^/^I^LLL(r2) 
-0.8<5'>(l-(^)4/3)ri 



(16) 



For the Smagorinsky model with local strain rate, an expression for Cg is: 



(C'5A)2 = 



DLLLin) - {^^Y'^DlLl{t2) 
-0.8 < 5^/' > (1 - (^)4/3)^, 



(17) 



It is easy to generalize this method for 3 scales, for example, by assuming: 



G^LLL(n) .nx-l/3 ^ 

Glll(^2) ^2 GiLiirs) rs 



(18) 



In this method, multi-scale spectral information can be easily input via the 
number of separation distance r^. We expect also to generalize this approach 
to subgrid model having two or more coefficients, for example, a mixed model. 
However, no attempt has been done. 



3. Numerical applications: LES of decaying and forced 
homogeneous isotropic turbulence with new models 

Two cases of homogeneous isotropic turbulence are computed. One corre- 
sponds to the decay at moderate Reynolds number, the case of the Comte- 
Bellot and Corrsin experiment [9]. The other simulates a statistically stationary 
turbulence at high Reynolds number. A deterministic or a Langevin equation 
forcing method are indifferently used. The initial field is generated using the 
method of Rogallo [10] with randomly distributed velocity phases. The numer- 
ical scheme is the classic pseudo-spectral method. The Metais-Lesieur model 
is used for comparison. Due to the particular spectral cut-off filter in this nu- 
merical method, the resulting "cusp" effect is accounted for by a correction 
from Chollet [11]. 



3.1 1-point and 2-point statistics 

Figure 1 shows the ratio between the value 1 -scale constant ut and that of 
Metais-Lesieur, obtained during two 32^ LES: one with 1 -scale constant ut and 
the other with the Metais-Lesieur model. Both oscillate around 1. In figure 2, 
time averaged spectra using 1 -scale constant ut obtained on 32^, 64^ and 128^ 
grids are plotted. -5/3 inertial behavior can be clearly observed for all spectra. 
The above simulations correspond to the forced turbulence. 1 -scale Smagorin- 
sky constant is checked in decaying low Reynolds isotropic turbulence against 
the coefficient obtained with the Germano [4] dynamic procedure. Figure 3 
show the time evolution Cs obtained using both methods. Agreement is good. 
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2-scale evaluated Smagorinsky model coefficient is shown in figure 4 in case of 
forced turbulence. The value of three Cg are very close. Figure 6 shows spectra 
of the decaying turbulence, obtained with both the Metais-Lesieur model and 
the 1 -scale constant ut, in comparison with experiment. Both subgrid models 
give satisfactory results. 

3.2 Model sensitivity to the power law exponent n of Dll 

The influence of the exponent of the input power law fox Du is checked by 
comparing the so obtained spectrum slope. Recall that this exponent is one 
of the key parameters of multi-scale model. The value of input n are, 1/9, 
2/3 and 1. According to a simple /3-model, the corresponding spectrum slope 
would be expected to be —10/9, —5/3 and —2. Results are shown in figure 7 
(2-scale constant vt) and figure 8 (2-scale evaluated Smagorinsky coefficient). 
It seems that the input power law, is almost recovered on the output spectral 
slopes. 

4. Concluding remark 

The Kolmogorov equation for large scale velocity is used for subgrid model- 
ing. We introduced a scale similarity condition on the two-point velocity-stress 
correlation term in the KELES : — 1/3 power law. The resulting KELES is a 
"scale-similar Kolmogorov equation for LES". Success in LES of homoge- 
neous turbulence demonstrate A Posteriori, that this scale- similarity hypoth- 
esis can correctly reproduce the real cross velocity- stress correlation mecha- 
nism. Subgrid modeling using this scale-similar KELES is studied with an 
eddy viscosity type subgrid model. 

Particular solution for constant subgrid eddy viscosity Pt is found. A class of 
multi-scale subgrid models is deduced. Resulting subgrid eddy viscosity are 
closely linked the inter-scale energy exchange via the velocity increment skew- 
ness or the third order structure function. New models are successfully used 
in LES of decaying and forced isotropic turbulence. A multi-scale method 
for dynamically evaluating the Smagorinsky coefficient is also derived. When 
used in LES, the resulting Smagorinsky fluid has a good initial range spec- 
tral slope. The results are in excellent agreement with those obtained with the 
Germano dynamical model in decaying isotropic turbulence. Since the new 
subgrid models are derived with the Kolmogorov equation, it is expected that 
they can be easily extended to weakly inhomogeneous flow, ie., turbulent shear 
flow. When new models are applied to the turbulent channel flow, preliminary 
results compare very well to those obtained with the Germano dynamic proce- 
dure applied to the Smagorinsky model. 
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32^ LES with 1 -scale model 
32® LES with Metais-LesiBur model 






Figure 1. Comparison of 
in forced turbulence, 32^ LES run with 
Metais-Lesieur and 1 -scale constant ut. 



Figure 2. Comparison of spectra with 
different grid resolution. 1 -scale constant 
ut. 
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Figure 3. Time evolution of C.s of 
Germano dynamical model and of 1 -scale 
Smagorinsky model in decaying turbu- 
lence, 64'^ LES run. 
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Figure 4. 2 scale Smagorinsky model 

coefficient evaluated with different r\/r 2 
in force turbulence. 32^ LES run. 




Figure 5. Comparison of spectrum in 
decaying turbulence. 1 -scale Smagorin- 
sky and Germano dynamic Smagorinsky 
model. 64® LES. 




Figure 6. Comparison of spectrum in de- 
caying turbulence. 1 -scale constant ut and 
Metais-Lesieur model. 48'^ LES. 




Figure 7. Model sensitivity to the input 
exponent in forced turbulence. 2-scale con- 
stant lAf case. 32"^ LES run. Spectra are 
shifted for visibility 




Figure 8. Model sensitivity to the in- 
put exponent in forced turbulence. 2-scale 
Smagorinsky model case. 32'^ LES run. 
Spectra are shifted for visibility 
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Abstract In this contribution we propose high-pass filtering suitable for high-pass fil- 
tered (HPF) eddy-viscosity models, e.g. the Smagorinsky or (filtered) structure- 
function model, and investigate their influence on the results of large-eddy simu- 
lations of laminar, transitional and turbulent flows. High-pass filtering employed 
to the computational quantities prior to computation of the eddy- viscosity and/or 
strainrate in the subgrid-scale model allows for a good prediction of transitional 
and turbulent flows without using any ad-hoc adaptation. Of particular impor- 
tance is that the sensitivity of the results to the model coefficient is considerably 
reduced compared with non-HPF models. Furthermore, the proposed high-pass 
filters enable the computation of the structure function in the filtered or HPF 
structure-function model in all spatial directions even for inhomogeneous flows, 
removing the arbitrariness of special treatment of selected (e.g. wall-normal) 
directions. 

Keywords: LES, subgrid-scale modeling, high-pass filtered models, transition, turbulence, 

Smagorinsky model, structure-function model, eddy-viscosity. 

1. Introduction 

Eddy- viscosity models such as the Smagorinsky model (1963) or structure- 
function (SF) model (Metais and Lesieur, 1992) are the most often employed 
subgrid-scale (SGS) models for large-eddy simulations (LES). Variants of 
these models with fixed coefficients require special treatment of the viscous 
sublayer of wall-bounded turbulent flows or laminar flow regions. Ad-hoc 
measures frequently used are the van-Driest damping function for the model 
coefficient in the near wall region or intermittency functions for transitional 
flows (Piomelli et al., 1990). However, such methods are designed for special 
flow situations only. Ideally, the SGS model used for LES should be defined 
locally and fully three-dimensional, i.e. without special treatment of selected 
spatial direetions, and it should not require ad-hoc adaption to the specific flow 
configuration. 
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In general, the dynamic Smagorinsky model (Germano et al., 1991; Lilly, 
1992) is defined locally and adapts itself automatically to different flow sit- 
uations, e.g. laminar, transitional, and turbulent flows. However, it does not 
necessarily predict a vanishing value of the model coefficient for laminar flows 
as it should, not even for the incompressible laminar channel flow. Due to a 
vanishing strain rate, it is singular in the midplane of a laminar channel. Av- 
eraging in homogeneous directions is usually employed for turbulent flows in 
order to minimize the occurrence of singularities in the dynamic coefficient 
computation, which is not possible for non-homogeneous flow directions. Fur- 
thermore, with averaging over homogeneous directions, the dynamic model 
forfeits its local definition. 

In this contribution, we consider a different approach for SGS modeling suit- 
able for laminar, transitional and turbulent flows without ad-hoc adaption by 
analyzing high-pass filtered (HPF) eddy- viscosity models. The concept of HPF 
models and the relation to the variational multiscale method was proposed very 
recently, independently from our work, by Vreman, 2003. However, differ- 
ent from the method discussed herein, filtering is performed by Vreman using 
a real-space top-hat filter, which in general does not avoid unphysical non- 
vanishing model contributions in laminar flow regions and the viscous sub- 
layer of near-wall turbulence. Furthermore, the filtered subgrid-scale models 
introduced by Sagaut et al., 2000 can be recovered by our modeling strategy. 
Additionally, we propose high-pass filters for the filtered structure-function 
model (FSF, Ducros et al., 1996) which allow for the use of a three- 
dimensional formulation of the FSF even for non-homogeneous flows. 

From a physical point of view, the HPF models take into account only the 
most important interactions between the non-resolved subgrid scales and the 
resolved scales, which take place between the smallest resolved scales and the 
largest subgrid scales, while the interactions between large-scale flow and the 
subgrid scales are negligible (Domaradzki et al., 1994; Vreman, 2003). 

2. High-pass filtered eddy-viscosity models 

For a correct prediction of laminar flows or the viscous (sometimes called 
“laminar”) sublayer of turbulent flows, the results should generally not be 
affected by the subgrid-scale model. This is obviously not true for fixed- 
coefficient eddy-viscosity models for the SGS stresses, rij = ui u] — Ui Uj , 
e.g. the Smagorinsky model (SM) 

S' 

Tij - ~ mj = 2(C'sA)^|5(u)| • 5y(u) = ut^sMSijiu) , (1) 

with + §^ 7 ) and |5'(u)| = ^y2Sij{u)Sij{vL) or the 

Structure-function (SF) model given by 
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rriij = CspCf, V' i^ 2 (u, x, (u) = ft,SFSij{n) , (2) 

with F 2 being the (three-dimensional) structure function which is computed 
from u at the 6 neighboring points (Lesieur and Metais, 1996), 

F2 (u, X, Ax) = I E ||u(x) - u(x- Axje* ) p+ |Q(x) - u(x+ Axjej) 

(3) 

and A = (Axi Ax 2 Ax 3 )^/^ and Ck the Kolmogorov constant. 

Vanishing model contributions (in laminar flows or the viscous sublayer of 
turbulent flows) can be achieved by a vanishing turbulent eddy viscosity ut or 
a vanishing strain rate Sij. The dynamic Smagorinsky model (Germano et al., 
1991; Lilly, 1992) and the filtered structure-function model (FSF, Ducros et al., 
1996) attempt to give a vanishing turbulent eddy viscosity, which however, is 
not necessarily vanishing truly for both SGS models in their three-dimensional 
formulation used for inhomogeneous flows. For the FSF, high-pass filtering as 
described below can be employed in order to obtain a vanishing coefficient. 
The HPF eddy-viscosity models can feature both a vanishing turbulent eddy 
viscosity and a vanishing strain rate. These models employ high-pass filtered 
quantities Hjsi * u instead of u for the computation of the turbulent eddy vis- 
cosity and/or strain rate. The HPF Smagorinsky model is then given by 

mij = * u)| • Sij{HNs * u) , (4) 

and the HPF structure-function model by 

rriij = As/ F 2 {Hn^ * Q, x, Ax) • Sij{HNs * u) • (5) 

With suitable filters, high-pass filtered quantities are vanishing for smooth ve- 
locity profiles (e.g. low-order polynomials) and the corresponding SGS model 
contributions are evanescent. High-pass filtering is performed by subtracting 
low-pass filtered quantities from the unfiltered ones. Three-dimensional low- 
pass filters are derived from one-dimensional ones by dimensional splitting, 
resulting in a tensor-product of one-dimensional operators. A detailed descrip- 
tion of the construction of the low-pass filter G used herein can be found in 
Stolz et al., 2001. The high-pass filtered quantity is then given by 

Hn*u={I -Qn*G)*u = {I - G)^+^ *u = 0(A''(^+^)) (6) 

with Qn = ~ GY (Stolz and Adams, 1999), r being the order of 

the low-pass filter G. For arbitrary grids r = 3, however, for equidistant grids 
odd-numbered moments are vanishing and r increases to 4 (Stolz et al., 2001). 

* u is vanishing if is a polynomial of up to degree (r (W+1) — 1). The cut- 
off wavenumber Uc, defined arbitrarily by \Hn{(^c)\ = 1/2, of the (implicit) 
filter can easily be adjusted. Except for the filter shape, the cutoff wavenumber 
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Uc is the only additional parameter entering the model. However, results ob- 
tained with the HPF Smagorinsky model and different cutoff wavenumbers lJc 
indicate that for the HPF Smagorinsky model the influence of uoc on the LES 
results in the range [tt/3, 37t/ 4] can be corrected approximately by setting 



iHPF 



7T 



7T LOq 



•Co, 



(7) 



where the recommended value for Cq is 0. 1/ 3, e.g. = 0. 1 for c^c = 27 t/3. 



3. Incompressible channel flow 

For computation of incompressible channel flow the HPF eddy-viscosity mod- 
els have been implemented into the spectral DNS code of Gilbert and Kleiser, 
1990. As a first test case the turbulent channel flow with a Reynolds number 
based on the bulk velocity and the channel half width h of Re^ = uiyhjv — 
2800 {Rtr = Urhjv 180 based on the friction velocity) is considered. For 
the corresponding DNS the same parameters were used as in Moser et al., 
1999, i.e. 128^ x 129 grid points in the computational domain of the size 
Z/i X L 2 X L 3 = 47 t/i X 47 t/i /3 X 2h. For all LES computations presented here, 
a resolution of 32^ x 33 points is used, which is to be considered rather coarse 
especially in the wall-normal direction x^. 

The sensitivity to the parameter Cq of the HPF Smagorinsky model is inves- 
tigated in Fig. 1(a). As high-pass filter prior to the computation of the strain 
rate Sij and the norm we employed H^) — 1 — G with cutoff wavenumber 
ujc = 27t/ 3, i.e. the filter parameters Njy = Ns = 0. In Fig. 1(a) the mean 
velocity profile is depicted for three different model coefficients, Cq = 0.05/3, 
Co = 0.1/3, and Co = 0.15/3. It should be noted that Cq enters the model. For 
all cases we compare LES data with grid-filtered DNS data. For comparison 
also LES without any SGS-model ("noSGS") and data obtained with the dy- 
namic Smagorinsky model (test-filtering employed in all three directions) are 
shown. The results for the HPF Smagorinsky model are much less sensitive to 
the model coefficient than the classical Smagorinsky model (not shown here). 
The law of the wall is predicted best for Cq = 0.1/3 with the HPF model. For 
the deliberately chosen coarse grid, the dynamic Smagorinsky model predicts 
a too low friction velocity and overpredicts the normal streamwise Reynolds 
stresses and underpredicts other Reynolds stresses. For the HPF Smagorinsky 
model all Reynolds stresses are in good agreement with the DNS data and vary 
only slightly when changing the model coefficient from 0.05 to 0.15. 
Furthermore, the effect of different high-pass filters has been investigated. LES 
with the HPF Smagorinsky model have been performed the order (non- 

equidistant/equidistant grids) high-pass filter Hq, the 18^^724^^ order filter 
and with a second-order Pade filter. Fig. 1(b) depicts the mean-flow profile 
and the Reynolds stresses for the different high-pass filters with a fixed cutoff 
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wavenumber Uc = 27t/ 3. It is apparent that the choice of the parameter N and 
thus the order of the high-pass filter Hjsf = 1 — Qn ^ G has only a negligible 
effect on the results. However, the use of the 2^^ order Fade filter does not 
result in a vanishing high-pass filtered quantity even for a linear profile on non- 
equidistant grids and results for the near-wall behavior of the flow deteriorate 
compared to those obtained with the high-pass filters based on the filters 
proposed in Stolz et ah, 2001 (see also the close-up of the near- wall velocity 
profile in Fig. 1(b)). 

Furthermore, we compare results obtained with the FSF model with results 
of the HPF structure-function model (HPF-SF). For both models, prior to the 
computation of the structure function F 2 the high-pass filter Hq with ouc = 
27t/ 3 is used, Njy = 0. In contrast to the FSF, where no high-pass filtering 
is employed before the computation of the strain rate Sij, for the HPF-SF the 
strain rate is computed from high-pass filtered velocities. Ns = 0. Different 
from Ducros et ah, 1996 who computed the structure function from high- 
pass filtered quantities in the homogeneous wall-parallel directions only, in 
this work the computation of the structure function and the high-pass filtering 
is performed in all three spatial directions. 

Fig. 1(c) shows the mean velocity profile and the Reynolds stresses for the 
FSF and the HPF-SF with = 0.05 and Ck = 1.4. Although a still 

better agreement might be obtained by further adjusting the coefficient, in both 
cases the error of the predicted Rcr is within 3.5% of the DNS value. The FSF 
well predicts the mean-flow profile, however, the Reynolds stresses show some 
deviation from the grid-filtered DNS data. Better results for both mean-flow 
and Reynolds stresses are obtained with the HPF-SF, see Fig. 1(c). The predic- 
tion of the near-wall flow behavior obtained with the HPF-SF is better than the 
prediction with the FSF, which is due to a vanishing (high-pass filtered) strain 
rate for the statistically averaged near-wall flow. It can be shown further that 
the HPF-SF is slightly less sensitive to the choice of the model coefficient. 
Next, we turn to the computation of K-type transition in channel flow. As initial 
field the laminar (parabolic) profile with superimposed disturbances was cho- 
sen as in the fully resolved DNS of Gilbert and Kleiser, 1990. The Reynolds 
number is Rei, — 3333. Fig. 2 shows the temporal evolution of the Rcr and the 
centerline Reynolds number RecL for (a) Smagorinsky-type and (b) structure- 
function models. For all LES 32^x33 grid points were used. Although our fine- 
grid DNS with up to 160^ x 161 grid points shows slightly later transition than 
both the no-model simulation and the HPF Smagorinsky model LES, the sim- 
ulations show comparable onset of transition and initial growth, see Fig. 2(a). 
Furthermore, the skin friction peak value with the well-known overshoot of 
Rcr of about 15% (Gilbert and Kleiser, 1990) is visible for the no-model sim- 
ulation and the LES using the HPF Smagorinsky model with Hq. The HPF 
Smagorinsky using the 2^^ order Fade filter overpredicts the peak in the fric- 
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Figure 1. Results of LES for turbulent channel flow. Left column: mean velocity profiles; 
right column Reynolds stresses, (a) HPF Smagorinsky model with different model coefficients: 

Co = 0.05/3, Co = 0.1/3, and Co = 0.15/3; (b) HPF Smagorinsky 

model with Co = 0.1/3 and different high-pass filters (ujc = 27t/3): Ho. LTs 

(results coincides with those for Ho), and 2"""^ order filter; (c) HPF structure- 

function (HPF-SF) model and filtered structure-function model (FSF) model both with 

CsF,u^. — 0.05; also shown • DNS data, -o-dynamic Smagorinsky, and noSGS. 

tion velocity by about 8%. Although not apparent on first sight from Fig. 2, the 
statistical average of Rcr for the turbulent phase for the no-model simulation 
and the HPF Smagorinsky model with the 2^^ order Fade filter shows too large 
values for the wall friction, see also Fig. 1(b). The time evolution of Rcr for 
the classical Smagorinsky model clearly shows that the model fails to predict 
transition as the base flow is changed nonphysically by model contributions. 
For the same value of the model coefficient, however, the classical Smagorin- 
sky model gives a good prediction of turbulence when turbulent initial data are 
used. The dynamic Smagorinsky model predicts transition at a correct position, 
however, it fails to reproduce the peak in the skin-friction. For the turbulent 
phase the dynamic Smagorinsky model turns out to be too dissipative. 
Considering the time evolution of Rcr for the FSF, see Fig. 2(b), the FSF pre- 
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Figure 2. Time evolution of Rcr and RecL during the transitional phase; (a) classical 

Smagorinsky with Cs = 0.1, HPF Smagorinsky model using Ho and HPF 

Smagorinsky model using 2''"^ order filter with Co = 0.1/3, dynamic Smagorinsky 

model; (b) HPF structure-function model (HPF-SF) and filtered structure-function 

(FSF) both with Csf = 0.05; also shown noSGS, and • DNS data. 

diets the onset of transition very well but fails to predict the peak in Rcr- For 
the centerline velocity a slightly too late onset of transition is observed. Simi- 
lar to the HPF-Smagorinsky model, the HPF-SF predicts the transition slightly 
too early, however, the results show a correct overshoot in Rcr and a correct 
prediction of the turbulent phase, see also Fig. 1(c). 

4. Conclusions 

We have proposed a high-pass filtering approach suitable for constructing high- 
pass filtered (HPF) eddy-viscosity models. High-pass filtering is employed 
to the computational quantities before eomputing the eddy-viscosity and/or 
strainrate of the subgrid-scale model, e.g. Smagorinsky or (filtered) structure- 
function model. 

The high-pass filters are constructed such that laminar flow and the viscous 
sublayer of wall turbulence are not affected by the model as the model contri- 
butions are vanishing. This is of primary interest for LES of transitional flows 
as for a correct prediction of transition the models have to be able to deal with 
at least the two limits of laminar and turbulent flow. The sensitivity of the re- 
sults on the cutoff wavenumber of the high-pass filter has been investigated and 
an empirical correction which eliminates this dependency for a wide range of 
cutoff wavenumbers has been proposed. The high-pass filters and HPF models 
are formulated entirely in real space which allows for an implementation in 
codes using among other finite-difference or spectral numerical schemes. 

For the filtered structure-function model the proposed high-pass filters enable 
the computation of the structure function in all spatial directions even for in- 
homogeneous flows, thus removing the arbitrariness of special treatment of 
selected directions, e.g. the wall-normal direction. 

The performance of the HPF Smagorinsky and HPF structure-function model 
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have been examined for laminar, transitional and turbulent channel flow obtain- 
ing good results for all configurations without using any ad-hoc adaptation. Of 
particular importance is that the HPF models also feature a better prediction 
of turbulent flows as their sensitivity to the model coefficient is reduced and, 
e.g., no wall-damping functions are needed. Unlike the dynamic Smagorinsky 
model, the HPF models are formulated locally and no averaging over homo- 
geneous directions is needed. For this reason the model is suitable also for 
non-homogeneous flows. 
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Abstract In large-eddy simulation, a low-pass spatial filter is usually applied to the Navier- 
Stokes equations. The resulting commutator of the filter and the nonlinear term 
is usually modelled by an eddy-viscosity model, by a similarity model or by a 
mix thereof. Similarity models possess the proper mathematical structure; par- 
ticularly, they satisfy all fundamental properties of a commutator. Additionally, 
they correlate well with the real commutator. Yet, their leading term has direc- 
tions of negative diffusion. We propose to stabilize similarity models by project- 
ing them onto an eddy-viscosity model. The projection eliminates the dynami- 
cally unstable part and results in a self-calibrating eddy-viscosity. The numerical 
algorithm used to solve the governing equations preserves the skew-symmetry 
of the nonlinear term, and is therefore well- suited to test the proposed model. 
The model is successfully tested for turbulent channel flow (at Rer = 1025 and 
Rer = 2520). 

Keywords: Large-eddy simulation, turbulence modelling, subgrid models. 

1. Introduction to eddy- viscosity and similarity models 

Most turbulent flows can not be computed directly from the (incompressible) 
Navier-Stokes equations, because they possess far too many dynamically sig- 
nificant scales of motions. Therefore, in large-eddy simulation (LES), a low- 
pass filter is usually applied to the equations. When the spatial filtering opera- 
tor T commutes with partial derivatives, the filtered equations are 

dtUf-J\fS{u)-\-Vp = —V 't{u) with r{u) = , (1) 

where the left-hand side depends on the filtered velocity u = Tu, whereas the 
right-hand side depends on the unfiltered velocity u via the commutator of the 
Navier-Stokes operator J\fS{u) — V • (uu^) — V^ujRe and the filter. To close 
the filtered equations, the subfilter tensor r has to be modelled in terms of the 
filtered velocity u. Often this is done by means of an eddy-viscosity model, by 
a (scale) similarity model, or by a mix thereof. 
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Smagorinsky proposed an eddy-viscosity model of the form 

—t{u) + ^ trace {t{u))X v{Vu + Vti*), (2) 

in which the eddy-viscosity v is taken proportional to the product of the square 
of the filter- length and \Vu + Here, the isotropic part | trace (r)X 

need not be modelled, as it can be incorporated into the pressure. To obtain 
a better model, Germano (1992) replaced the constant of proportionality by 
a function of space and time, which is determined dynamically with the help 
of a fundamental property of a commutator. This dynamical procedure has 
the advantage of being self-calibrating and requires no a priori specification 
of the model constant. However, the resulting eddy-viscosity can take values 
for which the filtered equations are (locally) unstable. In such situations, one 
resorts to a clipping scheme that restricts u, see c.g. Ghosal et al (1995). 
Similarity models are based upon an approximate defiltering procedure: u ^ 
u = where stands for an approximate inverse of T . The commu- 

tator is modelled by substituting u for u, 

—t{u) + |trace(r(u))X | trace (r(fi))J. (3) 

Similarity models have the proper mathematical structure, meaning that the 
model (3) possesses all characteristic properties of a commutator. The error 
emanates from the defiltering. Bardina et al, (1984) were the first who applied 
a similarity model; they took simply u = u. Stolz and Adams (1999) took the 
first (three or) five terms of a series expansion of IF~^, 

Carati et al, (1999) have shown that for all filters (that are in wave space) 
the series expansion of r{u) starts with a generic term that is known under 
various names, among others nonlinear model, gradient model and tensor- 
diffusivity model and is basically due to Leonard (1974). Later (Leonard, 
1997), he notes that the gradient model can be seen as a tensorial eddy- 
viscosity model with directions of positive as well as negative diffusion. The 
stability of this model has been analyzed with the help of the one-dimensional 
Burgers’ equation by Vreman (1995). He showed that the gradient model gives 
rise to severe instabilities. 

In the original form of Clark et al, (1979), the instability of the gradient model 
was overcome by combining the gradient model with (2). Bardina et al, (1984) 
used a mixed approach too. The basic idea underlying mixed models is that the 
similarity model takes into account the contributions of the defiltered, filtered 
velocity u only. Yet, in a discrete setting, defiltering can merely yield the 
leading part of the residual velocity u—u, i,e, the part that most likely possesses 
the strongest dynamical interaction with the filtered velocity. To illustrate this, 
we consider a discretized filtered velocity in Fourier space. In Fourier space, 
the velocity is described by a limited number of modes. Inverting the discrete 
filter does not extend the number of Fourier-modes; the filtered and defiltered 
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discrete velocity have the same spectral support, which is too small to represent 
the unfiltered velocity u fully, see Zhou et al (1989). Therefore, similarity 
models are expected to underestimate the dissipation at scales too small to be 
recovered by the defiltering procedure. Mixed models try to make up for the 
shortage of dissipation by adding dissipative terms. 

In this paper, we propose to stabilize the similarity model (3) by projecting it 
onto a stable eddy-viscosity model. In other words, we do not add dissipative 
terms to stabilize (3) as is done in mixed modelling, but instead we propose 
to remove the dynamically unstable part. Before describing the stabilization 
technique in detail, we will discuss the filter and its approximate inverse first. 

2. Filtering and defiltering 

Filtering is usually done by means of an integral operator with a symmetrical 
convolution kernel. We apply the elliptic, differential filter (Germano 1986) 

u — Tu = u + (4) 

where a parametrizes the filter-length. The boundary conditions that supple- 
ment the Navier-Stokes equations are applied to the filter too. This filter is 
generic in the sense that any symmetric convolution filter can be approximated 
by the diffusive process (4), where the error in the approximation is of the or- 
der see Carati et al (1999). Additionally, Montgomery and Pouquet (2002) 
have shown that the (second-order accurate) approximate inverse of (4) 

u ^ u = = (1 — (5) 

forms the essence of the recently proposed ‘alpha-model’; compare Eq. (5) to 
Eq. (8) in Montgomery and Pouquet’s paper. 

3. A stabilized similarity/eddy-viscosity model 

The commutator of the elliptic, differential filter (4) and the Navier-Stokes 
operator is given by the right-hand side of Eq. (1), where the subfilter stress r 
depends upon the velocity-gradient: 

Tij{\/u) = 2a^V Ui • Vuj - ( 6 ) 

Now, when the unfiltered velocity u is replaced by the defiltered approxima- 
tion u, Tij{Vu) ^ TijfVu), we are placed in a dilemma. The resulting scale 
similarity model possesses the correct mathematical structure; particularly, it 
satisfies all fundamental properties of a commutator. Additionally, the cor- 
relation between the approximation TijfVu) and TijfVu) is generally strong, 
typically between 0.6 and 0.9. On the other hand, however, the leading term of 
TijfVu) has directions of negative dissipation. To eliminate the dynamically 
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unstable part from Tij{Vu), we propose to project Tij{S/u) onto the eddy- 
viscosity model (2), where the projection is constrained by the requirement 
that the net dissipation must be positive everywhere: 






(7) 



That is, the eddy-viscosity u{x, t) is computed such that the best approximation 
of —t{S7u) -)- |trace (r(Vfi)) T is obtained in a least-squares sense, 



min J eijCijdV, (8) 

where the integral extends over the entire flow domain, the residuals are 
Gij = —Tij{Vu)-Y^SijTkki'^u)~i'{djUi-\-diUj) and the minimum is computed 
(with respect to u) subject to the stability constraint (7). The Euler-Lagrange 
equation for the constrained variational problem (7)-(8) can be solved analyti- 
cally. The solution reads 



{OfiUjYi -|- 



(9) 



if the right-hand side is larger than -IjRe; and i/ = -IjRe otherwise. In 
summary, the stabilized similarity/eddy-viscosity model is given by Eq. (2), 
where the eddy-viscosity is computed according to Eq. (9), in which u is taken 
as in Eq. (5) and r as in Eq. (6). 

Note that the variational problem (7)-(8) may be constrained further, for in- 
stance by restricting u to functions independent of any homogeneous direc- 
tions. A near-wall analysis of (9) shows that the eddy-viscosity behaves like 
u ^ near a no-slip wall y = 0. Consequently, the model (2)-(9) predicts the 
most relevant entries of r (ri 2 , e.g.) with the right near- wall behavior. 



4. Symmetry-preserving discretization 

To evaluate the performance of the model given by (2)-(9), the results from a 
LES that uses this model are compared with data from experiments in the next 
section. In such an a posteriori test modelling errors and discretization errors 
are mixed together. This mix of errors is inherent in LES. Consequently, the 
discretization of the governing equations is a very important point when deal- 
ing with a posteriori performance tests for LES-models. Since the dissipation 
of the large-eddies should not be caused by the discretization of the nonlinear 
(convective) term in the Navier-Stokes equations, but by the viscous term and 
the subfilter model, we apply the recently developed symmetry-preserving dis- 
cretization scheme (Verstappen and Veldman 2003), which convects the total 
energy of the large-eddies without numerical dissipation. 
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Figure 1. Comparison of the mean stream wise velocity as function of at Rct — 1025. 



5. Results for turbulent channel flow - an a posteriori test 

As a first step in application of the proposed model, it is tested for a turbulent 
channel flow by comparing the results of large-eddy simulations with those of 
the water/wind tunnel experiments performed by Wei and Willmarth (1989) 
and Comte-Bellot (1963). Based on the channel half-width and the bulk mean 
velocity the Reynolds numbers are 20,200 and 57,000, respectively. In terms 
of the wall-shear velocity the Reynolds numbers become 1025 and 2520. Since 
making good near-wall measurements is extremely difficult, we will also make 
a comparison with a direct numerical simulation (DNS) by Moser et al (1999). 
Because this DNS has been done at Rcr = 590, the comparison with DNS is 
to be restricted to the direct vicinity of the wall (where Reynolds-number ef- 
fects can be properly scaled). As usual, the flow is assumed to be periodic in 
the stream- and spanwise direction. The computational grid consists of 128 
streamwise points, 64 spanwise points and 300 points between the channel 
walls. All LES-results are approximately defiltered by means of Eq. (5) in 
order to compare them directly with the available experimental data. Details 
of the computational procedure are discussed elsewhere (Verstappen and Veld- 
man 2003); here we focus on the principal results. 

Re^- = 1025. We attempt to simulate the experiment by Wei and Willmarth 
(1989), which was carried out at Rer — 1025. The profile of the mean velocity 
is shown in Fig. 1 . Overall good agreement between the computation and the 
experiment is observed. Near the wall, where no experimental data is avail- 
able, the present result collapses with that of the DNS by Moser et al. (1999). 
The skin friction coefficient 0.00518 and the centre-line velocity 1.131 are in 
excellent agreement with the data (0.0051 and 1.13, resp.) compiled by Dean 
(1978). Comparison of the fluctuating velocities with reference data shows 
good agreement too, see Fig. 2. 
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Figure 2. Comparison of the root-mean-square of the fluctuating velocity at Rct = 1025. 
The solid markers correspond to the experimental data of Wei and Willmarth (1989); the lines 
represent the present results. The left-hand side displays a near-wall zoom. Here, the open 
markers depict the results of the DNS by Moser et al. (1999), which has been performed at 
R€t = 590. Note that for > 30 the comparison with the fluctuating streamwise velocity of 
the DNS does not hold due to Reynolds-number effects, see also Fig. 4. 




Figure 3. Comparison of the mean streamwise velocity at Rer — 2520. In the left-hand side 
the velocity is normalized by the centre-line velocity. Here, the mid of the channel is located 
at y = 1. The squares depict the experimental data of Comte-Bellot (1963); the line represents 
the (approximately) defiltered LES-results; the dashed line is obtained without model/filter. The 
right-hand side figure shows as function of y+. The open squares correspond to the original 
experimental data of Comte-Bellot (1963); the solid squares represent rescaled data, see text. 



Re^ = 2520. The least to be expected from a LES is a good prediction 
of the mean flow. As can be seen in Fig. 3 (left) the present LES satisfies 
that minimal requirement: without any models the prediction of the mean flow 
worsens significantly. With model, the agreement with the data from the ex- 
periment by Comte-Bellot (1963) is good. Yet, the wall-shear velocities differ. 
Comte-Bellot deduced the wall-shear velocity from measurements of the Ion- 
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Figure 4. Comparison of the root-mean-square of the fluctuating velocity at Rcr = 2520. 
Note: the results by Comte-Bellot are rescaled, like in Fig. 3. Near the wall (at the left-hand side) 
two experiments by Wei and Willmarth are shown, namely at Rcr = 1650 and Rcr = 1025. 
The DNS by Moser et al (1999) has been performed at Rcr = 590. 



gitudinal pressure gradient. She found Ur = 0.0416. We have Ur — 0.0442, 
which is in good agreement with Dean’s result Ur = 0.0445. Consequently, 
when the mean velocity is normalized by the wall-shear velocity the profiles 
do not correspond, see Fig. 3 (right). Therefore, we have rescaled the mean- 
velocity profile reported by Comte-Bellot (1963) with the help of our Ur> After 
this rescaling the result of Comte-Bellot shows an excellent agreement with the 
data obtained by Wei and Willmarth (1989) for y'^ > 30 and with the DNS by 
Moser et al (1999) for < 30. Fig. 3 shows also that the present result 
agrees well with the rescaled data of Comte-Bellot. 

In Fig. 4, the turbulent intensities measured by Comte-Bellot (1963) are 
rescaled as before. The agreement with the LES is good, except for the span- 
wise fluctuations, which agree fairly: the spanwise turbulence intensity of 
Comte-Bellot is consistently higher than that of the LES. Near the wall there 
also exists a good agreement between the streamwise intensity measured by 
Wei and Willmarth at Rcr = 1650 and the present result. For y^ > 30 
the comparison with the fluctuating streamwise velocity obtained at lower 
Reynolds numbers does not hold due to Reynolds-number effects. In summary, 
good agreement with previously reported experimental results is observed. 

Concluding remarks. We have shown how a synthesis of a scale similarity 
and an eddy- viscosity model can be used to approximate the subfilter tensor in 
large-eddy simulations of turbulence. The resulting stabilized similarity/eddy- 
viscosity model (2)-(9) has been successfully applied to compute a turbulent 
channel flow at Rcr = 1025 and Rcr = 2520. Given the inherent difficulty of 
turbulence modelling, more thorough investigations and comparisons need be 
carried out to clarify the pros and cons of the synthesis discussed here. 
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Abstract We present results on a priori estimation of LES wall models by nonlinear 
stochastic estimation (NLSE). The results are given in form of nonparametric, 
generalized additive models. First results on a posteriori LES are shown. The 
analyzed data are taken from a DNS of plane channel flow. The applied method 
allows for quantitative identification of important model terms and reveals phys- 
ical mechanisms of the near-wall region. Investigated models are generalizations 
of known algebraic models. With usual linear methods the resulting functions 
cannot be found. Additional terms like the wall-normal velocity component and 
the streamwise pressure gradient are included in the wall model. We find that 
different terms become important in different regions near the wall. 

Keywords: Wall modeling, nonlinear data analysis, generalized additive models 

1. Introduction 

Even though LES has been discussed as one of the most promising tools for 
turbulence simulations, one of its shortcomings is not yet overcome: the ex- 
istence of walls in a system yields the requirement to either fully resolve the 
wall region or to derive a good approximation of the dynamics in form of a 
model bridging the region between the wall and the first grid point. The first is 
easily done, but numerically expensive with computational cost oc (see 

review of Piomelli and Balaras, 2002). For the second, some models exist, but 
none is satisfactory. Our aim is to find better wall models using approach of 
nonparametric data analysis. 

2. Wall Models for LES 

In LES, the subgrid scale contributions appearing in the filtered (incompress- 
ible) Navier-Stokes equations have to be modeled. The credibility of LES 
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results strongly depends on the model for the subgrid scale stress tensor 
(Moin, 2002). We focus on wall models where the flow is intrinsically inho- 
mogeneous and anisotropic. In the following we briefly describe the models 
which have been used in our analysis, others can be treated in a similar way. In 
the notation x denotes the streamwise, y the wall-normal, and 2 : the spanwise 
coordinates, and t the time. In the approach of Schumann (1975), the wall 
shear stresses and the velocity components in the first off-the-wall cell have 
been specified directly. The resulting system of model equations reads: 

Tw,xy = {Tw)/ {u{Y)) U , Tyj^yy = 0 , Ty,^^y = W/Y , (1) 

where Ty^^ij depends on (x, 2 ;, t) and the filtered streamwise and spanwise ve- 
locity components, u and uJ, are functions of (x, F, 2 :, t) with Y the distance of 
the wall-nearest grid point to the wall. Brackets, (•), denote spatio-temporal av- 
eraging. At the wall, v is set to zero. This model contains no adjustable param- 
eters, but a slope which varies with (r^) / {u(Y)). If we take the mean of u{Y) 
and of Tyo as given and work with normalized variables {'T'w) 

and iZ(x, F, 2 :, t) / (iZ(F))) the slope is fixed to unity. 

In the following non-dimensional quantities are used: 

Tyu ^ TyjUjyj), u U/(iZ(y)), V x/(il(y)), dxV ^ 

dxPl{p{u{Y))‘^ I5ch)- 

Many modifications and extensions of Schumann’s model have been proposed, 
see the refs, in Piomelli and Balaras (2002). We focus on algebraic models as 
in Piomelli et al. (1989) (‘Tiomelli’s model”). To consider inclined structures 
near the wall, these authors shifted the streamwise location, x, such that u, x, 
w depend on (x + 5,Y,z). 

The procedure applied in the following is: take a “standard” model such as 
Piomelli’s and generalize it by using nonparametric functions instead of linear 
dependences, as in Eq. (1). The generalized Piomelli model then reads 

'^w,xy ~ ^ 7 'T'w^yy ~ 0 ? ^w^zy ~ ^ ? ( 2 ) 

where Tyj depends on (x, 2 :, t) and u,w on (x + 5, Y, 2 :, t) and e denotes the 
model error. The generalized Schumann model is included by setting 5 = 0. 
Additional dependence on v is included in the “ejection model”: 

Tw,xy = fu,e{u{r,t)) + {v{f,t)) + e . (3) 

Dependence on dxP yields the "gradient model": 

Tw,xy = fu,g{u{r,t)) + fy^g{v{r,t)) + fg,g{dxP{r,t)) + €. (4) 

Below, we show that our analysis allows for the identification of important 
(and unimportant) modeling terms. The addition of terms is understood as a 
tentative input to the analysis. 
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In the next section, we briefly explain the main ideas of stochastic estimation 
and show how to treat generalized additive models (GAM) of the type (2)-(4), 
which are genetically nonparametric and nonlinear. We omit most technical 
details (see Abel et al., 2003) explaining the basic principles. 



3. Nonparametric Stochastic Estimation 



The simplest model equation is of the type (2). The basic idea of stochastic 
estimation is to take data from DNS or measurements and apply a least-square 
minimization procedure (Adrian et al., 1989; Langford and Moser, 1999): 



L;[e^] = E - fu{u{r,t)) 



1 2 



= min. Here, / is the optimal es- 



timate for fu. If fu{u) is linear one can use standard linear regression, con- 
sequently the procedure has been called Linear Stochastic Estimation, LSE 
(Adrian et al., 1989; Nichoud et al., 2001). 

If the function is a priori unknown one guesses a nonparametric, possi- 
bly nonlinear function. Now the minimization is achieved by nonparametric 
regression (Hastie and Tibshirani, 1990). The procedure works using the con- 
ditional expectation value operator E{tu;\u) (Adrian et al., 1989); we obtain 
for 

fu{u) = E{tu,\u) = j P{t'Ju)t'^ dr^ , (5) 



where P{t!^\u) denotes the conditional probability. Equivalently, one can max- 
imize the correlation, C (Honerkamp, 1994). This will be used as criterion 
below. The range of C goes from minus one (anti-correlation) over zero (com- 
plete decorrelation) to one (correlation). Mean values are subtracted, the vari- 
ances are divided out. Effects of nonlinearities are then more directly seen. 

If additive models of the type (4) are considered, the estimation procedure is 
slightly more complicated and of iterative nature, since the problem is intrin- 
sically nonlinear (Abel et al., 2003; Hastie and Tibshirani, 1990). To obtain a 
criterion of the importance of a single term, say fu^g in Eq. (4), one calculates 
'Tw,xy — fv,g ~ fg,g to isolate fu^g to the rhs of an equation and further computes 



C [fu,gi {^w,xy fv,g fg,g)] 



( 6 ) 



This is used extensively below. In the following, the hat for estimated quanti- 
ties and the dependence on the parameters space and time is omitted. 

4. Results 

4.1 DNS Data 

We use instantaneous data from DNS by the second-order, finite- volume code 
CSSOCC (Breuer, 1998). Because the plane channel flow is one of the “stan- 




102 



DIRECT AND LARGE-EDDY SIMULATION V 



dard” test cases for wall-bounded flows, we considered this simple setup in 
order to compare our results with the literature. 

To investigate Reynolds number effects, data are generated for Re = 2800 
and Re = 4000. The channel geometry is Lxj^ch — 27t, Ly/bch — 2 and 
Lzl^Ch = The flow is driven by a pressure gradient in streamwise direction, 
adjusted during simulation to guarantee a fixed mass flux. In streamwise and 
spanwise directions boundary conditions are periodic; at the walls no-slip and 
impermeability conditions are applied. The number of grid points is = 120, 
Tiy = 168, and = 112 for Re — 2800 and = 150, riy = 214, and 
= 120 for Re = 4000. In both cases the dimensionless time step is set to 
At = 0.0025. 

For the analysis a sub-domain of Ax+ 2 ::^ 1000, Ay^ ~ 80 and ~ 100 is 
used. The complete data sets of all instantaneous quantities are stored for the 
subsequent analysis. We assembled data over 25 eddy-turnover times, Ttum = 
Ly/Ub — 2, with sampling at Tturn/8> 

We compare LSE with NLSE results and check differences for the two 
Reynolds numbers. Below, we will illustrate our results on specific examples. 
Mean values such as (r^) and {u) are obtained from the DNS data in order 
to separate effects coming from different sources. Such quantities are part of 
the LES itself, determined on-the-fly by averaging the corresponding unsteady 
values. 

4.2 A Priori Analysis 

The model equations for the wall shear stress include two components treated 
separately. The results for the most important one, will be explained in 

detail, the r^j^zy component is treated briefly. We will first analyze Schumann’s 
model (1), then step to Piomelli’s model (2) and present the ejection (3) and 
gradient model (4) at the end. Results for LSE are presented for Schumann’s 
model only, the other models behave similarly. For comparison, we plot the 
correlation C against the normalized y coordinate, y^ . To save space, we show 
mostly results for Re = 4000 and comment on the results for Re = 2800, if 
necessary. 

Schumann’s Model. Schumann’s model for the xy component of reads 
'^w,xy = + P u e with a = 0 and /? = 1. This case will be referred 

to as (SI). Allowing for a variable slope /3{Y) and variable a(Y) yields two 
linear generalizations, (S2) and (S3), respectively. The nonparametric model 
(S4) reads Ty^^xy = fu.siv) + For comparison of the linear models, it is 
convenient to use the modeling error = ||e||. This is plotted in Fig. la, 
and the corresponding correlation is plotted in Fig. lb. The main findings are: 
for y^ < 20 the error increases similarly for all models. For y^ > 20, the 
error of the original model (SI, circles) increases further linearly. For (S2)- 
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(a) (b) 




Figure 1. Error estimates (a) and correlations (b) for LSE and NLSE variants of Schumann’s 
model, and (c) a plot of the optimal functions for several values of (an offset is added to 
separate the curves). 



(S4) the curves settle at values between 0.333 and 0.342. Now, one might be 
tempted to conclude that a linear model suffices and nonlinear modeling should 
be discarded. 

However, the nonparametric function fu^s shows nonlinearities, see Fig. Ic, 
where increases from bottom to top. For small the function is basically 
linear, for larger distances curvature occurs, indicating nonlinear behavior. For 
very large distances, correlation between the wall and the velocity field is lost 
and fu^s — const. Qualitatively, there is no difference between Re = 2800 
and 4000. 

Piomelli’s Model. The nonparametric Piomelli model is given by Eq. (2). 
The regression now has to find the optimal function and the optimal delay 5. 
This is achieved by running the regression for the possible values of 5 and 
identify the maximum correlation among those. In Fig. 2 one recognizes that 
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the correlation is higher than for Schumann’s model. The delay increases ap- 
proximately linearly. Additionally, a brief comparison of Re = 2800 and 
Re = 4000 is given. Except for 20 < < 50 the curves coincide. For 

the delay S, saturation is reached earlier for Re = 2800. The resulting opti- 
mal functions resemble a lot the results for and fu^g and we refer to the 
discussion below. 




(a) <b) 



Figure 2. a) Correlation function for Piomelli’s model; b) corresponding optimal delay. One 
observes a difference between Re = 2800 and Re = 4000 for 2^ < < 50. LSE and NLSE 

yield almost the same results. 



Ejection and Gradient Model. The corresponding models are given by 
eqs. (3) and (4). Due to the additional terms we show Co = C{ryj, fu + fv). 
Cl = C{fu, Tyj - fy), C2 = C{fy, Ty, ~ fy), ^tld = C ( /fif , Tyj ~ f y ~ f y) 

for ejection and gradient model, respectively (see Eq. (6)). These correlations 
are plotted in Fig. 3a and b, respectively. The additional wall normal velocity 
function fv,e/g is unimportant close to the wall, gains importance until a max- 
imum at 18 to become unimportant again for larger distances. This is 

confirmed by the gradient model, where one finds additionally and surprisingly 
an important contribution of the pressure gradient close to the wall. The inlets 
show the space delay (Fig. 3a) and a magnification of the region < 10 
(Fig. 3b). In the latter case a raise of the correlation and thus better modeling 
occurs visibly. A plot of the optimal functions for the gradient model provides 
further insight. 

For fu (Fig. 4a) one observes close to the wall linear behavior, farther away 
curves are convex, for large distance a constant is found. This holds for the 
models (2)-(4). During this process the slope decreases constantly, indicat- 
ing the progressing decorrelation of the wall shear stress and the velocity. 
For fy (Fig. 4b) one finds a function which decreases roughly linearly for 
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y 

(b) 



Figure 3. Correlations for ejection (a) and gradient (b) model correlation. The inlets show 
the optimal delay (a) and a magnification for < 10 (b). The main part of the correlation, 
Co, is due to the streamwise velocity component in fc (Ci). In some range 20 < < 50 

the modeling errror is lowered by the wall-normal velocity component. For the gradient model, 
close to the wall the pressure gradient is highly correlated. 



V < Vc —0.032 and is constant for v > Vc. Consequently, sweeps are 
more important for the dynamics of the near-wall flow and the model’s name 
is misleading. A linear regression is unable to find these details. With increas- 
ing decorrelation sets in again and the function tends to a constant. The 
function of the streamwise pressure gradient (Fig. 4c) is only important in a 
range < 10. In this case as well, a highly nonlinear optimal function is 
found, antisymmetric about zero. One can expect that this function and related 
ones become important in the case of separation. 

A short discussion of the results concerning does not find a contri- 

bution of V, u, or dzP, rather the spanwise velocity w is the only important one. 
The function is antisymmetric and a fit yields approximately a polynomial of 
5th order. We did not go into more detail yet and delay deeper investigations 
for a case study with filtering. 

A Posteriori Analysis: First Results. For use in LES predictions we fit the 
nonparametric functions for the gradient model piecewise with analytical func- 
tions. The first tests were done with the first grid point at y^ = 5.8, using the 
same x and 2 : resolution as for DNS and the Smagorinsky model. Results for 
(u(y)), UrmsiX)^ ^rmsX)^ ^^d Wrms{y) are displayed in Fig. 5a, b, and c, 
respectively. The average streamwise velocity agrees better with the DNS pre- 
diction than Schumann’s model in the log layer, only the first point is slightly 
overpredicted (Fig. 5a). For Urms^ we find a good coincidence with DNS and 
fully resolved LES in the bulk region and close to the wall; in between under- 
prediction of the peak value is observed (Fig. 5b). The reason for these effects 
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Figure 4. Optimal functions for the gradient model: (a) /u,^; (b) fv,g, and (c) fg^g (Re=4000). 



is an underestimation of the velocity gradient dujdy by the gradient model in 
the LES prediction leading to a reduced turbulence production in this near-wall 
region. For v^ras and Wrras (Fig- 5c), our results are substantially better than 
for the corresponding Schumann model in the whole channel region. 

5. Conclusions 

A priori analysis with NLSE yields clearly higher correlations for nonlinear 
and nonparametric modeling. For the implementation of models, one is, how- 
ever, faced with the problem to find the correct asymptotics of generalized 
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Figure 5. First results on a posteriori LES for {u{Y)) (a), yrrns{Y), and 

Wrrns{Y) (c), DNS data by Moser et al. (1999). 



functions. The first results of implementations let us hope that for more de- 
tailed investigations, including correct filtering and possibly larger data sets, 
better results are obtained. We think, that the true strength of the method will 
be the more correct modeling of wall dynamics in separated flows. 
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Abstract We propose to examine the structure and the dynamics of the empirical eigen- 
functions of the autonomous near-wall region in a turbulent minimal channel 
flow. This simplified and artificial situation consists of a severe restriction of the 
interactions between the outer flow and the structures of the viscous and buffer 
layers so that it is possible to maintain turbulence in the near-wall region without 
any input from the outer flow. This is achieved in a DNS of a pressure-gradient 
driven turbulent channel flow for a minimal flow unit by damping artificially 
fluctuations in the outer flow while the near-wall region survives indefinitely. 
The use of empirical eigenfunctions (determined by the Karhuenen-Loeve pro- 
cedure or Proper Orthogonal Decomposition) reveals being an adequate tool for 
analysing the low-dimensional dynamics of the flow. 

Keywords: Coherent structures, near- wall turbulence, POD 

1. INTRODUCTION 

Wall bounded turbulence and, in particular, the coherent structures in the near- 
wall region has been discussed extensively in the literature (see for instance 
Panton [1]). The fundamental physics of wall bounded turbulence is conve- 
niently studied through channel flow, i.e., flow between two parallel plates and 
driven by a uniform pressure gradient. The simplicity of the channel flow ge- 
ometry allows for DNS at low and moderate Reynolds numbers which provide 
an abundance of accurate flow data. 

The investigation of the mechanisms that produce wall bounded turbulence 
can be helped by the identification of these coherent patterns. For instance, 
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the knowledge of the organised structures is often considered as a major pre- 
requisite for efficient control of near-wall turbulence. In the last few decades, 
transport mechanism of wall turbulence has been examined in detail. It has 
been found that the dominant structures of the near-wall region are the stream- 
wise velocity streaks and the quasi-streamwise vortices. Coherent structures in 
the near-wall region are observed to burst, transferring energy from the large 
to the small scales and producing turbulent fluctuations. The bursting process 
is responsible for the production of most of the turbulent kinetic energy in tur- 
bulent boundary layer. 

For a long time, the description of coherent structures has been limited to a sta- 
tistical level in experimental and DNS study of turbulence. Jimenez & Moin 
[2] introduced the minimal flow unit as a tool for studying near-wall turbu- 
lent flow. Minimal flow unit corresponds to the smallest such computational 
box in which turbulence may be sustained. Accordingly, reduced dynamical 
models based on this approach have been formulated to examine the dynami- 
cally elementary processes of turbulent generation in the near-wall region. It 
was found that turbulence is sustained not by a random process but by a quasi- 
cyclic process passing quiescent and activated periods in turn. This so-called 
self-sustaining process (SSP) seems to reproduce most of the features of near- 
wall turbulence (see Waleffe [3]). 

More recently, traveling-wave solutions (TWS) in minimal channel flow were 
identified by Waleffe [4] and Toh & Itano [5], suggesting a dynamical refor- 
mulation of the bursting process, that is, turbulent generation in the near-wall 
region. Jimenez & Pinelli [6] showed, by means of numerical experiments 
which mask the influence of the outer flow, that this generation cycle is au- 
tonomous, in the sense that it can run by itself without any input from the 
exterior. Moreover, the autonomous region is able to run on a single copy of 
the fundamental TWS solution in a minimal channel. 

In the present work, the unbiased statistical analysis method. Proper Orthog- 
onal Decomposition (POD) (see Lumley [7]) is applied to a set of datafields 
extracted from a DNS of a minimal autonomous- wall turbulent channel flow 
in order to investigate the spatiotemporal properties of the velocity field and to 
extract information on coherent structures in the autonomous near-wall region. 
Characteristic structures are computed in terms of POD eigenfunctions which 
can be used to derive reduced dynamical models for the autonomous near-wall 
region. 

2. NUMERICAL METHODS AND RESULTS 
2.1 Minimal channel flow simulation 

We consider in this work turbulence in a minimal channel flow, i.e. the narrow- 
est channel for fixed length in which turbulence is maintained on both walls. 
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The numerical method used in the present study is the same as that of Jimenez 
& Pinelli [6]. A pseudo-spectral method with Fourier series is employed in the 
streamwise (x) and spanwise (z) directions, while a Chebyshev polynomial ex- 
pansion is used in the normal direction (y), A third-order Runge-Kutta scheme 
and a second-order Crank-Nicholson scheme are used for the discretization of 
the nonlinear terms and the viscous terms, respectively. 

The Reynolds number Rcr = Urhjv is fixed to 180 and the flow rate is kept 
constant. Hereafter, u, v, and w denote the velocity components in the x-, 
y-, and ^-directions respectively. Superscript ("^) represents quantities non- 
dimensionalized with the friction velocity Ur — \JvdU jdy and the kine- 
matical viscosity v. Here, U denotes the mean velocity. In the case of the 
autonomous wall region simulation, the right-hand sides of the evolution equa- 
tions are multiplied at each time step by a damping filter 

F{y) = 1 if y<6i 

F{y) = Fq< 1 ify>S 2 . 

with the two limits connected smoothly by a cubic spline. In all of our experi- 
ments S 2 — 1.5 (5i. The value Fq = 0.95 produces a very effective damping of 
vorticity fluctuations until midway between 6\ and ^ 2 . For our simulations, we 
chose == 80. These values have been chosen in accordance with Jimenez & 
Pinelli’s [6] results. Other values and alternative damping techniques will be 
explored in further studies. 

2.2 T\irbulence statistics 

Unfiltered channel. Using the methods defined here above, we have simu- 
lated tubulence in a minimal channel for a 32 x 65 x 32 grid under a constant 
mass flux condition for a time of approximately 30 h/ur or = 4000. At 
this Reynolds number and box size, we find fully developed turbulent activity 
on both walls. At a lower bulk Reynolds number or box size, Jimenez & Moin 
[2] find turbulent activity on only one wall, which switches in an intermittent 
fashion from one wall to the other. We note that the turbulent activity on one 
wall tended to dominate over the other through some portions of the simula- 
tion, but this effect did not cause a noticeable asymmetry in the mean velocity 
profile (Fig la) or any other statistics that we examined. 

Filtered channel. In the case of the filtered channel, the volumetric flux is 
adjusted so that its Reynolds number would have been equal to the Rcr = 180 
of the undamped minimal channel. Because there are no Reynolds stresses 
in the region in which the filter is active, the mean velocity profile is there 
parabolic (Fig la), sequestering much of the total mass flux, and the flow sta- 
bilizes, after a long transient, to a relatively low final Reynolds number closer 
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(c) 



(d) 



Figure L (a) Mean streamwise velocity. Solid line: unfiltered channel, dotted line: filtered 
channel, (b) Same as (a) in logarithmic scale. Dashed line: U /ut = , dashdotted line: 

U/ur — 2.5 log^+ + 5.5. (c) RMS velocity fluctuations, unfiltered case. Solid line: /ur, 

dashdotted line: v" " /^r, small dotted line: ic" (d) Same as (c) for the filtered case 
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to Rcr = 120. Since no turbulent flow extends to the far wall, the relevant 
turbulent Reynolds number is the one based on the filter height of the damping 
function = Ur^\jv. The Reynolds number based on the filter height is 
Rcr — 100 and all the fluctuations are effectively damped above — 80. 
We observe that the value of the bulk Reynolds number corresponding to the 
Rcr = 180 calculation falls clearly in the fully developed range where a log- 
layer of universal character is observed in the velocity profile results shown in 
1(b). For the filtered case, the mean velocity profile in Figure 1(a) shows a 
plateau which can be interpreted as an abortive logarithmic layer. 

2.3 Karhunen-Loeve eigenfunctions 

We use the Karhunen-Loeve procedure to produce an optimal basis set which 
best represents the turbulent activity of the minimal channel flow. The ideas 
stem from Lumley’s [7] suggestion of decomposing the flow into a sum of 
eigenfunctions fi of the two-point correlation tensor. In homogeneous direc- 
tions, POD eigenmodes are simply Fourier modes. In the wall-normal direction 
and in Fourier space, the eigenfunctions associated with the eigenvalue 
are solutions of 

j («k (y ) «k {y')) {y') ^y' = iy) > (i) 

where {y,t) and {y,t) represent the Fourier transform in 

the homogeneous directions of respectively the velocity field and the spatial 
autocorrelation tensor at zero time lag Rij {x — x' ^y^z — z') and ( ) denotes 
an ensemble average. Let k = (fci, ^3). The velocity field is then decomposed 
as follows : 

E «,*(»)■ ra 

/ci,/c3,n 

We chose to normalize the eigenfunction such that 

[ rkiM(y)€M(y)dy = i O) 

J domain 

SO that, by definition (2) of the eigenfunction, 

represents the energy in each KL mode. Consequently, the eigenfunctions can 
be sorted according to their contribution to the turbulent kinetic energy. 

2.4 Energy spectra 

In this paragraph we solve equation (1). Our procedure is very similar to Moin 
& Moser’s [8] who applied the POD to the simulation of a fully developed 
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(a) 



(b) 



Figure 2, Energy spectra for the first two eigenmodes n — 1, 2 for /ca, =0. (a) Unfiltered 
channel, (b) Filtered channel 



turbulent channel flow. To compute the kernel, i.e the Fourier transform of the 
autocorrelation tensor, we used an ensemble average over velocity fields taken 
at sufficiently large time intervals to be uncorrelated. The database consists 
of 3000 time samples for the first case, and 4000 time samples for the second 
case. Figure 2 displays the energy spectra for the first two eigenmodes n = 1, 2 
at /ca; = 0 for both cases. We did not substract the mean flow prior to the 
Karhuenen-Loeve expansion. Hence a strong first eigenfunction appears in the 
mode = 0, = 0. Another conclusion that can be drawn from these results 

is that the effect of the filter is to reduce strongly the contribution from modes 
n > 1. This result supports the expectation that the autonomous wall-region 
has less structural complexity making the fundamental turbulent mechanisms 
easier to identify. We also note that the eigenvalue spectrum forn = 1 is not 
very much affected by the filter, except that the mode = 0, A:^ = 2 now 
corresponds to a peak. This might be due to the fact that pairs of streamwise 
rolls are less perturbed in the autonomous case. 

2.5 Eigenfunctions 

In Figure 3, we show the ^-dependence of the first eigenfunctions for = 
0, A:^ = 0, n = 1 which corresponds nearly to the mean profile (Fig. 3a and 
3b), and for A:^ = 0, A:;^ = 2, n = 1 (Fig. 3c and d). We have chosen to present 
this particular mode since it is the most energetic one for A:^: = 0 in the filtered 
case. 







Figure 3. Spatial structure of the first eigenfunctions, (a) Unfiltered minimal channel. 
Solid line: The 4>l^=o,k,=o,n=i and 4>L=o,k,=o,n=i modes are identi- 

cally zero, (b) Same as (a) for the filtered case, (c) Unfiltered minimal channel. Solid line: 
</>l„=o,fc,=2,n=i. dashed dotted line: <Pl^.=o,k,= 2 ,n=i^ small dotted line: <?!)|,^^o,fc,=2,n=i- (d) 
Same as (c) for the filtered case. 



We note for this latter the appearance of a kink in the streamwise component of 
the eigenfunction just above = 80, which corresponds to the filter height 
6\, This kink is an artifact of the damping mask and is due to the reconnection 
of the vortex lines after they are truncated by the damping. A less pronounced 
but still significant kink in the vertical component, (f) 2 , is also evident in Figure 
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3(b), consistent with the form of the rms intensity of the vertical velocity 
component shown in Figure 1. The most significant feature to observe for this 
latter is that, close to the wall, the most energetic empirical eigenfunctions are 
almost unaffected by the filtering, showing that they correspond to a part of 
dynamics that is not influenced by the outer region. 

3. CONCLUSIONS 

The Proper Orthogonal Decomposition has been performed for the classical 
and autonomous near-wall region in a minimal channel. Differences between 
the two flows have been described and quantified. For the filter height chosen 
(5^ = 80), most kinematical features of the empirical eigenfunction are al- 
most the same than in the unfiltered case although some discrepancies appear 
in the eigenvalue spectrum. This work will be continued in order to explore 
the possibility of using a filter that decouples even better the inner and outer 
region in order to construct a suitable empirical eigenfunction basis on which 
to project the low-dimensional dynamics of the autonomous wall region. 
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Abstract Comparison of one-point statistics of turbulent velocities in the near-wall region 

< 10 from DNS of turbulent plane channel flows with corresponding data 
from experiments on wall-bounded turbulence show that DNS data are plagued 
by an overprediction of turbulent intensity and intermittency. This is the result of 
a spurious non-analyticity of logarithmic type, which arises from the violation 
by numerical approximations of a fine cancellation of high-order terms \ny^ 
in the equation for the wall-normal velocity component v. The arising non- 
analytic additive error propagates into all hydrodynamic fields, but affects most 
strongly v which vanishes at the wall faster than the other velocity components. 
Its normalized moments like the flatness factor Fy are dominated by the error, 
with dramatic effects. For example, overprediction of Fy is larger in DNS with 
higher resolution. This paradoxical observation is explained by a simple model 
accounting for the high intermittency and for the log-errors of v near the wall. 

Keywords: wall-bounded turbulence, DNS, non-analyticity, velocity flatness factor 

1. Introduction 

Turbulence near smooth walls depends strongly on distance from the wall. In 
the viscous sublayer, the one closest to the wall, viscous diffusion and dissi- 
pation dominate the momentum and energy balance. It is often referred to as 
“laminar layer,” a misnomer because turbulence is actually generated at the 
wall and most of the basic turbulence statistics, when adequately normalized, 
have their extrema in it. The turbulence structure in that layer has a crucial 
influence on the transport processes in wall-bounded turbulence. 

Numerical and experimental approaches play complementary roles in the in- 
vestigation of wall-bounded turbulence and there are sufficiently wide param- 
eter ranges over which quantitative comparisons are meaningful. A particular 
comparison in Section 2 focuses on the near-wall region y~^ < 10, highlight- 
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ing cases in which very good agreement between direct numerical simulation 
(DNS) and experiments is expected, but the qualitative behavior of numerical 
data is instead conspicuous and consistently different from that of experimen- 
tal data. Inspection shows that this is related to a logarithmic non-analyticity 
of DNS velocity data in the viscous sublayer. This can either reflect a genuine 
phenomenon, or more probably, a systematic type of numerical error rooted in 
some peculiarity of the underlying dynamics. 

To clarify the source of non-analyticity, a mathematical analysis of the incom- 
pressible Navier-Stokes equations is undertaken in Section 3. It shows that the 
commonly assumed scaling of turbulent velocities with vanishing distance y 
from the wall must be slightly modified, in order to obtain a consistent sys- 
tem of equations for the lowest-order terms in y. The corresponding equations 
for the wall-normal veloeity v and the pressure are formally linear, inhomo- 
geneous, with a singular left-hand-side operator. The ^’-equation contains 
a singular right-hand-side term, whieh eannot vanish identically in a typical 
simulation. But the solution of the whole Navier-Stokes system can only be 
analytic at the wall if it vanishes exactly. This term leads to y^ log(^) errors in 
V which propagate into all other hydrodynamic fields, but are able to dominate 
only the v component. Feed-back into the ^’-equation generates 
errors in v for integer n > 1. 

To demonstrate how these log-errors contaminate DNS turbulence statistics, 
a simple model for the computed flatness factor profiles Fy{y) is proposed in 
Section 4. It accounts both for the strong intermittency of v in the viscous 
sublayer and for the spurious log(y)^ terms dominating v at leading order in y. 
The model prediets trends found in all DNS databases: One is the Fy log(y) 
growth throughout the viscous sublayer, except for a saturation very close to 
the wall, <C 1. Another is the paradoxical observation that DNS with higher 
spatial resolution produce a larger overprediction of Fy near the wall. 

2. Numerical vs. Laboratory Experiments 

With growing Reynolds number Re, the absolute dimensions of the viscous 
sublayer become extremely small, which makes that region difficult to mea- 
sure experimentally. Nevertheless, state-of-the-art measurements using laser- 
Doppler anemometry (LDA) are able to resolve instantaneous velocity compo- 
nents at distances from the wall as small as y^— 1. Capturing the instantaneous 
flow structure, as a means towards understanding the detailed mechanisms of 
turbulence regeneration near the wall, is easier using spatially and temporally 
resolved DNS data. The main limitation of DNS is that they can only resolve 
flows at relatively low Re. Nevertheless, they have penetrated the range of tur- 
bulent Re and allowed meaningful investigation of the near-wall region, where 
approximate i?e-independence with growing Re sets in at lower Re as com- 
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pared to regions farther off the wall. Because of their sufficient resolution, and 
of the well-documented dominance of viscous forces in the innermost layer of 
wall-bounded turbulence, a good quality of the DNS data and the establish- 
ment of a clear picture of the turbulence structure in that region are assumed. 
It is shown here that in a sense this is not true. 
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Figure 1. Streamwise turbulent r.m.s. ve- 
locity normalized by local mean velocity; lines: 
DNS with 130 < Rcr < 587 (cf. Figure 2 for 
references); circles: LDA measurements (Fis- 
cher et.al. 2001) at 118 < Re^ < 350 
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Figure 3. Wall-normal r.m.s. velocity inten- 
sity normalized by f/+(y+)2 were ) is 

the local mean velocity in wall units. Data and 
lines as in Figure 2. A scaling v ~ would 
require convergence to a constant as y — > 0. 




Figure 2. Spanwise r.m.s. velocity normal- 
ized by local mean flow; solid lines: 106 < 
Rct < 180 lattice Boltzmann DNS (Lammers 
et.al, 2002); dashed: 178 < Rcr < 587 pseu- 
dospectral (Moser, Kim & Mansour, 1999). 
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Figure 4. Same as Figure 3 but normal- 
ized by ln(f/+ (?/+)) (here In(-) is 

the natural logarithm). A plateau in the viscous 
sublayer implies v ~ y‘^\n{y). Normalizations 
by f/+ (small a > 0) give no plateau. 



The problem of high turbulent velocity intensities. The first kind of one- 
point statistics, for which a comparison between numerical estimates and lab- 
oratory measurements was carried out, is the intensity of turbulent velocity 
fluctuations. This is done separately for each of the three velocity compo- 
nents; their intensity is the square root of the corresponding diagonal entry in 
the Reynolds stress tensor. The underlying averaging procedures are the usual 
ones: time averaging at a fixed location in the flow for LDA measurements 
and time + spatial averaging (parallel to the channel walls) in DNS. Two DNS 
databases are compared, obtained by completely different, but well-resolved 
DNS: a standard Chebyshev-pseudospectral code (Moser, Kim & Mansour, 
1999) and a lattice Boltzmann code (Lammers et.al., 2002) using the “incom- 
pressible” D3Q19 lattice model. The intensities are shown in Figures 1-3 nor- 
malized not by a constant characteristic velocity scale (such as the friction ve- 
locity Ur) but using the local mean flow velocity U{y). Since U^{y^) 
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in the viscous sublayer, the normalizations correspond to the scalings u ocy, 
V ocy‘^, and w oc y, commonly assumed in the literature. Data lines appear 
horizontal wherever the data comply with the expected scaling. 

First, the very good agreement between DNS and LDA data on the inten- 
sity of streamwise fluctuating velocity seen in Fig.l will be noted. This in- 
cludes the saturating trend towards increase, with growing Re, of the ratio 
lim^y^o '^{y)/U{y). It may be added here that u is the least intermittent and 
the dominant in amplitude among the three turbulent velocity components. 
Second, the expected nearly horizontal section of plotted data is found for all 
three components, but in different regions: closest to the wall, inside the vis- 
cous sublayer for u, but only outside the viscous sublayer for v (Fig. 3) and w 
(Fig.2). Leading-order ^/-expansion coefficients which can be deduced from 
the horizontal sections appear to be consistent: their ratios can be related, us- 
ing incompressibility, to the aspect ratios of typical intense turbulent structures 
in the viscous sublayer. Snapshots of normalized turbulent intensities (figures 
omitted) allow fairly robust estimates of such aspect ratios and show that they 
remain effectively unchanged throughout the viscous sublayer. The horizontal 
lines are thus expected to continue all the way to wall in Figs. 2 and 3 and the 
cusps seen in those graphs must be spurious numerical effects. 

Third, the overshoots in DNS data for the v and w intensities reflect a non- 
analyticity of the underlying numerical solution. As shown for v in Fig.4, this 
non-analyticity is of logarithmic rather than of power-law type. 

The problem of high flatness of wall-normal velocity. An uncertainty 
about the near-wall behavior of Fy, the flatness factor or kurtosis of the wall- 
normal turbulent velocity component v, remains an open topic for discussion 
in the turbulence research community. The reason is that DNS data lead to 
surprisingly high predicted Fy values, which are not supported by conclusive 
experimental data. On the other hand, laboratory measurements in the vis- 
cous sublayer, where these high values are predicted, is difficult. Systematic 
investigations require the comparison of independent and well-resolved DNS, 
preferably by different methods, and measurements by high-precision labora- 
tory methods, such as up-to-date LDA. Profiles of Fy{y'^) obtained by such 
numerical and laboratory experiments are compared in Fig. 5. 

Despite the excellent agreement for y^ > 12, a clear qualitative discrepancy 
is found for y^ < 8. Both kinds of profiles show a growth trend as y^ falls 
below y^ ^ 20. But experimental profiles remain bounded, approximately by 
F, <10, and eventually reverse their trend to decrease at the wall is further 
approached. Numerical data, on the other hand, exhibit no boundedness and 
reversal. It appears from Fig. 5 that DNS predictions of Fy[y) grow like log(^) 
as y^ decreases from 7 to 2; this overlaps with the range of logarithmic growth 
identifiable from Figs. 3 and 4. The rate of growth depends not only on the 
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Figure 5. Comparison of flatness 
factor profiles Fv{y~^) near the wall. 
Symbols and dashed lines show LDA 
laboratory measurements; solid lines: 
numerical data. Laboratory measure- 
ments are all from LDA and cover tur- 
bulent channel, pipe, and free boundary 
layer flows, at 180 < Rcr < 830. 
DNS at Rer = 180 predict substantially 
different Ft, at < 3: predictions by a 

pseudospectral (PS) code lie higher than 
those by a lattice Boltzmann (LB) code. 

I w lOO 

Reynolds number, but also on the numerical method and resolution, so the 
observed effect is clearly a numerical artifact. Assuming that for a given grid 
step the pseudospectral method has higher precision than the lattice Boltzmann 
method, higher precision appears to lead to larger Fy overprediction. This 
surprising trend is further confirmed in Fig. 6 by comparing Fy{u) predictions 
obtained at two different resolutions by running the same pseudospectral code 
with all other run parameters being the same. 

3. Near- Wall Scaling of Hirbulent Velocities 

Arguments in the literature concerning the scaling of velocities near the wall 
rest on the implicit assumption of valid Taylor series at y = 0. It is tacitly 
assumed that, in addition, any well-resolved numerical solution will also be 
analytic at y = 0, with Taylor expansion terms scaling in agreement with the 
physical solution. These assumptions are not trivial. 

Corresponding terms in the Taylor series of individual flow components must 
balance each other at all orders 0(y”) and in all equations — the three scalar 
momentum equations, solenoidality as the continuity equation, and a resulting 
Poisson equation for the pressure. On the basis of observations, it is taken 
for granted that the mean flow velocity U as well as the streamwise turbulent 
velocity u scale ~ y. This and u/U k, const, hold only inside the viscous 
sublayer (Fig. la). It is convenient to factor out the leading-order scaling in y 
of all four basic fields and consider the resulting 0(1) “shape functions” 

tt = yS, V = , w = yw, p — y^^p, a,q>0. (1) 

In wall units, the viscosity 1 and the Navier-Stokes equations read 

x-momentum: Dtu — —y^~^dxP + {dy + {2/y)dy — y“u) u , (2) 

z-momentum: Dtw = —y'^~^dzP + {dy + (2/y)dy — y“F) w , (3) 

y-momentum: Dtv — — {q/y + dy) p + dyV 

+ [a+l){a/y‘^ + {2/y)dy-y°'v)v , (4) 

continuity; 0 = dxU + dzW + y'^~^fa+l)+ydy^v, (5) 

where Dt = dt — {d^ + d"l) + y {udx + y°'vdy + wdz)- From (5), a > 1. 
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The problem with standard scaling. There is no singularity on the right 
side in (3) if dw/dy = 0 at the wall. But the term a{a-\-l)y~‘^v in (3) cannot be 
eliminated, because a > 1. The only possible balance for this singular term can 
be (one of) the two pressure terms in (3). There are two choices for the pressure 
scaling: If g = 0, then only y~‘^dyp remains; otherwise, qy^~'^~^p is the more 
singular term. The option g = 0 leads to the standard scaling found e.g. in 
(Moser, Kim & Mansour, 1988). It balances possible 0{y~^) singularities 
in (2) and (3). But as already mentioned, there are no such singularities if 
du/dy = dwjdy = 0 at the wall. The shape functions are assumed regular, 
e.g. u{x) = uq{x, z) + yu\{x, z) + y‘^U 2 {x, z ) + . . . The lowest orders in y 
of the above dynamical equations yield the following relations between Taylor 
coefficients: ui=dxPol2 (a;-momentum), wi=dzPof2 (z-momentum), uq = 
Pi/2 and vi = p2/3 (y-momentum), vq = {d-xUo + dzWo)/2 (continuity), 
P 2 = + ^2)Po/ 2 and p^ = — (9^ + d‘^)pijQ (pressure). These equations 

are rules to compute the fields appearing on the left-hand sides. The system 
includes no prescription for the fields uo,wq, po and pi as functions of x,z,t. 
Three differential equations or boundary data are therefore missing. 

Alternative scaling and its implications. The system of equations obtained 
under the assumption that g = 0 is underdetermined. A well-defined system, 
in which every scalar field is determined at leading order by its own partial dif- 
ferential equation, can be obtained assuming that g = 1. This balances both the 
0(y“^) and 0{y~^) terms in (3) and yields for (3) and the pressure equation 

{dy + i‘^/y)dy) v+{dl-Y d^) V = {{2/y)dy + l/y^) {p-2v) - dtv (6) 

{dl + {2/y)dy) p+{dl + dl) p = 0 (7) 

at leading order. The most singular terms in (6) are collected in the expression 
y~^{p — 2v). Their singularities must cancels out: 2v — p — 2y^f where 
r(y) = ro -f yr\ -|- ... is regular at the wall. Eliminating r, 

p = 2v-{y^/8)dtv + 0{y^). (8) 

The numerically most sensitive hydrodynamic variable is v: First, v tends to 
zero faster than all other three variables as ^ 0 and has negligible magnitude 

at the numerical grid’s y-level closest to the wall. Second, the regularity of 
the r;-solution depends on an exact cancellation involving y‘^r = 0{y'^). Third, 
this cancellation takes place only if the pressure scales as assumed whereas in 
production codes it is 0(1) due to ad hoc treatment of the pressure boundary 
condition. Fourth, time discretization algorithms will in general not respect this 
cancellation. Any of the Navier-Stokes solvers now in use is thus expected to 
introduce errors destroying the cancellation of singularities on the right in (6). 
Concerning DNS with periodicity conditions in the x- and ^-directions, it is 
appropriate to Fourier-transform (6) and (7). Let f{y) be the amplitude of 
any Fourier mode v{t, fc, y) of v, and r{y) the amplitude of the corresponding 
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Fourier transform of the right-hand side of (6), which then yields 

f'{y) + (2/y) f'{y) - f{y) = r{y) (9) 

at leading order in y, where A: = ||fe|| is the wavenumber. The error initially 
occurring in (p-2v) is 0(1), corresponding to r ~ y^. For r = ln(y)”/y^ with 
n > 0 integer and ln(y) the natural logarithm of y, (9) has analytic solutions: 

r{y) = 1/y^ /(y) = rio{k,y) ln(y) , 

r{y) = ln{y)/y‘^ f{y) = m {k, y) \n{yf /2 , 

and so on, where limj^_^o f)n{k, y) = 0(1) is a function “slower” than log(y). 
For A: = 0 in particular, r/o = 1 and ry — l + 2/log(l/y). For but n = 0, 
2fey/(y) =(e*^Ei(-A;y) - Ei(%)), where Ei(y) = d( . 

As soon as an analytic (n = 0) error in (p — 2v) is introduced by any slightest 
numerical imprecision, it generates a nonanalytic (n = 1) error in v. This error 
propagates into the pressure and the other velocity components. It feeds back 
into V over the continuum equation and gives a In(^) error in (p — 2v). By 
the same kind of feed-back, a hierarchy of ln(y)^ error terms is generated; it 
affects all velocity components but dominates the correct solution only for v. 

4. Modeling of log-error-dominated flatness profiles 

The very strong intermittency of near-wall turbulence has been repeatedly 
noted (Xu et.al., 1996). It appears concentrated in localized “spots” sweep- 
ing along the wall much faster than the local mean flow and creating short 
but intensive turbulent events that dominate all turbulence statistics. We have 
found that the spatial structure of these spots in terms of S, v, and w is nearly 
vertical throughout the viscous sublayer and that velocity intermittency is most 
strongly pronounced in the r^-component. Combining these observations with 
the conclusion above — that close to the wall numerical errors in the v equa- 
tion introduce spurious terms of magnitude log(y)^ relative to the physically 
correct, analytic solution for — a qualitative model of the influence of the 
spurious terms on the numerically predicted Fy(y) can be constructed. The 
0(log(y)^) errors dominate the i;-component locally, including the intermit- 
tent spots, and thus its one-point centered moments. Since those spots are 
well separated, their contributions to those moments can be approximated for 
a rough estimate as independent. Since errors with higher n need time to de- 
velop from errors with lower n, individual spots will be dominated by errors 
with different n, depending on their age. All data in a range y~^^ 1 where they 
are reliable suggest lim^^^oo Fy(y) = 3, compatible with the nearly Gaussian 
velocity statistics of homogeneous turbulence there. With this constraint and 
truncated to n < 4 terms, our contaminated flatness profile F^(y) model is 
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3ao (gp + + ( 02 ^)^ + ( 03 ^)^^ + (^40^*^) 

(ao + (aiO^ + (asO" + (asO^ + (a40^)' 



( 10 ) 

^=logio(y+/?/oo) 



Smaller |ai/ao| indicates a better precision of the numerical solution. 




0.0/ oj /o. /m 



Figure 6. Effect of grid resolution in 
Chebyshev-pseudospectral DNS of plane chan- 
nel flow at Rcr = 180: with all other parameters 
fixed, 2 times increased grid resolution increases 
the Fy {y = 0) prediction ~ \/2 times. 



Figure 7. Fits to different DNS data 
sets (circles) for Fy, using the proposed (10) 
model form (lines) of log (?/+) -error dominated 
Fyiy'^) predictions in the viscous sublayer 



Figure 7 shows nearly optimal fits by (10) to DNS data by different numerical 
methods and codes. The corresponding parameters are quite consistent: 3.0 < 
ai < 3.2, 1.73 < 02 < 1.84, 0.45 < oa < 0.50, 0.49 < 04 < 0.52, 2.04 < logm < 2.08, 
except for 9.5 < oo < 22. Fits without 03 or 04 were unsuccessful at < 1. 
Higher n’s brought no further improvement. The model suggests that is 
limited in growth as y — > 0. It explains qualitatively the paradoxical observation 
(Fig. 6) that better precision (larger oq for fixed other a„’s) leads to spurious 
higher levels of F® at y^< 10 . 
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Abstract Databases from LES of flow over a backward-facing step and flow inside an 
asymmetric diffuser are used in order to develop and to validate near- wall models 
for the prediction of the wall shear stress in a separating and reattaching flow. 

Keywords: wall model for LES, separated flow, near- wall layer 

1. Background and outline of the study 

The resolution of all relevant spatial scales in the vicinity of walls is so expen- 
sive in LES that high Reynolds number calculations have to use wall models 
instead of enforcing the no-slip condition at solid walls. Wall modeling in sep- 
arated and reattaching flows has to consider the fundamental differences which 
exist compared to an attached flow where the near-wall layer is in approximate 
equilibrium. The mean flow and the turbulent fluctuations are largely decou- 
pled in the near-wall layer beneath a reverse flow region since turbulence is 
not a result of local production but rather supplied by turbulence diffusion or 
pressure-velocity interactions [13, 9]. As a consequence, eddy-viscosity type 
modeling as in the two-layer approach used in [1] and [2] is not appropriate in 
this situation. Furthermore, a Schumann-Grotzbach type wall model [4] 

T ( OC) 

Ti2{x,Z,t) = 7u{x,ym,Z,t) = PsGu{x,yrn,Z,t) , ( 1 ) 

L yrn) 

in which the coefficient 0sG is backed out from a similarity law, can not be 
used, since U{ym) = 0 implies that the mean and the fluctuating part of the 
wall shear stress vanish simultaneously. Rather, the mean r„, and the fluctu- 
ating parts t [2 and of the wall shear stress should be modeled separately 
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as, for example, in the ‘ejection model’ of [12] or in the ‘drag law’ proposed 
in [5]. 

Three new near-wall models for the prediction of the mean wall shear stress 
inside and downstream of reverse flow regions are described in [7]. The pre- 
dictive capability of these models was explored by comparison with results 
from DNS and LES of flows with reverse-flow regions, both for fixed and non- 
fixed separation lines. In sections 3 and 4, the key steps of the derivation are 
briefly sketched. An additional data base for flow inside a diffuser is then used 
in order to further validate the models. In section 5 a new model for the fluctu- 
ating part of the wall-shear stress is proposed and validated. 

2. Method 

A database from the numerical simulation of flow over a backward-facing step 
at Rch — UooH/iy = 5000 is used to examine the near-wall region both in- 
side and downstream of a region with strong reverse flow. With a prediction of 
the mean reattachment length xr = 6.2 the results from the well-resolved 
LES [7] employing x Ny x — 314 x 136 x 48 cells in a hybrid finite 
difference/spectral approach are in excellent agreement with available experi- 
mental and DNS results [9] for this configuration. 

Profiles of mean velocity and Reynolds stresses are shown in Fig. 1 . They 
serve as basis for the model development. In the region — 3.5 < {x - xr)/H 
< 6 mean velocity profiles U{x^y) exhibit an approximately constant slope at 
off-wall distances 0.177 < yref < 0.277. The decoupling of mean flow and 
turbulence becomes evident from the profiles of horizontal normal stresses u'u' 
and w'w' which are unaffected by the mean flow being reversed or nearly zero. 
The data base from a wall-resolving LES of flow through a planar, asymmetric 
diffuser [8] serves as another test case employing typical features of an internal 
flow with smooth-surface separation. 



3. Modeling the mean wall shear stress 

The mean streamwise momentum balance can be written in the form 

1 dp 1 drt 

pdx dy^ p dy 



( 2 ) 



where r = vd^U /dx^ denotes the ‘residual 



P 



rv ( dU 



dx 



+ 



du'u' 

dx 



and where the ‘total shear stress’ 
dy + u'v' + UV (3) 



has been introduced. Fig. 1 shows that the Reynolds shear stress pu'v' con- 
tributes the largest share to near the wall. In the near- wall region under a 
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separation bubble the near-wall momentum balance 
structure: the pressure gradient is balanced by the 




often has a fairly simple 
sum of the viscous term 



Figure J. Profiles of mean 
stream wise velocity U/Ux>, 
total shear stress Tt/(pU^) 
together with Reynolds 
shear stress u*vfU^, and 
normal stresses 
and w'wfU^ from the 
near- wall region behind 
a back ward -facing step 
at Ren = 5000. The 
streamwise position 

^ = (x — xn)/H is given 
beneath the horizontal 
axis. The tic mark spacing 
along the horizontal axis 
is 0.02 (for 17), OMm 
(for Tf)> and 0.005 (for 
variances). Circles mark the 
‘edge Ux;ation^ of the 
viscosity-affected layer cor- 
responding to 

and 10 (details 

are given in Section 5). 



The vanishing of the viscous term marks the edge of the near-wall layer. Out- 
side of this layer, mean velocity profiles are approximately linear in y and the 
slope of the stress profiles Tt{y) becomes equal to the mean pressure gradient. 
It is useful to split Tt into a linear part Tun and the deviation r' 



-Tt = Tlin + t' , where ^ = Ul - 1^ . (4) 

From the slope and intercept of run we obtain the characteristic scales Uq and 
Lo which are coupled through the relation p~^dpldx. Integration 

of the momentum balance (2) from the wall {y = 0) to pre / using (4) yields 



' 7 ' w 

p 



Vrcf 

/ 



1 j tt2 , ^ iVre ) 9U 

pdx Lo p dy 



Vref 



VrcJ 

/■ 



+ / rdy . (5) 






£2 



From (2) follows that si vanishes exactly if dU jdy — const., if dp/dx / 
f{y), and if r = 0. As in most boundary layers d^U /dx^ <C d^U /dy^ and 
therefore r and subsequently 62 can be neglected. Thus, for an off-wall loca- 
tion pref outside of the near-wall layer where r' ^ 0 holds, eq. 5 reduces to 
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Tyj ^ p{pdU jdy\y^^^^ — Uq). In case of Tt ^ pu'v' the intercept Uq can 
be obtained from u'v'{yref) at an off- wall position together with the pressure 
gradient dpjdx, resulting in a parameter- free model for see [7]. 

However, since accurate determination of u'v' at a position y^ef close to the 
wall might be difficult in practical situations [2] it is desirable to find a near- 
wall parametrization which does not require second moments from the flow 
interior. Such a model has been developed in [7] on basis of the observation 
that profiles of the total shear stress rt approximately collapse if normalized by 
pUq and plotted against y/Lo. A key quantity in the new model is the definition 
of a virtual slip velocity Uu) representing the intercept of the straight-line fit 



Uref — y 



dy 



+ Uw 

Vrcf 



( 6 ) 



to the mean velocity profile outside of the viscosity-affected near-wall region. 
Uw can be obtained from extrapolation to the wall as sketched in Fig. 2. 




Figure 2. Sketch of near-wall pro- 
files inside and downstream of a 
reversed flow region together with 
a linear extrapolation to the wall 
which defines the velocity scale Ui^ . 



The resulting model for the mean wall-shear stress reads 



'T~w 

P 




-C 

Vref 



uUw dp 



n 0.5 



P 



dx 



Vr-ef 



(7) 



Its application range is restricted to the (rear) part of reverse flow regions where 
an adverse pressure dpjdx > 0 exists and where (by definition) Uw < 0. 
This model requires as input the mean values of the pressure gradient, of the 
velocity, and its slope at a suitable off-wall location. In principle, these values 
can be obtained in a LES as running time averages. The model parameter ( 
has been backed out from the data base using (7) with y^f^f ^ 0.1577. Fig. 3a 
shows that ( ^ 1.3 remains almost constant in the region —3 < (x — xr) /H < 
—0.3 where Cf experiences a drastic change in magnitude. 



4. Defect scaling of the near- wall velocity profile 

A more general model can be devised on basis of the observation that near-wall 
velocity profiles approximately collapse if plotted in the defect formulation 

Udef ^ref ^ 

Uw Uw 



( 8 ) 
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Figure 3. (a) Model coefficients ( and 7 as function of (x — xr) / H. For better orientation, 

curves of friction and pressure coefficients c/ and Cp have been included, (b) Near-wall profiles 
in defect scaling at locations {x — xr)/H indicated in the legend. 



as function of the normalized wall distance Here, Uref denotes the 

linear fit (6) to the mean flow. The length scale — f dy is a 

measure of the area under the defect profile. Unlike the edge position of the 
viscosity-affected layer used in [6], the ‘defect displacement’ thickness is 
unambiguously defined in regions with forward flow. Fig. 3b shows that the 
defect scaling (8) yields approximate collapse of near-wall profiles from both 
upstream and downstream of the mean reattachment location. This scaling is 
more general than Devenport’s modification [3] of Simpson’s proposal for a 
universal backflow profile since it is not restricted to the reverse flow region. 
Figures 4a, b indicate that the defect scaling is also appropriate in the near-wall 
region of the diffuser flow, although the profile shape differs slightly from the 
one found for the backstep. This might either indicate a Reynolds number 
dependence or be due to the coarse wall-normal grid spacing used in [8]. 

If the defect profiles have a universal functional dependence on y/5^, the cor- 
responding wall shear stress model reads 



w 

p 



= V 



dy 



+ 1 

Vref 




( 9 ) 



which has a single model parameter 7. Fig. 3a shows the values of 7 backed out 
from the simulation of flow over a backward-facing step. Downstream of reat- 
tachment 7 0.8 appears to be a good choice whereas a slightly higher value 

is appropriate in the reverse flow region. Clearly, this model is ill-conditioned 
near locations where r^) ^ 0 but these regions cause little problems in practice 
since there the drag law reduces to the equivalent of the no-slip condition. 

The models (7) and (9) have been further tested using experimental data for 
flow over a backstep at Ren = 35000, DNS data bases for smooth-surface 
separation from [11] and [10], and LES data [8] from a diffuser. For the latter 
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Figure 4. Model validation in the near-wall region of the flow in an asymmetric diffuser along 
the straight (a,c) and along the deflected (b,d) wall. (a,b) Defect profiles at different locations 
x/h (2h corresponds to the height of the inlet duct) together with two different approximations 
explained in [7]. (c,d) Coefficient 7 of the drag law (9), shape factor Hdcf (for definition, 
see [7]) of the defect profiles and curves of friction and pressure coefficients C f and Cp. 
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20.1 

26.7 
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45.1 
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parabolic fit 

Spalding y^=72 



straight wall 




case, Figures 4c, d show that 7 1 would result in a reasonable prediction of 

Tpp along both diffuser walls. Fig. 5 summarizes the model prediction based 
on eq. (9) which can be reformulated in terms of the drag law 




Fig. 5 shows that over a wide range of flow conditions the drag law can be 
approximated by - implying 7 ^ 0.9 - which is consistent 

with eq. (10) if the second term in the bracket is much smaller than 7. Indeed, 
it has been confirmed from the data bases for the backstep and the diffuser that 
the magnitude of the second term remains below 0. 1 over most parts of the 
regions considered. 
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5. A model for the fluctuating part of the wall shear stress 

Formulation of a ‘drag law’ for the fluctuating components r ^2 and r ^2 requires 
the definition of a suitable length scale. Instead of deriving this length 

Figure 5. Drag law (10) in the form 
Cf = |r^„|/(0.5/9[/^,) versus Re^ = 

Uw^d!^ for backward facing step flow 
at two Reynolds numbers (upper curve), 
for the separating boundary layer of [11] 
(second from top, scaled by 0.3), for the 
separation bubble of [10] (third from top, 
scaled by 0.1), and for the asymmetric 
diffuser of [8] (lowest curve, scaled by 
0.03). Straight lines correspond to c/,u, = 
The list of symbols is organised 
in the following way: the first two entries 
refer to the backstep, entries 3-4 and 5- 
6 describe different ranges of the smooth- 
surface separation bubbles, and entries 7-8 
^ R 0 vy correspond to the diffuser walls, 

scale from mean velocity profiles as in [5] we propose to use the profiles of 
rms-values of velocity fluctuations as basis for the formulation of a model for 
the magnitude of wall-stress fluctuations. Figures 1 and 6 a, b show that the vis- 
cous influence on the rms profiles extends to a wall distance which corresponds 
roughly to j/e ^ 10 A *2 where the length scale A *2 = is defined on 

basis of the rms value of the i2-component of the fluctuating wall stress. Fur- 
thermore, the rms profiles reach approximately an universal dependence on y* 
if the velocity scale based on the fluctuating part of the wall-shear stress 
is used for normalization. Assuming that r/2 is in phase with the corresponding 
velocity fluctuation u[ in a certain wall distance we arrive at the model 
^ Uj{x,ye,Z,t) -Ui{x,ye) ( rms\2 
P Ui,rms{x,ye) 

For y* > 1 the shape of the rms profiles might be approximated as 

= Co + Cl tanh((y* + C2) • C3) 1 (12) 

from which can be backed out iteratively for a given Ui^rmsiVe) at the 
off- wall location Fig. 6 c shows the outcome of this procedure where 

was fixed at 0.08H for all x-locations. The parameters of the assumed shape 
(12) were chosen as cq = — l,ci = 4.2, C 2 = 2.1, C 3 = 0.17. An excellent 
prediction is achieved for the spanwise component whereas up to 20 % 
modeling error is found for the component This is consistent with Fig- 

ures 6 a,b which show larger scatter in the profiles for Urms than for Wrms- For 
the shallow separation bubble of Manhart & Friedrich [10] is predicted 
within 10 % error if ( 12 ) is used with the coefficients cq == — 1 , ci = 5.0, C 2 = 
0.13, C 3 = —2.4 and if Urms is ‘measured’ at ye = 0.1485* where 5* corre- 
sponds to the displacement thickness of the incoming boundary layer. 
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Figure 6. Normalized profiles of rms values of velocity fluctuations Urm,slu^^:^ (a) and 
Wrnislu'^lll^ (b) versus y* = I V at different streamwise positions {x — x r) /H indicated 

in the legend. Dots denote the assumed profile (12). (c) Ratio of predicted and true rms value 
of wall shear stress fluctuations function of {x - xr)/H. For better 

orientation c/ and Cp have been included. 
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Abstract This paper describes a numerical method for solving the (incompressible) 
Navier-Stokes equations that is based on the idea that the motivation for dis- 
cretizing differential operators should be to mimic their fundamental conser- 
vation and dissipation properties. Therefore, the symmetry of the underlying 
differential operators is preserved. The resulting discretization is stable on any 
grid. Its accuracy is tested for a turbulent channel flow at Rer = 180 by com- 
paring the results to those of physical experiments and previous numerical stud- 
ies. The method is generalized to compute flows in domains with arbitrarily- 
shaped boundaries, where the boundary is represented using the Cartesian grid 
approach. To that end, a novel cut-cell discretization has been developed. The 
boundary treatment is successfully tested for flow around a circular cylinder. 

Keywords: Finite-volume discretization; conservation; stability; Navier-Stokes equations; 

turbulence; channel flow; Cartesian grid method; flow past circular cylinder. 



1. Introduction 

This paper describes a numerical method for solving the unsteady, incompress- 
ible Navier-Stokes equations in which the spatial difference operators inherit 
the symmetry of the underlying differential operators. The approach is moti- 
vated by the idea that the discrete convective and diffusive operators should 
possess the fundamental conservation and dissipation properties of the con- 
tinuous convective and diffusive operators. To illustrate the need to preserve 
symmetry, we consider the linear convection equation 



dtu -\- dxU — 0 . ( 1 ) 

The spatial discretization problem reads: given three values of u, say Ui-\ — 
u{xi-i), Ui = u{xi) and Ui^i = u{xi^i) with Xi-\ < Xi < find an 
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approximation of dxU in Xi. Traditionally, the approximation is constructed to 
minimize the local truncation error, which results in 



dxu{xi) 



rjUj+i - {n - r- ^)uj - r- ^Uj-i 

Xi-^l Xi—i 



( 2 ) 



where the grid stretching is given by ri — {xi — x^_i)/(x^+i — Xi). We 

see immediately that this approach leads to a coefficient matrix with nonzero 
diagonal entries for nonuniform grids (r^ ^ 1). Hence, if the local truncation 
error is minimized, the skew symmetry of the underlying differential operator 
dx is lost on nonuniform grids. This forms our main motivation to consider 



dxu{xi 



tii—i 
- Xi-I ’ 



( 3 ) 



instead of (2). Perhaps (3) seems not so accurate at first sight. Yet, Manteufel 

and White [1] have proven that (3) yields second-order accurate solutions on 
nonuniform meshes! To analyze the conservation and stability properties of 
(2) and (3), we write the spatial discretization of (1) in a finite- volume fashion. 



n^ + Cuh = o, (4) 

at 

where the semi-discrete velocities Ui constitute the vector the diagonal 

matrix ft is built of the control volumes — Xi-i) and C contains the 

coefficients of the discretization. The energy | \uh\\^ = u^^ftuh of any solution 
of the dynamical system (4) is conserved if and only if the right hand-side of 



^IKIP = ^^{uinuh) -ul {C-YC*)uh 

is zero. This conservation property holds (for any Uh) if and only if the co- 
efficient matrix C is skew symmetric. The discretization given by (3) satisfies 
that condition, whereas (2) violates it. Hence, the skew-symmetric discretiza- 
tion (3) is conservative as well as stable on any grid. 

The example given by (l)-(4) illustrates the importance of the skew symme- 
try of the discrete convective operator C. With this example in mind, we have 
developed a symmetry-preserving discretization method for solving the incom- 
pressible Navier-Stokes equations. Applied to these equations, we get 






+ C{uh)uh + Duh - M*Ph = 0 



dt 



Muh = 0 



( 5 ) 
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where denotes the discrete pressure, is a (positive-definite) diagonal 

matrix representing the sizes of the control volumes and M is the coefficient 
matrix of the discretization of the integral form of the law of conservation of 
mass. Here, the symmetries are preserved, that is the convective coefficient 
matrix C{uh) is skew symmetric like the convective operator (it • V), 

C (Uh) + C {Uh)* = 0, (6) 

and the discrete diffusive operator D is symmetric, positive definite like — V^. 
The evolution of the energy of any solution of (5) is then governed by 

^{ulnuh) = -ul{C (uh) + C {Uh)*)uh - ul{D + D*)uh 

-uUD + D*)uh, 

where the right-hand side is negative for all 0 since JD is a symmet- 

ric, positive-definite matrix. This implies that the semi-discrete system (5) is 
stable, i.e. a solution of (5) can be obtained on any grid. 

Note that the discrete pressure term in (5) does not contribute to the evolu- 
tion of the discrete energy because the gradient matrix in (5) is taken equal 
to minus the transpose of the discrete divergence. Indeed, then we have: 
{—M*p^Yuh = —p\Muh — 0. In addition, we need not specify numerical 
boundary conditions for the pressure, because the discrete pressure gradient 
gets the boundary conditions from the discrete divergence. 

So in conclusion, the rate of change of the discrete energy is not influenced by 
convective transport if and only if the discrete convective operator satisfies (6). 
Then, the energy decreases in time if the diffusive operator D is positive def- 
inite. Recently, conservation properties are also pursued by other researchers, 
cf. [2]-[4]. 

The paper is organized as follows. The symmetry-preserving discretization 
method is outlined in Sect. 2 and tested for turbulent channel flow in Sect. 3. 
In Sect. 4, the approach is generalized to a Cartesian grid method, which is 
evaluated for flow around a circular cylinder in Sect. 5. 

2. Symmetry-preserving discretization 

In the introductory section, we saw that conservation properties and stability 
are directly related to the symmetry of the discrete operator. In this section, the 
symmetry-preserving discretization is worked out in detail on a staggered grid 
(in two spatial dimensions to limit the length of the presentation). 
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Convective discretization. To prepare for the skew- symmetric discretiza- 
tion of the convective derivative, we recall the transport theorem: for any func- 
tion /, we have 



^ f fdV^ f %dV + [ fu- ndS, (7) 

dt Jn Jn ot 

where O is an arbitrary part of the fluid (at time t). The unit vector n denotes 

the outward normal on the surface dCt of O. The function / can have several 
meanings depending on what is transported. Taking / equal to the mass density 
gives the law of conservation of mass. For an incompressible fluid, it states that 
the net mass flux through the faces of any grid cell [x^_i , Xi] x [yj-i, yj] is zero, 

^iJ — 1 ~ 0 ) (^) 

where the mass fluxes through the faces are defined by 



_ rvj _ 

Uij ^ / u{x^,y,t)dy and = / v{x,yj,t)dx. (9) 

Jyj-i Jx,-i 

The combination (8)-(9) does not yet contain a discretization error, since the 

integrals in (9) are exact. We postpone their discretization for a moment. 

The transport of momentum of a region Q in an incompressible fluid is obtained 
if / in Eq. (7) is replaced by the momentum. As mass and momentum are 
transported at equal velocity, we will use the (9) for the transport velocity. 
Thus, the momentum flux through a surface S is approximated by 



L 



uu 



ndS ^ Us u • ndS^ 

Js 



where us denotes a characteristic value of u at the surface S. At this stage, the 
integral in the right-hand side (that is the mass flux through S) is not approx- 
imated. The transport of momentum through the faces of the control volume 
nf j = [«i-i/2,a;i+i/2] X [yj-i,yj] for becomes approximately 






dt 



“ Ui-ll2,jUi_ij2j — 



( 10 ) 
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The figure alongside shows the control volume for 
Uij. The first term in (10) represents the discretiza- 
tion of the volume integral in the right-hand side of 
(7); the other terms form the approximation of the 
surface integral in (7) with f = u. The non-integer 
indices in (10) refer to the faces of the control cell 
for Uij. For example, stands for a charac- 
teristic I/- velocity at the interface of and 

and denotes the (exact) mass flux through 

the common boundary of the control volumes for 
and etc. 



The velocity at a control face is approximated by the average of the velocity at 
both sides of it: 



Ui+i/ 2 j = ^{ui+ij +Uij) and Wjj+i /2 = (H) 

In addition to the set of equations for the ^/-component of the velocity 

u — (u^v), there is an analogous set for the r'-component. We conceive 
the combination (lO)-(ll) as an expression for the velocities, where the mass 
fluxes form the coefficients. In matrix-vector notation, we can write (lO)-(I I), 
together with an analogous set for the r;-component, as 

ft^ + C{u)uh, 

where the coefficient matrix C{u) depends on the mass fluxes through the 

control faces. Note that we make liberal use of its name: so far C was viewed 
as a function of whereas C is a function of exact mass fluxes here. 

In the introductory section, we saw that (for D = 0) the spatial discretization 
(5) conserves the energy if and only if the convective coefficient matrix 

C {u) is skew symmetric. The matrix C (u) — diag(C (ix)) is skew symmet- 
ric if and only if the weights in the interpolation of u (and v) to the control 
faces are constant, as in Eq. (11). Therefore we use (11) also on nonuniform 
grids. To make C (u) skew symmetric, the interpolation rule for u and v is 
determined by the requirement that the diagonal of C (u) has to be zero. By 
substituting the interpolation (11) into (10) we obtain the diagonal coefficient 

^ (^z+l/2,j + “ ^i-ll2,j — ^z+l/2j-l) • 

This expression is zero if the mass is conserved in the grid cells and the mass 
fluxes in (10) are interpolated to the control faces with weights one half: 
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+Uij) and +Vij)- (12) 

The discrete divergence and gradient. Obviously, the mass flux u needs to 
be expressed in terms of the discrete velocity vector to close the discretiza- 
tion. The coefficient matrix becomes a function of the discrete velocity then: 
C{uh) = C{u{uh)). The matrix C{u}i) is skew symmetric for any relation 
between u and Uh- We take Uij = {yj — yj-i)uij and Vij — {xi — Xi-i)vij. 
Substituting these approximations into Eq. (8) yields the discrete continuity 
constraint, which confines the discrete velocity to Mu^ = 0. 

The discrete gradient matrix, describing the integration of the pressure gradient 
over the control volumes ft, is given by — M*. Consequently, the pressure 
term in Eq. (5) does not contribute to the evolution of the discrete energy. 
To make the velocity field divergence-free, the pressure is computed from a 
Poisson equation, where the discrete Laplacian is symmetric 

and negative definite. 

Diffusive discretization. The method for discretizing the Laplacian in the 
Poisson equation for the pressure is also applied to discretize diffusion. In 
short, the diffusive operator is viewed as the product of a divergence and gra- 
dient. The divergence is discretized and the discrete gradient becomes the 
transpose of the discrete divergence (multiplied by a diagonal scaling). Un- 
fortunately, we can not re-use the approximation since, due to 

staggering of the grid, the control volumes for u and v differ from the grid 
cells on which coefficient matrix M is based. Therefore, we have to introduce 
the matrices Mu and My. They stand for the discrete integration of the di- 
vergence over the control volumes for u and v, respectively. Thus, the discrete 
diffusive operator in (5) becomes symmetric, positive definite: 

D = Ldiag . (13) 

Higher-order, symmetry-preserving discretizations. To turn the sym- 
metry-preserving discretization into a higher-order discretization, the leading 
term(s) in the discretization error may be removed by means of a Richardson 
extrapolation. For details, the reader is referred to [5]. 



3. l\irbulent channel flow 

The symmetry-preserving discretization is tested for turbulent channel flow. 
The Reynolds number is set equal to Rcy = 180 (based on the channel half- 
width and the wall- shear velocity). The computational domain is confined to a 
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channel unit of dimension 47 t x 2 x 27 t. The computational grid consists of 64 
streamwise points, 32 spanwise points and Ny wall-normal points. 

Fig. 1 shows a comparison of the mean and root-mean-square velocity as ob- 




Figure 1. Comparison of the mean (left-hand) and root-mean- square (right-hand) velocity. 



tained from our fourth-order symmetry-preserving simulation (Ny = 64) with 
those of other direct numerical simulations. Here it may be stressed that the 
grids used by the DNS’s that we compare with have about 16 times more grid 
points than our grid has. 

To investigate the convergence of the fourth-order method upon grid refine- 
ment, we have monitored the skin friction coefficient Cf for Ny = 48, 56, 64, 
96 and 128. The convergence study shows that the skin friction coefficient is 
(approximately) given by Cf = 0.00836 — 0.000004(yJ^ )^, where denotes 

the first (counted from the wall) grid line. The extrapolated value at = 0 
lies in between the C/’s reported in [7] (0.00818) and [9] (0.00844). 

As the symmetry-preserving discretization is stable, a solution can be obtained 
on any grid and the main question becomes: how accurate is the method, or 
stated otherwise, how coarse may the grid be? To address this question, sim- 
ulations have been performed on coarse grids. The results for the fluctuating 
streamwise velocity are shown in Fig. 2. The coarsest grid, with only Ny = 16 
points, is coarser than most of the grids used to perform a large-eddy simula- 
tion (LES) of this flow. Nevertheless, the Ny = 16 solution is not that far off 
the solution on finer grids, in the near wall region. Further away from the wall, 
the turbulent fluctuations predicted on the coarse grids (Ny < 32) become too 
high compared to the fine grid solutions, as is shown in Fig. 2 (left). Perhaps, 
the solution with Ny — 24 forms an excellent starting point for evaluating the 
performance of LES -models in an a posteriori way. 
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Figure 2. Root-mean-square of the streamwise velocity fluctuations at various (coarse) grids. 



4. Symmetry-preserving Cartesian grid method 

In this section, the symmetry-preserving discretization method is generalized 
to domains with arbitrarily-shaped boundaries, where the boundary is repre- 
sented using the Cartesian grid approach cf. [10]-[12]. 

To start, we will explain our choice of the control volumes. The part of the 
grid cell [xi-i,Xi] x [yj^i^yj] that is open to fluid flow is denoted by Fij. 
The discrete velocity (uij^Vij) is staggered. The control volume for takes 
up the right half of Fij and the left half of Here, we cut Fij into 

two equal halves, by viewing Fij as if it is built out of (an infinite number 
of) horizontal line-segments that run from Xi-i to Xi if the line-segment is 
uncut by a boundary, and from the boundary to either Xi-i or Xi (depending 
on which end lies in the fluid) if it is cut. Each line-segment is bisected and the 
half nearest to the grid line x = Xih taken, see Fig. 3. For an incompressible 




Figure 3. Control volumes for mj . The parts that are not open to flow are colored black. 



fluid, Eq. (8) holds again with 

_ fy.! _ 

Uij = / u{x^,y,t)5{xi,y)dy, Vij = / v{x,yj,t)5{x,yj)dx, (14) 

where the fluid domain is indicated by the function 5{x^y), which equals one 

inside the fluid and zero outside. The transport of momentum through the faces 
of a control volume for i/, ^ is again approximated according to (10), with u 
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replaced by Un, because the mass flux through (part of) the interface between 
the control volumes for Ui^j and Ui±\j need not be aligned with u, see also 
Fig. 4 (left). As before, the matrix C (l^) — diag(C (n)) is skew symmetric 
if and only if Eq. (11) is applied. Then, the diagonal of C {u) vanishes if and 
only if the mass flux is interpolated by 

Le. as in (12) with u replaced by The interpolation of Uni+i/ 2 j is il- 
lustrated in Fig. 4 (left). The mass flux Uni+i/ 2 j through the right-hand face 
of the control volume for Uij is written as the average of the mass flux at 
both sides: Uni+i/ 2 j = + ^right)^ where we take the flux through the 

face X — Xi for the left-hand side, uiep = Uij. The right-hand contribu- 
tion is approximated by the sum of the mass flux through the hypotenuse of 
the triangle that is not open to the flow and the mass flux through the open 
part of the face x = Xi^i: Uright = 0 + The flux F^+i/ 2 j consists 

of two parts, one results from the left-hand part of the cell face, the 

other one (^F^+ij) stems from the right-half of the face, see Fig. 4 (right). 




Figure 4. Interpolation of the mass flux Uui+i/ 2 ,j (left-hand) and (right-hand). 

Here, the black triangle is not open to flow. The dashed line represents the cell face. 

The mass fluxes in Eq. (14) are related to the discrete velocity by means of: 

fyj_^ ^{^iiy)dy andFij == Vij 6{x,yj)dx. Substituting these 
approximations into (8) gives the discrete continuity constraint, Mu^ — 0. 
The diffusive operator is discretized as in Eq. (13), where the matrices Mu, 
My, flu and flu are now based upon the open parts of the control volumes. 

5. Flow over a circular cylinder 

The symmetry-preserving, Cartesian grid method is applied to compute the 
unsteady flow around a circular cylinder at Re = 100, where the Reynolds 
number is based upon the diameter of the cylinder and the free stream velocity. 
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This flow has served as a test case for various numerical approaches. In this 
section, we will compare our results with those of Kravchenko et al. [13] 
and Persillon and Braza [14]. Kravchenko et al [13] considered the flow 
past a circular cylinder to evaluate their Galerkin B-spline method. Persillon 
and Braza [14] studied the test case by means of a second-order, curvilinear, 
finite-volume method. Experimental data can be found in [15]-[16] and the 
references therein. 

To confine the flow domain, fictitious boundaries are necessary (sufficiently) 
far away from the cylinder. We take the inflow boundary at four diameters 
upstream from the cylinder. The lateral boundaries are taken 8 diameters apart. 
The outflow is located at 10 diameters past the cylinder. Computations have 
been performed on two grids, a coarse grid consisting of 120 x 100 points 
(in the streamwise and lateral direction, respectively) and a finer grid with 
240 X 200 points. 

The bulk quantities as obtained from the fine- and coarse-grid simulations 
agree up to three digits. Table 1 shows a comparison of the fine-grid bulk 
quantities with those of the references mentioned above. The good agreement 
with the other numerical simulation techniques as well as with the physical 
experiments confirms the correct behavior of the present approach and shows 
that the symmetry-preserving Cartesian grid method forms a good alternative 
to boundary-fitted structured and boundary-fitted unstructured methods. 
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Table 1. Comparison with other simulations and experiments. When given, the drag coeffi- 
cient is written as the sum of the pressure drag and the viscous drag. Note: Ref. [13] gives the 
max Cd. In our case, max Cd is 0.02 higher than mean Cd- 



Fig. 5 displays the pressure distribution at the surface of the cylinder as ob- 
tained with the symmetry-preserving Cartesian grid method. On both the 
coarse and the fine grid the numerical result is in good agreement with an 
experimentally determined pressure distribution. 
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Figure 5 Pressure distribu- 
tion at the surface of the cylin- 
der, as function of the an- 
gle. The experimental data 
(depicted by the symbols) is 
taken from [16], The con- 
tinuous line corresponds to 
the fine-grid simulation, the 
dashed line represents the 
coarse-grid solution. 
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Abstract An adaptive wavelet collocation method for three-dimensional fluid-structure 
interaction at large Reynolds numbers is presented. This approach is shown to 
give accurate results with a reduced number of computational elements. The 
method is applied to two-dimensional flow past moving and fixed cylinders at 
Re = 10^ and Re = 10^, and to three-dimensional flow past a sphere at Re = 
500. This is the first three-dimensional calculation of a flow past an obstacle 
using a dynamically adapted wavelet based approach. 

Keywords: Turbulence, fluid-structure interaction, wavelets, penalization 

1. Introduction 

One of the most important applied problems in fluid dynamics is calculating 
moderate to high Reynolds number flow around solid obstacles of arbitrary 
shape. This problem arises in aerodynamics (e.g. turbulent flow over the wings 
and fuselage of airplanes), in off-shore drilling (e.g. water flow around riser 
tubes transporting oil from the sea bed to the surface), and in the wind engi- 
neering of buildings. In each case the primary difficulty arises from the need 
to calculate turbulent or transitional flow with boundary conditions on com- 
plicated domains. In addition, it may be important to allow for the obstacle 
to move or deform in response to the applied fluid forces (this motion in turn 
affects the flow). 

In this paper we combine two mathematical approaches to calculate turbulent 
flow in complex domains. The first technique, the adaptive wavelet method, 
tackles the problem of efficiently resolving a high Reynolds number flow in 
complicated geometries (where grid resolution should depend both on time 
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and location). The second technique, Brinkman penalization, addresses the 
problem of efficiently implementing solid boundaries of arbitrary complexity. 
Adaptive wavelet methods have been developed recently to solve the Navier- 
Stokes equations at moderate Reynolds numbers (e.g. [8][12], [13], [5], [11]). 
Adaptive wavelet methods are appropriate for turbulence since wavelets (which 
are localized in both space and scale) adapt the numerical resolution naturally 
to the intermittent structure of turbulence at small scales. The wavelet method 
thus allows turbulent flows to be calculated with a greatly reduced number 
of modes and a well-controlled error. Furthermore, the computational cost is 
0{M) (where J\f is the total number of wavelets actually used), which does 
not depend directly on the dimensionality of the problem. In this work we 
employ a wavelet collocation method using second generation wavelets [10]. 
This approach allows the order of the method to be varied easily (we gener- 
ally use a 6th-order method). Another advantage of the wavelet collocation 
approach is that it is equally easy to implement in two or three dimensions. In- 
deed, the same code is used to do both two-dimensional and three-dimensional 
simulations presented here. 

Parallel to the development of efficient wavelet codes for turbulence, we have 
been investigating the use of the Brinkman equation to simulate the presence 
of arbitrarily complex solid boundaries ([6]). This technique allows boundary 
conditions to be enforced to a specified precision, without changing the numer- 
ical method (or grid) used to solve the equations. The main advantage of this 
method, compared to other penalization methods, is that the error can be esti- 
mated rigorously in terms of the penalization parameter. It can also be shown 
that the solution of the penalized equations converges to the exact solution in 
the limit as the penalization parameter tends to zero. Because this volume pe- 
nalization is very simple and cheap to calculate, it is well-suited to moving 
obstacles. The adaptive wavelet method then allows the computational grid 
to following the moving obstacle, without the need for accelerating reference 
frames, or large areas of very fine grids. 

The combination of the above two methods is applied here to the two- and 
three-dimensional Navier-Stokes equations. We have also developed a multi- 
level elliptic solver, based on the adapted multiscale wavelet grid, to solve the 
Poisson problem for the pressure at each timestep. Note that we do not use a 
subgrid-scale model: we resolve fully all significant length-scales. Thus, the 
wavelet grid follows the natural intermittency of the flow. 

In §20.2 and §20.3 we briefly sketch the penalization and numerical methods. 
Some results for two- and three-dimensional flow past obstacles for Reynolds 
numbers up to 10^ are shown in §20.4, and in §20.5 we make some conclud- 
ing comments. Note that this is the first time a dynamically adaptive wavelet 
method has been implemented for the three-dimensional Navier-Stokes equa- 
tions with obstacles. 




Three-dimensional adaptive wavelet method for fluid— structure interaction 



149 



2. Brinkman penalization for complex geometries 

Incompressible fluid flow is described by the Navier-Stokes equations: 
du 

— + (u + 17) • Vm + VP = uAu, (1) 

V-w = 0, (2) 

where U is an imposed mean flow. We consider here the case where the fluid 

occupies the complement in Re^ of a set of N obstacles O*, z = The 

problem is solved on a rectangular computational domain Cl = [Pii,I,2i] x 
[Li 2 , L 22 ] X [Li 3 , ^ 23 ] containing all obstacles. To these equations are added 
appropriate external (inflow, outflow and side) boundary conditions. 

On the surface of the obstacles the velocity must satisfy the no-slip condition, 

u-\-U — Uo on dOi, Vz, (3) 



where Uo is the velocity of the obstacle. Imposing these boundary condi- 
tions explicitly is difficult and computationally expensive when the obstacles 
have complicated shapes, move, or deform. To model the effect of the no-slip 
boundary conditions on the obstacles Oj without explicitly imposing (3) we 
replace (1-3) by the following set of L^-penalized equations ([2]) 

du 

-I- {Ur, -\- U) ■ + VPrj = uAUri 

-~x{x,t){ur^ + U -Uo), (4) 
V 

V -Urf = 0, (5) 



Note that equations (4-5) are valid in the entire domain Cl: the last term on the 
right hand side of (4) is a volume penalization of the flow inside the obstacle. 
Here 0 < 7/ <C 1 is a penalization coefficient and x is the characteristic (or 
mask) function defining the obstacle geometry: 




if X G Oi ; 
otherwise. 



( 6 ) 



Angot ([1]) proved that the solution of the penalized equations (4-5) converges 
to that of the Navier-Stokes equations (1-2) with the correct boundary condi- 
tions (3) as ry — ^ 0. For finite 77 the error in the boundary conditions is 0 ( 7 /^/^). 
In general, the obstacles may be fixed, or allowed to move (or even deform). 
We consider here the case where there is a single obstacle that is either fixed or 
moves like a harmonic oscillator forced by the fluid. We therefore couple the 
penalized Navier-Stokes equations (4-5) to a harmonic oscillator equation for 
the motion of the obstacle’s centre of mass x^, 

d?Xo , dxo , X 



( 7 ) 
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where m is obstacle’s mass, b is the mechanical damping, k is its natural fre- 
quency, and F{t) is the fluid force. Since F{t) is given by 

Fi{t) = F,{u{t)) = - [ {u + U-Uo)dx. (8) 

V Jo, 

the obstacle and fluid motions are fully and explicitly coupled. 

The penalization error is found to be approximately 0 ( 77 ) in practice, and we 
have found that a value ofr] = 10“^ gives good results, in particular the drag 
and lift forces are accurate to within less than one percent. 

3. Numerical method 

We use an adaptive wavelet collocation method ([12], [13], [1 1]) to dynamically 
adapt the grid to the solution, and to interpolate on the adapted grid. Deriva- 
tives are then calculated on the adapted grid using high-order finite differences 
(usually 6th-order). The grid is adapted at each time step by nonlinear wavelet 
filtering: only those points whose associated wavelet coefficients are greater 
than a threshold e are retained. The solution may then be interpolated onto the 
adapted grid with an error of 0(e). Since the wavelet transform has 
complexity (where J\f is the number of points in the adapted grid), the method 
is computationally efficient and scales well to large problems. 

To allow for the change in the solution over one time step, nearest neighbours 
in position and scale are added to the adapted grid. Adding nearest neighbours 
in position corresponds to a CFL criterion of one. As the scales are dyadic, 
adding nearest neighbours in scale means allowing for the creation of scales 
twice as small and twice as large via the quadratic nonlinearity of the Navier- 
Stokes equations. 

Because the wavelet basis is not divergence free, we employ the usual split- 
step method to make the velocity of the first half-step divergence free. This 
Leray projection involves solving a Poisson equation for the pressure P, 

V • VP = • u^. (9) 

Equation (9) is solved using a standard multilevel technique with V-cycles 
([3]). In our case, however, the grids on each level are provided by the adap- 
tive wavelet multiresolution, which produces a natural adaptive method for the 
Poisson equation. Wavelets are also used to interpolate between levels. This 
is the first time a wavelet multilevel solver has been developed, and it is de- 
scribed fully in a companion publication ([14]). Note that since it is based on 
the wavelet transform, the elliptic solver also has complexity 0{J\f). 

Finally, we use a stiffly-stable 2nd-order time integration scheme that is semi- 
implicit for the advective term, and implicit for the penalization and diffusion 
terms. 
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Figure 1. Two-dimensional periodic cylinder array at Re — 10 \ t = 3.5. (a) Vorticity. 
(b) Adapted grid. 



4. Results 

In this section we briefly present the results of some two- and three-dimen- 
sional calculations. They have been selected to illustrate the effectiveness of 
the dynamically adapted grid, and the flexibility of the method. The results 
presented below used a tolerance of e = 10“^ for grid adaptivity, and the time 
step is chosen to maintain a CFL criterion of one. This value of e corresponds 
to an Loo tolerance of 10“"^, and was found to be the largest value to give 
quantitatively accurate results. Note that this nonlinear wavelet filtering is not 
equivalent to the linear large-scale filtering done in LES: in wavelet filtering 
both large and small scales are retained. We have shown ([4]) that wavelet 
filtering retains the coherent vortices, and the neglected part of the flow is 
noise (i.e. dynamically unimportant). 

The first example demonstrates the ability of the adaptive wavelet method to 
adapt the grid to fine-scale vortical structure. This result is interesting since 
although we actually solve the velocity form of the fluid equations, the grid 
points are distributed like the vortices of a (grid-free) vortex method. Figure 1 
shows the vorticity and adapted grid for two-dimensional flow through a tightly 
packed periodic array of cylinders ai Re = 10^. Note that very few points are 
required inside the obstacle, and the grid refines and coarsens as needed in 
order to resolve the vorticity. Only 66 862 points out of a maximum of 896^ 
are used, which corresponds to a compression ratio of 12. 

In the second example we plot the drag, lift and amplitude of a two-dimen- 
sional cylinder moving in response to fluid forces at i?e = 10^. The oscillation 
amplitude A — 0.42, lift amplitude Cp = 0.81 and Strouhal frequency St — 
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Figure 2. (a) Lift and drag for a moving cylinder at i?e = 100. Note that the average drag 

during the shedding phase is Cd — 174, lift amplitude is Cl = 0.81, and the Strouhal number 
is St — 0.189. (b) Cylinder displacement as a function of time (amplitude A = 0.42). 



0.189 are reasonably close to Shiels et alTs ([9]) vortex method values of A = 
0.57, Cl = 0.83, = 0.194. 

The final example is flow through a periodic array of spheres at Re = 500. This 
is a fully three-dimensional calculation, and shows the ability of the method to 
efficiently solve the three-dimensional Navier-Stokes equations with obsta- 
cles. Figure 3 shows an isosurface of the vorticity magnitude, and the compu- 
tational grid at t = 3.8. Note that the flow is still at an early stage, so no insta- 
bilities have developed. The maximum resolution is 144^, but only 258 000, or 
11.6%, of the points are active. This example shows the importance of using a 
dynamically adaptive method in three-dimensional calculations. 

5. Conclusions 

In this paper we have presented a new method for calculating three-dimen- 
sional flows at moderate to high Reynolds numbers with obstacles of arbitrary 
shape. The method uses an adaptive wavelet collocation method to dynami- 
cally adapt the grid to the flow, and as the basis of a multilevel solver for the 
associated Poisson equation for pressure. 

We showed results for two-dimensional flow past a moving cylinder at Re = 
10^ and a fixed cylinder at i?e = 10^, and three-dimensional flow past a sphere 
at Re = 500. This is the first three-dimensional calculation of flow past an 
obstacle using a dynamically adapted grid. 
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Figure 3. Flow past a sphere at Re — 500, t = 3A (looking upstream), (a) Isosurface of 
vorticity magnitude, (b) Computational grid. Note that the maximum resolution is much lower 
than in figure 1 (which means their is less detail in the grid), and we are showing the projection 
of a three-dimensional array of points (which means the centre of the sphere appears filled). 



Further three-dimensional test cases will be investigated in future work. In 
particular, we would like to determine if the number of active grid points is 
proportional to the Taylor scale (A = as is the case in two dimensions 

([7]). If this is true, the overall computational complexity would scale like Re 
which is much better than the classical estimate of Re^ based on a uniform 
grid. 
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Abstract In large-eddy simulation only the large scales in a turbulent flow are calculated 
explicitly and the small scales are effectively removed by the application of a 
filter with filter-width A. For LES of flows in complex geometries it is gener- 
ally assumed that a non-uniform filter-width A(x) is advantageous. Application 
of non-uniform filters introduces additional sub-grid scale terms, referred to as 
commutator-errors. The commutator-error corresponds to filter- width variations 
along a flow-path and expresses differences in the local capturing of small scale 
flow-features. Therefore, a high correlation is expected between the specific 
filter-width non-uniformities and the production/dissipation of kinetic energy. 
This is confirmed by novel a priori analysis of turbulent mixing. In particular, 
commutator-errors arising from symmetric or non-symmetric filters are shown 
to differ considerably in dynamic implications. 

Keywords: Turbulence, large-eddy simulation, non-uniform filters, commutator-error 

1. Introduction 

The phenomenology of turbulent flow can be depicted by the presence of a 
wide range of flow-scales. Present-day computational resources do not allow 
the computation of all turbulent scales up to the Kolmogorov length-scale 77. 
Therefore, various reduced simulation strategies for turbulent flow have been 
introduced of which large-eddy simulation (LES) is one of the most promising. 
In LES the small-scales are effectively removed from the simulation by the 
application of a low-pass filter with an associated filter-width A ^ rj. The 
spatial filtering allows computation with grid- spacing of the order A. 

While in general the filter-width is defined to be constant across the domain, 
in this paper the filter-width is assumed to be non-uniform, i.e., A(x). For the 
application of LES to flows in complex domains the use of such a non-uniform 
filter-width is considered advantageous. Also the use of skewed filters with 
non-symmetric kernels can become unavoidable, especially close to bounding 
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Figure 1. An illustration of a non-uniform filter- width. Commutator errors and the associated 
creation and destruction of scales will occur along the lines x = Xa and x = Xb. 

walls. Therefore, we consider extensions of convolution filters which allow for 
skewness and non-uniform filter-widths. As an example, an extension of the 
top-hat filter can be written as 

r\Ya{x) 

u{x) = L[u]{x) = / u{x + /S.{x)s) ds^ (1) 

J -^-\-a{x) 

where a shift-function — 1/2 < a{x) < 1/2 introduces skewness to the filter. 
The one-dimensional filter can be extended to three dimensions by consecutive 
application of one-dimensional filters, i.e., C = Li o L 2 o L 3 . Here, Li has an 
associated filter- width A^(x) and corresponds to filtering in the i-th direction. 
If a non-uniform filter is applied to the Navier-Stokes equations, different sub- 
grid scale terms (SGS-terms) show up. These SGS-terms incorporate the dy- 
namical effects of the unresolved scales on the resolved scales and have to 
be modeled in order to close the filtered Navier-Stokes equations. Of all the 
SGS-terms the divergence of the SGS-stress Tij = uiuj — uiUj is the most 
important and has been extensively studied. However, with the introduction 
of a non-uniform filter-width A^(x) a number of additional SGS-terms for- 
mally emerge. These additional SGS-terms are referred to as commutator- 
errors [1,2] and are usually not considered in simulations up to now. For a 
field / we denote the flux due to the commutator-error by 

CAf]=^-dJ, ( 2 ) 

where dj is a short-hand notation for djdxj. 

The dynamic effects of the commutator-error can be interpreted in a clear phys- 
ical picture. In fact, the commutator-error can be associated with the apparent 
local creation and destruction of small-scale flow-features if the filter-width is 
decreased or increased along a flow-path respectively. This is illustrated in Fig- 
ure 1 . Consider a flow-path and assume that for x < Xa all scales up to kc are 
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resolved along this path, i.e., A(x) = 7t/kc for x < If, for Xa < x < x\) the 
filter-width is decreased to A(x) = 7 t/(A:c + /c+), turbulent scales in the range 
[fcc, kc + ky.) become locally resolved if a flow-path passes Xa with u > 0. 
These scales contribute to the turbulent energy spectrum E{k), because the 
dynamic wave-number range is extended from [0,kc) to [0, fcc + k^). Thus 
the local effect corresponding to a decrease of the filter-width should be an 
effective production of resolved kinetic energy. Similarly, the commutator- 
error should result in a decrease of resolved kinetic energy if the filter- width is 
increased along a flow-path as depicted at x = Xf^ in Figure 1. This interpre- 
tation suggests to model the flux due to the commutator-error in terms of the 
material derivative of the filter-width variations. We will formalize this in the 
next section and in particular focus on the production and dissipation of kinetic 
energy. 

The organization of this paper is as follows. In section 2 we introduce the 
commutator-error contribution to the evolution of the kinetic energy and pro- 
pose a new explicit parameterization. In section 3 we describe the method of 
quantifying the commutator-errors and testing the new modeling. Results will 
be presented in section 4. Finally, in section 5 some concluding remarks are 
collected. 

2. Commutator-error and kinetic energy dynamics 

In this section we introduce the resolved turbulent kinetic energy equation and 
formalize the physical interpretation of the commutator-error to propose an 
explicit model for its contribution to the energy evolution. 

In a domain $2 c the total dissipation-rate of resolved kinetic energy is 
defined as 



e — —dty J ^UiUidxJ — Sp -\- Scr -\- SsGS ScE^ (3) 

with contributions from the pressure flux, the viscous stress tensor, the SGS- 
stress and the commutator-error respectively. The latter is defined as 




where commutator-errors originating from the pressure and viscous fluxes have 
not been included. A contribution from the mean convective terms including 
a commutator error, uiUiCjluj] dx, has been shown to have only negligible 
influence on the results and has therefore been omitted in the analysis. From 
the total commutator error dissipation in (4) the local commutator-error dissi- 
pation rate density is defined asfj = UiCj[uiUj]. 

The interpretation of the commutator-error given in the previous section sug- 
gests to parameterize fj in terms of the material derivative of Aj (x) along a 
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Figure 2. Contour plots of the spanwise vorticity of the developing mixing layer at a) t = 
20.0, b) ^ = 50.0 and c) t = 80.0. Non-uniform filter-widths as defined in (6) with a = 3/4 
and /3 = 5 (dashed), f3 = 10 (solid) and 0 = 30 (dotted) are superimposed on these plots. 



flow-path, i.e., DtAj — dtAj + Uf^dkAj — u^dkAj, where we assumed that 
Aj does not explicitly depend on time t. By defining £ and T as character- 
istic length and time-scales, one can readily verify that DtAj has dimension 
whereas the dimension of is given by Accounting for the 

proper physical dimension the following parameterization for ^ is proposed 

~ Ukdk^j = (5) 

where |up = UiUi and ^ is introduced as a short-hand for the suggested pa- 
rameterization of iIj. Expression (5) includes the material derivative of In(Aj) 
which is a measure of the relevance of the commutator-error relative to the 
turbulent stresses [3]. 

We will investigate the validity of the hypothesis in (5). Specifically, we con- 
sider an a priori analysis based on DNS-data of turbulent flow in a temporal 
mixing layer as depicted in Figure 2, following [4]. From the DNS-data the 
contributions to s will be calculated for a variety of non-uniform filter-width 
distributions. The correlation between the local commutator-error dissipation 
rate density and the right-hand side of (5) will be determined. Also, the 
probability distribution function (PDF) for these two quantities will be consid- 
ered. The results will illustrate the large difference between commutator-errors 
arising from symmetric (a = 0 in (1)) or non-symmetric filters (a ^ 0). 

3. A priori testing of commutator-error energy dynamics 

We present the selected method and computational model for a priori testing of 
the commutator-error dissipation and its parameterization: |n ^ Ukdk^j- 
The actual test-results are collected in section 4. 
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We consider turbulent flow in a temporal mixing layer at Reynolds number 
Re — 50 in the incompressible limit. The governing equations are solved in 
a cubic geometry of side £ which is set equal to four times the wavelength of 
the most unstable mode according to linear stability theory. Periodic bound- 
ary conditions are imposed in the streamwise (xi) and spanwise (^ 3 ) direction, 
while in the normal (X 2 ) direction the boundaries are free-slip walls. We use 
a resolution of 192^ grid-cells. The initial condition is formed by mean pro- 
files corresponding to constant pressure, u\ = tanh(x 2 ) for the streamwise 
velocity component and U 2 = us = 0. Superimposed on the mean profile are 
two- and three-dimensional perturbation modes obtained from linear stability 
theory. We closely follow [4]. 

The filter-widths considered are constant in the x\ and X 3 directions while in 
the X 2 direction we consider variations in the filter-width concentrated near the 
centerline. Specifically, we adopt 

Ai = A 3 = A^, A 2 (x 2 ) = Ar [1 - aexp {-{(3x2/^^)] (6) 

The reference filter- width is taken equal to ^/16. In the definition of the 

non-uniform filter- width A 2 (x 2 ) the parameter a controls the ‘depth’ of the 
filter-width modulation, while f3 controls its width. The minimal filter-width 
Armn Considered is A^/4 and corresponds to a = 3/4. In Figure 2 differ- 
ent realizations of this non-uniform filter-widths have been superimposed on 
snapshots of the flow. 

To test the kinetic energy modeling expressed in (5) we associate the stochastic 
variables ^ and E with and ^ respectively. Since the filter is non-uniform 
only in the 0 : 2 -direction, ^ reduces to ^ = UiUiAf^ U 2 A 2 . In the following 
section we will focus on the correlation between and S. Moreover, we 
determine the PDF P(^, fj) for these two variables. 

The filtered quantities needed in the evaluations are obtained using the compos- 
ite trapezoidal rule. In case end-points of the integration domain at 5 = + a 

lie in between two data-points, a linear interpolation is used to approximate the 
values at the end-points. The derivatives are approximated using central finite 
differencing with grid- spacing A^/4. 
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Table 1. Correlation between ^ A 2 U 2 and = UiCfiuiUj] as calculated from 

the DNS -fields at different moments in time over which different non-uniform filter- widths are 
applied (in all cases a = 3/4). 
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4. Correlation and PDF of energy dynamics model 

In this section we measure the quality of the commutator-error model (5) in 
terms of correlation and PDF, i.e., we treat the model testing from a statistical 
point of view. 

In Table I the correlation between ^ and S is collected for different filter- 
width non-uniformities. Low correlation is observed in the initial stages in 
cases where the region of non-uniform filter-width is quite extended: = 5 or 

/? = 10. This can be explained noting that initially in large parts of the domain 
either A 2 ~ 0 or U 2 ^ 0 (see Figure 2(a)). Once the flow has developed 
into the parts of the domain in which A 2 is significant, a comparably high 
correlation is observed of about 0.6. 

More details regarding the quality of the new model can be inferred from the 
PDF P(^,^) between S and For the calculation of the PDF a binning 
procedure [5] has been used in terms of the quantities and tp* defined by 

e = r = (7) 

In Figure 3 we observe that the PDF’s are localized around the origin since 
either H 2 or A 2 is small in large parts of the domain. Moreover, we observe 
that contours of the PDF’s are mainly located in the first and third quadrant 
which establishes our hypothesis formulated in (5). 

These PDF’s can be used to obtain one-dimensional conditional averages to 
further quantify the effectiveness of the model in (5). As an example, it is 
expected that ‘events’ in which > 0 will correspond closely with locations 
where ^ > 0 and vice versa. This relation can be illustrated by considering 

^'+(0 = {^> 0 \E = 0 ( 8 ) 

The function denotes the expectation that the dissipation is positive given 
the value of By (5) it is expected that ^^“^(0 — > 1 for <^ > 0 and ^“^(O ^ 0 
for ^ < 0. In fact, there should be a sharp transition from T^+?^0to^+?^l 
as ^ changes sign. Closely related is the conditional expectation of ^ as a 
function of ^ 

i:(0 = (^*|s = 0 (9) 

Close correlation of ^ and ^ would imply an approximately linear dependence 
of £ as function of 

In Figure 4 we plotted and £ for the characteristic case a = 3/4 and 
/? = 10 at various stages in the development of the flow. In Figure 4(a) the 
expected behavior of is indeed observed, including the sharp transition 
around = 0. In Figure 4(b) an almost linear relation between £ and ^ is 
observed, which further establishes the quality of the new parameterization. 
Finally, we turn to non-symmetric filters in the definition of the commutator- 
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errors. Remarkably, the local dissipation ip is no longer as strongly related 
to ^ in these cases. This hints at a more complex contribution of ‘skewed 
commutator-errors’ to the kinetic energy dynamics. In Figure 5 the PDF 
is shown for the cases a = 1/4 and a = 1/2 in (1). Almost no 
correlation is observed between ^ and fj: the correlation coefficients drop to 




Figure 3. The PDF P(^, for t = 60, a == 3/4 and a) /3 = 5, b) /3 = 10 and c) = 30. 




Figure 4. The stochastic variables a) t>) ^(0 case o: — 3/4, /3 = 10 and 

t = 40 (dotted), t = 60 (solid) and t = SO (dashed). 





Figure 5. The PDF between ^ and for t = 60, a = 3/4 and = 10 in case non-symmetric 
filters are applied, a) a = 1/4 and b) a = 1/2. 
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0.25 and 0.16 in these cases respectively. Moreover in Figure 5 the largest val- 
ues of local commutator-error dissipation are found near 0 and can not 
be properly accounted for using (5). 

A possible explanation for this difference can be inferred from Fourier analysis 
of the commutator-error. Additional dispersive effects are found in case non- 
symmetric filters are applied. Diffusive effects for the commutator-error have 
already been recognized in [1]. In our analysis, dispersion is seen to become 
relevant as well for skewed filters; the extension of (5) to these cases will be 
published elsewhere. 

5. Concluding remarks 

In this paper a new model for the kinetic energy dynamics of the commutator- 
error Cj has been proposed, based on the material derivative of the filter-width 
and dimensional arguments. This is explicitly formulated in (5) and was vali- 
dated a priori using DNS-data of turbulent mixing. 

For filters characterized by a symmetric kernel, the model in (5) for the 
commutator-error was validated by focusing on correlation and PDF between 
the local dissipation and The model can also be formulated for Cj in the 
momentum equations, which will become of interest when LES is applied to 
turbulent flows in complex geometries. A dynamic procedure can be developed 
to properly adapt the commutator-error model to the developing flow. 

For complex flows in complicated domains the use of non-symmetric filters 
appears unavoidable, e.g., near solid boundaries. In case non-symmetric filters 
are used the correlation between the local dissipation and is no longer as 
striking. This issue will be addressed in a separate paper. 
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Abstract A database of various LES and two reference DNS of homogeneous isotropic 
turbulence is constructed at Re\ = 50 and 100. All LES are performed with 
Smagorinsky or dynamic Smagorinsky modeling. Using the database informa- 
tion, accuracy charts are constructed, which give a global view of the error as 
function of important LES parameters. Moreover, as a result, ‘optimal refine- 
ment strategies’ are identified for LES. Eurther, the dynamic model is shown to 
select its own refinement trajectory. The distance of this trajectory to the ‘op- 
timal’ refinement path is a measure for the quality of the dynamic procedure. 

Keywords: LES, errors, homogeneous isotropic turbulence, database analysis 

1. Introduction 

In recent LES history, a large variety of different subgrid scale models has been 
developed and tested. Although several of these models give good results in 
various specific simulations, the quality of actual LES predictions in general 
depends on a large number of additional factors that are part of the computa- 
tional modeling of a flow. In fact, complications may arise from the specific 
flow geometry, from the flow regime, from the mesh and mesh-size and from 
the numerical method. These factors can simultaneously be quite important in 
view of the marginal resolution of many dynamically significant features of the 
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flow. This marginal resolution is imposed by practical restrictions arising from 
the computational capabilities of present-day computers. 

Various studies on errors and error interaction in LES exist Geurts and Froh- 
lich, 2002; Geurts, 1999; Ghosal, 1996. However, a practical systematic frame- 
work in which the error-analysis can be interpreted is still lacking. In the 
present study, a database approach for such an error-analysis is introduced, 
where important parameters, such as the resolution, the filter-width to mesh- 
size ratio, the Reynolds number etc. are included. 

The database information allows to obtain a global view on LES error behavior 
depending on model and numerical parameters. A concise representation is 
found in so called ‘accuracy charts’. A direct result is the determination of 
optimal working conditions for LES and more precisely ‘optimal refinement 
strategies’. These provide an excellent reference for the development of near 
optimal dynamic procedures. 

First, in section 2, the general database methodology is presented. Subse- 
quently, in section 3, a LES database is described for homogeneous isotropic 
turbulence involving the Smagorinsky model. Next, in section 4, global errors 
are presented in accuracy charts and optimal refinement strategies are deter- 
mined. Finally, some concluding remarks are presented in section 5. 

2. General methodology of error assessment 

In a shorthand notation, the closed LES equations can be written as 

NSj(u,p) = (u) ) (1) 

where N^s the Navier-Stokes operator, the spatial convolution filter is de- 
noted by (•) and {u,p} is the filtered solution with u = [ixi, U 2 , us] the filtered 
velocity and p the filtered pressure. Further, rriij corresponds to the particu- 
lar choice of subgrid scale model. The filtered solution obeys Navier-Stokes 
dynamics in which the subgrid-scale model is responsible for the smoothing 
of the turbulent flow field. Theoretically, the filter fully determines the closure 
problem for the subgrid scale stresses Geurts and Holm, 2003. However, in vir- 
tually all actual large-eddy simulations, the explicit role of the filter is limited 
to the inclusion of the filter width A in the model. Therefore, for each model, 
a detailed understanding of the LES behavior as function of A is imperative 
for good LES practice. 

Next to the filter width, the grid spacing h of the computational grid is impor- 
tant. At constant filter width A, a decrease in h will reduce the discretization 
error and gradually give rise to a ‘grid-independent’ LES solution. After all, 
the continuous, modeled LES equations (i.e., eq. (1)) constitute a closed sys- 
tem of nonlinear partial differential equations with fixed, externally specified 
length-scale A. Clearly, grid-independent LES may require very high res- 
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olutions and may not be feasible (nor required) in many cases. To achieve 
a good approximation of the grid-independent solution, a subgrid resolution 
A//i of up to 6-8 might be required Geurts and Frohlich, 2002. As such, ‘grid- 
independent’ LES should not be confused with a proposal to perform actual, 
practical LES in this way. Moreover, high subgrid resolution does not nec- 
essarily guarantee high overall accuracy Vreman et al., 1996; Meyers et al., 
2003. By systematically varying A and the numerical resolution /i, one may 
assess the complex interaction between numerical discretization effects and 
modeling effects. 

To analyze the error behavior, let 0 be a flow parameter of interest. The total 
error in 0, obtained from LES, with filter width A and grid spacing h is defined 
as 

etotali^^ h) = foNS - (t>LEs{^i h) (2) 

Here, obtained from the reference DNS solution. The total error ctotai 

can be further decomposed into a contribution due to the discretization and the 
subgrid modeling Vreman et al., 1996. Hence, detailed error behavior can be 
quantified for any variable 0 , where both f and e can be functions of time and 
spatial location. Moreover, using an appropriate norm, a global relative error 
can be coupled to each separate LES run, e.g., using an L 2 -norm: 




This global error allows an efficient overview of LES error behavior as function 
of the numerical and the subgrid resolution. The error can be represented in so 
called ‘accuracy charts’ as will be demonstrated in section 4. 



3. Outline of the DNS and LES reference runs 

An extensive LES database was constructed for decaying homogeneous iso- 
tropic turbulence. For the LES, the numerical method consists of a 4^^ order 
discretization for the convective terms and a 2 ^^ order discretization for the 
viscous terms together with a 2^^ order Runge-Kutta scheme Vreman, 1995. 
First, we turn to LES employing the Smagorinsky model rriij = A)^|5|5ij, 

where Sij is the resolved strain tensor. The database contains a systematically 
‘scanned’ region of different LES at various resolutions n^, with 16 < n < 128 
and effective subgrid resolutions 0 < C 5 A //1 < 3/2. In this section a short 
overview is presented of some simulation results. 

The database consists of two reference DNS at two different Reynolds num- 
bers, i.e., Re\ — 50 and 100 on a 256^ and 384^ grid respectively, as well as a 
full set of different LES employing the Smagorinsky model. Furthermore, LES 
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Figure 1. Snapshots of vorticity at t=0.6 (a) Re\ = 50, (b) Re\ = 100. Isolevels for (a) and 
(b) at 0.25\uj\rna,: 



using a dynamic Smagorinsky model is employed at different resolutions Ger- 
mano et al., 1991; Lilly, 1992. In contrast to the standard Smagorinsky model, 
where the effective filter width A is a preset simulation coefficient, the dy- 
namic eddy viscosity coefficient is adapted continuously using the Germano 
identity Germano, 1992. 

In figure 1, the vortical structures for both DNS at Re\ = 50 and 100 
are visualized by plotting isosurfaces of the magnitude of the vorticity, i.e., 
\cj\ = where cji is the i-th component of V x u. These plots clearly il- 

lustrate the difference in complexity and required resolution for both Reynolds 
numbers. 

The evolution of the turbulent kinetic energy is displayed in figure 2 for 
Re\ = 100. Here, the unfiltered DNS reference is compared with LES re- 
sults at a 48^ resolution. A value of the effective filter width is selected 
(CsA = 0.15/i) which is relatively close to the optimal (as obtained from the 
analysis in section 4). This is also compared to the ‘no model’ case A = 0). 
Clearly, the C^A = 0.15/i case displays a good solution within the limitations 
of its numerical resolution. When the Smagorinsky constant is set to 0, a lack 
of energy dissipation is observed and the energy level starts to increase again 
ait — 0.8 (i.e., the numerical method used for the LES is not energy conserv- 
ing). This clearly illustrates the relevance of the subgrid model at the 48^ LES 
resolution. 

4. Accuracy charts and optimal refinement strategies 

In the present section, accuracy charts are presented, which reduce the exten- 
sive LES database information into a concise error overview. These charts. 
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Figure 2. Evolution of the kinetic energy for Re\ = 100. (o): DNS reference; ( ): LES 

on 48^ with GsA//i = 0.15;(— •): LES on without model. 



which display error levels as a function of the LES resolution and the subgrid 
resolution, immediately allow to determine optimal working regions for the 
LES with respect to the subgrid model and the numerical method. This results 
in the specification of optimal refinement strategies. 

A relative error is determined for each LES run in accordance with eq.(3). Fig- 
ure 3 represents the accuracy charts based on the relative error in the kinetic en- 
ergy 5e for Re\ = 50 and Re\ = 100. In these plots, the classical refinement 
strategy towards DNS, i.e., reducing A at constant subgrid resolution A//i cor- 
responds to refining the LES parallel to the horizontal axis. Grid refinement 
towards a grid independent LES, i.e., decreasing at a constant filter width A 
corresponds to refining the grid along a line through the origin. Indeed, at con- 
stant A and decreasing h, the subgrid resolution A/h ^ n. Further, contour 
levels of the relative error clearly outline unfavorable LES operating regions 
and more optimal regions. In this context, the optimal trajectory is defined as 
the curve through the minimal errors at each resolution. 

Similarly, accuracy charts can be based on other flow quantities. For small 
scale properties, such as, e.g., the Taylor length scale, these accuracy charts 
may differ from those based on (5^;. As an example, with respect to the Taylor 
length scale, no-model LES is found to be favorable at all resolutions. How- 
ever, by the very nature of large-eddy simulation one may put a larger emphasis 
on capturing flow quantities associated with the larger retained scales, such as 
the kinetic energy, compared to inertial range properties such as the Taylor 
length scale. This is particularly true in relation to the Smagorinsky model 
which is known to provide too much dissipation in the smaller retained scales 
and hence distorts the prediction of these quantities much more than occurs for 
the larger retained scales. 

The identification of optimal strategies for the Smagorinsky model is useful for 
an optimal set-up of any Smagorinsky LES. In addition, the refinement trajec- 
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Figure 3. Optimal trajectory and accuracy chart based on Se[%Y (A) Re\ = 50 and (b) 
Rex = 100. Optimal refinement trajectory: ( — •). Contour levels start at l%(a) (2% (b)) at 
the lower right contour and increase in steps of 1% (2%). Bullets correspond to locations of 
individual LES runs. 



tories can also be used as a point of reference for the dynamic procedure. In 
fact, the dynamic Smagorinsky model determines the effective subgrid resolu- 
tion Cs^/h in a manner that is determined by the flow. In the present LES, 
the dynamic coefficient is found not to change drastically in time during a sim- 
ulation. Hence, the dynamic procedure roughly corresponds to the automatic 
selection of an appropriate fixed coefficient. 

Figure 4(a) represents the optimal lines for both Reynolds numbers com- 
pared to the dynamic refinement trajectories. Here, the implementation of the 
dynamic Smagorinsky model corresponds to the revised dynamic procedure 
Lilly, 1992. The test filter is a top-hat filter implemented with a trapezoidal 
rule. Clearly, the dynamic procedure overestimates the optimal ‘effective fil- 
terwidth’ However, it should be emphasized that the general tendency 

is similar. In figure 4(b), the errors along the optimal refinement trajectory 
as well as those along the dynamic model trajectory are displayed for both 
Reynolds numbers. The dynamic Smagorinsky coefficient resulting from this 
implementation of the dynamic procedure leads to a suboptimal refinement 
trajectory. The error related to the dynamic trajectory is roughly twice the 
minimal error on the ‘optimal refinement trajectory’. 

Although results in figure 4 indicate that the dynamic procedure is sub-optimal, 
it clearly is able to follow the major trends observed in the database results 
without requiring external ad hoc interference with the model. The adaptation 
of the coefficient due to variations in the resolution as well as in the Reynolds 
number corresponds well to the observed variations along the optimal line. 
This clearly illustrates the strength of the dynamic procedure. 
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Figure 4. (a) Optimal refinement trajectory versus the refinement trajectory obtained from the 

dynamic procedure, (b) Errors along the optimal and dynamic refinement trajectories, (both) 

( — ): ‘optimal’ for Re\ = 100; ( ): ‘optimal’ for Re\ = 50; (□): dynamic for Re\ = 100; 

(<): dynamic for Re\ = 50. 



5. Concluding remarks 

A general framework was presented to obtain an overview of the total error 
arising in practical LES. This leads to the representation of global error behav- 
ior in accuracy charts and the determination of optimal refinement trajectories. 
Results were presented for LES with the Smagorinsky model applied to decay- 
ing homogeneous turbulence at two different Reynolds numbers. The optimal 
refinement strategies obtained from the LES database with the Smagorinsky 
model formed a good point of reference for the evaluation of the dynamic 
Smagorinsky model. 

The present methodology provides a framework to evaluate large-eddy simula- 
tion and allows for a systematic determination of the interaction between sub- 
grid scale modeling and numerical methods. As such, this framework can be 
used to support the development and testing of models and numerical methods. 
Moreover, the knowledge of optimal refinement strategies provides a standard 
for the development of ‘near-optimal’ dynamic procedures. 
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OF STREAK BREAKDOWN IN BOUNDARY 

LAYERS 
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Abstract Numerical simulations of bypass transition in Blasius boundary layers are pre- 
sented. The breakdown of streamwise streaks is first considered in the case of 
the steady, spanwise periodic basic flows arising from the nonlinear saturation 
of optimal perturbations and then in the case of transition in boundary layers 
subject to free-stream turbulence. Similarity and differences with previous work 
are discussed. 



1. Introduction 

1.1 Transition in Blasius boundary layers 

1.1.1 Natural transition. Historically, the first approach to transition 
was the analysis of the stability of a flow. Assuming a wave-like form of 
the velocity perturbation it reduces to an eigenvalue problem for exponentially 
growing or decaying disturbances. The first solutions for two-dimensional un- 
stable waves in the Blasius boundary layer were presented by Tollmien, 1929 
and Schlichting, 1933. The existence of such solutions (TS-waves) was exper- 
imentally shown to exist by Schubauer and Skramstad, 1947. 

If an amplified Tollmien-Schlichting wave grows above an amplitude in Urms 
of 1% of the free-stream velocity, the flow become susceptible to secondary 
instability. Klebanoff et al., 1962 observed that three-dimensional perturba- 
tions, which are present in any natural flow, were strongly amplified. This 
transition scenario was later denoted as K-type after Klebanoff but also fun- 
damental since the frequency of the secondary, spanwise periodic, fluctuations 
is the same as the one of the TS-waves. In the nonlinear stages of the K-type 
scenario, rows of “A-shaped” vortices, aligned in the streamwise directions, 
have been observed. An other scenario was also observed, first by Kachanov 
et al., 1977. This is denoted N-type after Novosibirsk, where the experiments 
were carried out or H-type after Herbert, who performed a theoretical analysis 
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of the secondary instability of TS-waves (Herbert, 1983). In this scenario, the 
frequency of the secondary instability mode is half the one of the TS-waves. 

1.1.2 Bypass transition. In 1969 Morkovin coined the expression “by- 
pass transition”, noting that “we can bypass the TS-mechanism altogether”. 
In fact, experiments reveal that many flows, including channel and boundary 
layer flows, may undergo transition for Reynolds numbers well below the crit- 
ical ones from linear stability theory. An explanation for this was proposed 
by Ellingsen and Palm, 1975. They considered, in the inviscid case, an ini- 
tial disturbance independent of the streamwise coordinate in a shear layer and 
showed that the streamwise velocity component may grow linearly in time, 
producing alternating low- and high-velocity streaks. Hultgren and Gustavs- 
son, 1981 considered the temporal evolution of a three-dimensional distur- 
bance in a boundary layer and found that in a viscous flow the initial growth is 
followed by a viscous decay {transient growth). 

Landahl, 1975 proposed a physical explanation for this growth. A wall-normal 
displacement of a fluid element in a shear layer will cause a perturbation in the 
streamwise velocity, since the fluid particle will initially retain its horizontal 
momentum. An example is weak pairs of quasi streamwise counter rotating 
vortices are able to lift up fluid with low velocity from the wall and bring high 
speed fluid towards the wall forcing streamwise oriented streaks of high and 
low streamwise velocity. This mechanism is denoted lift-up effect and it is 
inherently a three-dimensional phenomenon. 

From a mathematical point of view, it is now clear that since the linearised 
Navier-Stokes operator is non-normal for many flow cases (e.g. shear flows), 
a significant transient growth may occur before the subsequent exponential 
behaviour (see Schmid and Henningson, 2001). Such growth can exist for sub- 
critical values of the Reynolds number and it is the underlying mechanism in 
bypass transition phenomena. In particular, for the Blasius boundary layer, 
Andersson et al., 1999 and Luchini, 2000 used an optimisation technique to 
determine which disturbance present at the leading edge gives the largest dis- 
turbance in the boundary layer. This optimal perturbation was found to consist 
of a pair of steady streamwise counter-rotating vortices, which induce strong 
streamwise streaks. 

An interesting application of bypass transition is boundary layers in the pres- 
ence of free-stream turbulence. Inside the boundary layer the turbulence is 
highly damped, but low frequency oscillations, associated with long streaky 
structures, appear. The first experimental study of such disturbances is due 
to Klebanoff, 1971. Amal and Juillen, 1978 also showed that for free-stream 
turbulence levels higher than 0.5-1%, the dominant disturbances inside the 
boundary layer are characterised by low frequencies and they are not TS- 
waves. Kendall, 1985 denoted these disturbances as Klebanoff modes. As 
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the streaks grow downstream, they break down into regions of intense ran- 
domised flow, turbulent spots. The leading edge of these spots travels at nearly 
the free-stream velocity, while the trailing edge at about half of the speed; 
thus a spot grows in size and merges with other spots until the flow is com- 
pletely turbulent. Westin et ak, 1994 presented detailed measurements of a 
laminar boundary layer subjected to free-stream turbulence and showed how 
different experiments with apparently similar conditions can disagree on the 
location and extent of transition. A recent review on the experimental studies 
of boundary-layer transition induced by free-stream turbulence can be found 
in Matsubara and Alfredsson, 2001, while the first numerical simulations are 
presented in Jacobs and Durbin, 2001. 

2. Direct numerical simulations 
2.1 Numerical method 

The direct numerical simulations presented here have all been performed with 
the pseudo-spectral algorithm described in Lundbladh et al., 1999. The nu- 
merical code used solves the three-dimensional, time-dependent, incompress- 
ible Navier-Stokes equations. The algorithm uses Fourier representation in 
the streamwise and spanwise directions and Chebyshev polynomials in the 
wall-normal direction, together with a pseudo-spectral treatment of the non- 
linear terms. The time advancement used is a four-step low-storage third- 
order Runge-Kutta method for the nonlinear terms and a second-order Crank- 
Nicolson method for the linear terms. Aliasing errors from the evaluation of the 
nonlinear terms are removed by the |-rule when the FFTs are calculated in the 
wall parallel plane. In order to set the free-stream boundary condition closer 
to the wall, a generalisation of the boundary condition used by Malik et al., 
1985 is employed. It is an asymptotic condition applied in Fourier space with 
different coefficients for each wavenumber that exactly represents a potential 
flow solution decaying away from the wall. 

To correctly account for the downstream boundary layer growth a spatial tech- 
nique is necessary. This requirement is combined with the periodic boundary 
condition in the streamwise direction by the implementation of a “fringe re- 
gion”, similar to that described by Bertolotti et al., 1992. In this region, at the 
downstream end of the computational box, the function \{x) in equation (1) is 
smoothly raised from zero and the flow is forced to a desired solution v in the 
following manner. 



— = ATS'(u) + A(a;)(v-u) + g, (1) 

V-u = 0, (2) 




178 



DIRECT AND LARGE-EDDY SIMULATION V 



where u is the solution vector and NS{\i) the right hand side of the (unforced) 
momentum equations. Both g, which is a disturbance forcing, and v may 
depend on the three spatial coordinates and time. The forcing vector v is 
smoothly changed from the laminar boundary layer profile at the beginning of 
the fringe region to the prescribed inflow velocity vector. This method damps 
disturbances flowing out of the physical region and smoothly transforms the 
flow to the desired inflow state, with a minimal upstream influence (see Nord- 
strom et al., 1999 for an investigation of the fringe region technique). 

2.2 Disturbance generation 

Using this numerical code, disturbances can be introduced in the laminar flow 
by including them in the flow field v, thereby forcing them in the fringe re- 
gion; by a body force g, and by blowing and suction at the wall through non 
homogeneous boundary conditions. The first of these three methods is the 
most used in the simulations presented here. In fact, to study the instability 
and breakdown of steady, spanwise periodic streaks, the velocity fields Vg and 
Vd are added to the Blasius solution vq to give a forcing vector of the form 
V = vq + Vg + Vg represents the steady streaks: the linear optimal 

ones computed by Andersson et al., 1999 are forced at the inflow. The time 
periodic disturbance is an instability mode riding on the streak which is 
used to simulate the full transition process of a steady streak in Brandt and 
Henningson, 2002. 

To simulate a boundary layer under free-stream turbulence a more involved 
methodology has been implemented. Following Jacobs & Durbin (2001), 
a turbulent inflow is described as a superposition of modes of the continu- 
ous spectrum of the linearised Orr-Sommerfeld and Squire operators. These 
modes have also been added to the forcing vector v and thus introduced in 
the fringe region. Isotropic grid turbulence can be reproduced by a sum of 
Fourier modes with random amplitudes (Rogallo, 1981); however in the pres- 
ence of an inhomogeneous direction an alternative complete basis is required; 
in particular, in the present case, the new basis functions need to accommodate 
the wall. A natural choice is therefore the use of the modes of the continu- 
ous spectrum (Grosch and Salwen, 1978). A three-dimensional wave-vector 
K = (a, 7 , /?) can be associated to each eigenfunction of the continuous spec- 
trum: The streamwise and spanwise wave numbers a and (3 are defined by the 
normal mode expansion in the homogeneous directions of the underlying lin- 
ear problem while the wall-normal wavelength is determined by the eigenvalue 
along the continuous spectrum. Invoking Taylor’s hypothesis, the streamwise 
wavenumber a can be replaced by a frequency u = aUoo and the expansion 
may be written 



u = J2^n UN{y) 
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where the real values of (3 and u; and the complex wavenumber a are selected 
according to the procedure described below. Note that the desired wall-normal 
wavenumber 7 enters through the eigenfunction shape UN{y) and it is de- 
fined by the eigenvalue a. In particular, the wave numbers pertaining to the 
modes used in the expansion are selected by defining in the wavenumber space 
(cj, 7 , /3) a number of spherical shells of radius |a^|. 40 points are then placed 
randomly but at equal intervals on the surface of these spheres. The ampli- 
tude \Ayi\ is in fact the same for all modes on each shell and reproduces the 
following analytical expression for a typical energy spectrum of homogeneous 
isotropic turbulence 




a 

(6+(/^L)2)17/6 



LTu. 



(3) 



In the expression above, Tu is the turbulence intensity, L a characteristic 

integral length scale and a, b two normalisation constants. The methodol- 
ogy briefly introduced here is able to satisfactorily reproduce a boundary layer 
subject to free-stream turbulence as documented in Brandt et al., 2002b and 
Brandt, 2003. 



3. Instability and breakdown of steady optimal streaks 
3.1 Steady saturated streaks 

The analysis performed here concerns the linear secondary stability of the 
streaks resulting from the nonlinear evolution of the spatial optimal pertur- 
bation in a Blasius boundary layer. The base flows under consideration are 
computed by solving the full Navier-Stokes equations (see Andersson et al., 
2001). In particular, the complete velocity field representing the initial evolu- 
tion of the steady, spanwise periodic, linear optimal perturbations calculated by 
Andersson et al., 1999, is forced in the fringe region as described in the previ- 
ous section. To quantify the size of this primary disturbance at each streamwise 
position, an amplitude A is defined as 



= - 



:y,z[u{X, y,z)-UB {X, yfj - y , z) - [/b (X, y)) ] , 

(4) 

where Ub{x, y) is the Blasius profile and U {X, y, z) is the total streamwise 



velocity in the presence of streaks and they are made non dimensional with 
respect to the free-stream velocity Uoo- 

The downstream amplitude development is displayed in figure 1(a) for the set 
of upstream amplitudes considered. The abscissa X in the figure indicates 
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Figure 1. {a) Downstream development of the streak amplitude A versus stream wise coor- 

dinate X for different upstream amplitudes Aq. (b) Streamwise velocity contour plot of the 
nonlinear base flow in a {y, z) cross-stream plane at X = 2, ^ = 0.36. The coordinates have 
been made non-dimensional sing the local Blasius length scale S. Maximum contour level 0.98, 
contour spacing 0.1. 



the distance from the leading edge and it is divided by the reference length 
L, where L = 1 is the station at which the linear growth of the upstream 
streamwise vortices has been optimised (Andersson et al., 1999). The spanwise 
wavenumber (3 = 0.45 is t he optim al one and it is scaled with respect to the 
local Blasius length 6 = \Jxv jUoo at position x = L.\n figure 1(b), a typical 
nonlinearly saturated streak is illustrated by its streamwise velocity contour 
plot in the cross-stream (y, z) plane. Regions of strong spanwise shear are 
formed on the sides of the low-speed region, which is also displaced further 
away from the wall during the saturation process. 

3.2 Streak instability 

If the amplitude of the streak grows to a sufficiently high value, instabilities 
can develop which may provoke early breakdown and transition to turbulence 
despite the predicted modal decay of the primary disturbance. A possible sec- 
ondary instability is caused by inflectional profiles of the base flow velocity, 
a mechanism which does not rely on the presence of viscosity. This has been 
seen in Gortler vortices (Swearingen and Blackwelder, 1987, Park and Huerre, 
1995; Bottaro and Klingmann, 1996) and in channel flow (Waleffe, 1995; Wal- 
effe, 1997, Reddy et al., 1998, Elofsson et al., 1999). 

The secondary instability of the steady, spanwise periodic streaks is studied un- 
der the assumptions that the basic flow will consist only of the parallel stream- 
wise velocity U. This basic parallel flow is extracted at different streamwise 
stations X from the spatial numerical simulations presented in figure 1. 

The equations governing the linear evolution of a perturbation velocity 
\x(x,y,z,t) = (u,v,w), of corresponding pressure p, on the streak profile 
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U {y, z) are obtained by substituting U + u into the Navier-Stokes equations 
and neglecting the quadratic terms in the perturbation. The marginal condition 
for streak instability is investigated here under the assumption of inviscid flow. 
If viscosity is neglected it is possible to find an uncoupled equation for the 
perturbation pressure (Henningson, 1987; Hall and Horseman, 1991) 

d d 

(^ + -^)^P - ‘^UyPxy - = 0. (5) 

This equation governs the linear stability of a parallel streak. 

Since the flow is assumed parallel, solution can be sought in the form of stream- 
wise waves. Further, due to the spanwise periodicity of the flow, Floquet theory 
can be applied (e.g. Nayfeh and Mook, 1979). As a consequence, for any flow 
quantity q, the instability modes of the basic flow U of spanwise wavelength 
Xz = 2n/f3 may be expressed in the form 

p{x,y,z,t) (6) 

where p is spanwise periodic and it has the same periodicity A;^ of the basic 

flow, a, the streamwise wavenumber, and cj, the circular frequency, can as- 
sume complex values; 0 is a real detuning parameter or Floquet exponent. Due 
to the spanwise symmetry of the basic streak profile [7(y, z) (see figure 16), 
the modes can be divided into separate classes according to their odd or even 
symmetry. Further, it is sufficient to study values of the parameter 9 between 
zero and n/Xz, with 9 = 0 corresponding to 3l fundamental instability mode of 
spanwise wavelength and 9 = irjXz corresponding to a subharmonic mode 
of wavelength twice that of the underlying streak. Symmetric and antisymmet- 
ric modes are called varicose and sinuous respectively, with reference to the 
visual appearance of the motion of the low-speed streak. 

Since the flow has been assumed inviscid, a single control parameter, the streak 
amplitude A, is allowed to vary and the marginal condition for the instabil- 
ity reduces to a neutral curve in the (a, A) plane. The curves obtained are 
displayed in figure 2 for the fundamental and subharmonic sinuous symme- 
tries. The dashed lines in the plots represent contour levels of positive growth 
rates. These results are obtained with the streak profiles extracted at x = 2 
in figure 1(a), where the primary disturbance has saturated and, for the cases 
with lower initial energy, the streak amplitude achieves its maximum value. 
It is immediately observed that a streak amplitude of about 26% of the free- 
stream velocity is needed for an instability to occur. This critical value is much 
larger than the threshold amplitude for the secondary instability of Tollmien- 
Schlichting waves (1 — 2%) and roughly around the value of about 20% re- 
ported from the experimental study of Bakchinov et al., 1995. Similarly, in 
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Figure 2. Neutral curves for streak instability in the (a, A) plane (solid line) for fundamental 
(a) and subharmonic {h) sinuous modes. The dashed lines represent contour levels of positive 
growth rates ui = 0.008 and uji = 0.016. The data have been made non-dimensional using the 
local Blasius length scale 5. 



the case of plane Poiseuille flow, Elofsson et al. (1999) have shown that the 
threshold amplitude for streak breakdown is 35% of the centre line velocity. 
It can also be noticed from the figure that the subharmonic mode is unstable 
for lower amplitudes than the fundamental mode. When increasing the ampli- 
tude, not only do the growth rates increase but their maxima are also shifted 
towards larger values of the wavenumber a. For values of A larger than 0.3 the 
fundamental symmetry has slightly larger growth rates. 

On the other hand, the varicose modes are unstable only for amplitudes larger 
than A = 0.37, with growth rates smaller than one fifth of the corresponding 
sinuous growth rates. From the results presented, it seems more likely that the 
transition of the considered steady optimal streaks is triggered by a sinuous 
instability, either of fundamental or subharmonic type. The common feature of 
the two scenarios is the spanwise oscillation of the low-speed streak. 

3.3 Streak breakdown 

The full transition scenario resulting from the fundamental sinuous instability 
is studied by forcing the saturated streaks and one of the instability modes of 
highest spatial growth rate as inflow perturbation in the fringe region of the 
numerical code. 

First, the perturbation velocity fields obtained at each streamwise station are 
transformed in time and in the spanwise direction to Fourier space. To present 
the results, the notation (o;,/3) is used, where uj and j3 are the frequency and 
spanwise wavenumber each normalised with the fundamental frequency and 
wavenumber of the secondary instability mode. In the present analysis we 
therefore consider the amplitude of the spanwise Fourier components of the 
periodic eigenfunction q{y^ z) and of its harmonics in time. The downstream 
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Figure 3. Energy in different Fourier modes {u, (3) versus the Reynolds number. Frequencies: 

zero (streaks), one (secondary instability), two (higher harmonic). — , = 0; , /? = 1; • • •, 

[3 = 2. 

energy growth in some selected time and spanwise Fourier modes is displayed 
in figure 3. The zero-frequency mode, i.e. the streak, and the secondary insta- 
bility (a; = 1) are present at the beginning of the computation, while the higher 
harmonics (uj > 1) are excited as the flow evolves downstream. 

It can be seen in figure 3 that the energy content is of the same order for modes 
of different spanwise wave numbers but same frequency. This is due to the fact 
that the streak develops to a highly nonlinear stage before it becomes unstable 
to time-dependent disturbances. Therefore the harmonics in f3 are generated 
during the streak growth and they are responsible for the large spanwise shear 
of the flow. The instability of the streaks is characterised by modes localised in 
the spanwise direction so that a number of spanwise wave numbers is needed 
to correctly capture it. The growth in the different modes starts to saturate 
around position Re = 650 and soon the energy become of the same order for 
the different frequencies. 

Vortical structures can be identified in the flow by plotting regions of low pres- 
sure, or, alternatively, regions where the second largest eigenvalue A 2 of the 
Hessian of the pressure assumes negative values (Jeong et al., 1997). Both 
quantities enable to locate regions of strong rotational fluid motion. A top and 
side view of the flow structures characteristic of the late stages of the sinuous 
streak breakdown are shown in figure 4. The dark gray isosurfaces represent 
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Figure 4. {a) Top and {b) side view of the structures at the late stages of transition. Lighter 

grey represents negative streamwise velocity perturbation and dark grey regions of low pressure. 
In {a) two spanwise streaks are displayed. 



low-pressure regions while the low-speed streak is depicted with lighter grey. 
The main structures observed consist of quasi streamwise vortices located on 
the flanks of the low-speed streak, which is oscillating in the spanwise direc- 
tion. Vortices of alternating sign are overlapping in the streamwise direction 
in a staggered pattern and they are symmetric counterparts, both inclined away 
from the wall and tilted in the downstream direction toward the middle of the 
undisturbed low-speed region. The strength and extent of these vortices and 
the spanwise motion of the low-speed streak increase downstream. It is also 
evident from the top view that the downstream end of the streamwise vortices, 
located in the outer part of the boundary layer, is tilted in the spanwise direction 
to form arch vortices. 

It is interesting to note that the single streamwise vortex observed in figure 4 
show similarities to the leg of the A- structures seen in transition initiated by 
TS-waves (e.g. Rist and Fasel, 1995; Bake et al., 2002) and in oblique transi- 
tion (Berlin et al., 1999). In fact, in the latter scenarios, positive and negative 
streamwise vortices are also present on the side of the low-speed region but 
they are not staggered in the streamwise direction. Instead the left and right 
streamwise vortices join at the centre of the streak and form the typical A- 
structures. The different relative position of the streamwise vortices is found 
to depend on the symmetry of the streamwise vorticity of the secondary insta- 
bility mode. In the present case, the vorticity disturbance is symmetric, while 
in oblique transition and TS-wave induced transition the streamwise vorticity 
is antisymmetric. 
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Figure 5. Visualisation of the development of the antisymmetric streak instability mode (60 
Hz). Smoke is released at three different distances from the flat plate: {a), y — 4mm;(c), 
y = 3 mm; {c),y = 2 mm. Figure 16 from Asai et al., 2002. 



3.3.1 Comparison with other experimental and numerical results on 
streak breakdown. In order to study if and how the streak instability ean 
operate as a dominant mechanism in transitional and turbulent flows, Asai 
et al., 2002 examined experimentally the instability characteristics and the re- 
sulting generation of coherent vortices for a single low-speed streak produced 
in a laminar boundary layer by setting a small piece of screen normal to the 
wall. Time-harmonic symmetric and antisymmetric modes are excited sepa- 
rately. A flow visualisation of the antisymmetric sinuous instability is reported 
here in figure 5. The three photographs show a top view of the flat plate, with 
smoke released from a wire stretched in the spanwise direction. It can be seen 
that the instability waves lead to the meandering of the low-speed streak. This 
results in the generation of a train of quasi-streamwise vortices with vorticity 
of alternate sign as in the numerical results (cf. figure 4). 
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Figure 6. Visualisation of the development of the symmetric streak instability mode (110 
Hz). Smoke is released at three different distances from the flat plate: (a), y = 4mm;(c), 
y = 3 mm; (c), y = 2 mm. Figure 15 from Asai et al., 2002. 



Asai et al., 2002 observed also that for a streak width larger than the spanwise 
shear-layer thickness, the low-speed streak becomes more unstable to symmet- 
ric (varicose) modes. It is clearly shown in the smoke visualisation in figure 6 
that the growth of the symmetric mode leads to the formation of hairpin vor- 
tices with a pair of counter-rotating streamwise vortices. 

4. Transition in boundary layers subjected to free-stream 
turbulence 

Flow visualisations and analogies with transition in vortex-dominated flows led 
to believe that transition in boundary layers subjected to free-stream turbulence 
proceeds via the breakdown of the streaks induced inside the boundary layer. 
This motivated the studies presented in the first part of the review, where the 
streak transition is analysed in the simpler case of a steady spanwise-periodic 
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configuration. Here, simulations of a boundary layer subjected to free-stream 
turbulence are presented, where a synthetic turbulent inflow is generated by the 
procedure outlined earlier. 

4.1 Receptivity 

The occurrence of streamwise elongated structures in boundary layers subject 
to free-stream turbulence was first identified by Klebanoff, 1971 in terms of 
low-frequency oscillations in hot wire signals caused by slow spanwise mo- 
tions of the streaks. However, the first theoretical explanations of this phe- 
nomenon were proposed about 25 years later. Bertolotti, 1997 has assumed as 
initial disturbances vortical modes, solutions of the linearised Navier-Stokes 
equations in the free stream, which are waves periodic in the spanwise direction 
and decaying in the streamwise. He has found receptivity to modes with zero 
streamwise wavenumber and has shown that the streak growth is connected 
to the theories of non-modal growth. Essentially the same linear mechanism 
for streak generation caused by the diffusion of a free-stream streamwise vor- 
tex into the boundary layer has been studied by Andersson et al., 1999 and 
Luchini, 2000 using the boundary layer approximation and by Wundrow and 
Goldstein, 2001 by means of asymptotic expansions. These studies assume the 
presence of the vortex at the leading edge show that the growth of the streak 
amplitude is proportional to the Reynolds number Re. 

Besides these linear models, Berlin and Henningson, 1999 and Brandt et al., 
2002a have proposed a nonlinear mechanism. Numerical simulations have 
in fact shown that oblique waves in the free stream can interact to generate 
streamwise vortices, which, in turn, induce streaks inside the boundary layer. 
The two mechanisms are compared by means of DNS to try to identify which 
of the two can be considered as the most relevant in cases with known free- 
stream perturbations. In order to do so different levels of free-stream turbu- 
lence intensity are considered and, moreover, the free-stream turbulence gen- 
eration is manipulated in order to involve few or many modes with very low 
values of the frequency u. In this way, we are able to control the amount of 
low-frequency perturbation part of the inflow turbulence. As shown by Hult- 
gren and Gustavsson, 1981 among others, modes of the continuous spectra 
with very low values of a and u do not feel the shear layer and they are there- 
fore not zero inside the boundary layer. 

The wall-normal maximum of the streamwise velocity perturbation induced 
inside the boundary layer is displayed in figure 7 versus the local Reynolds 
number for six cases considered. The results in figure 7 (a) pertain to three dif- 
ferent free-stream turbulence levels, Tu = 4.7%, Tu — 3% and Tu — 1.5%, 
with integral length scale L = 7.55q, where 6q is the boundary-layer displace- 
ment thickness at the inlet of the computational domain (Res* = 300). For all 
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Figure 7. Streamwise evolution of the wall-normal maximum of Unjxs for three levels of 

free-stream turbulence intensity: , Tri = 4.7%; , Tu = 3% and - ■ -,Tu = 1.5%. The 

results in (a) pertain to the case of few low-frequency modes as part of the inflow perturbation 
spectrum, while the data in (6) to a free-stream turbulence spectrum rich with low-frequency 
modes, (c): The same rms-values as in (a) are scaled with the square of the free-stream 
turbulence intensity Tu. (d): The same rm5-values as in (6) are scaled with the free-stream 
turbulence intensity Tu. 



cases only few modes characterised by low frequeney are introduced as part 
of the inflow perturbation spectrum. It is shown in figure 7(c) that by divid- 
ing the Urms values in figure 7(a) with the square of the turbulence intensity 
Tu, the growth of the perturbation follows, after an initial phase, almost par- 
allel lines. This is more evident in the case of largest intensities. Therefore 
the dominating receptivity mechanism is the nonlinear one (see Brandt, 2003 
for more details). The results in figure 7(6) pertain to cases with the same 
free-stream turbulence levels and integral length scale, but this time the pertur- 
bation spectrum is characterised by many low-frequency modes, as shown by 
the high -values already at the inlet of the computational domain. In this 
case, the streaks formed in the boundary layer further downstream are stronger 
than before; the Urms scales linearly with the perturbation intensity Tu (see 
figure Id) and the receptivity mechanism responsible for the streak growth is 
the linear one. From the results in the figure it is possible to conclude that the 
linear mechanism is the most relevant if the free-stream turbulence contains 
significant low-frequency modes. 
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4.2 Effect of the integral length scales of the free-stream 
turbulence 

Simulations have then been performed to follow the subsequent breakdown and 
transition to turbulence. Results are presented for three cases. In all of them 
the inlet of the computational box is at Res* = 300 {Rcxq = 30000) and the 
free-stream turbulence intensity is 4.7%. Different integral length scales of the 
inflow turbulence have been used, that is L — 2.5 Sq, L = 5 Sq and L = 7.5 6q 
where L is related to the longitudinal two-point correlation as Ln = 0.643L. 





Figure 8. (a) Skin friction coefficient, (6) maximum u^nis (thick lines) and its wall-normal 

position (thin lines) , and (c) ; plotted for L = 7.5^5 (dashed line), L = 5(5J (solid line) and 
L = 2.5^0 (dash-dotted line). 

Some of the data obtained by averaging in time and in the spanwise direction 
are displayed in figure 8. The friction coefficient is shown in figure 8(a); also 
the values for a laminar and a turbulent boundary layer are displayed for com- 
parison. For the case with the smallest integral length scale transition does 
not occur within the computational domain, while the transition location is 
at lower Re^ for L = 7.55q, in agreement with the experimental findings in 
Jonas et al., 2000. In figure 8(5) the maximum at each downstream 
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position is depicted to show the evolution of the streaks. In all cases the en- 
ergy of the streaks is proportional to the distance from the leading edge, as 
observed in the experiments, and the growth is initially largest in the case of 
L = 2.5 5q, indicating that the smallest scales penetrate easier into the bound- 
ary layer. However, this growth can not be sustained as in the other cases. In 
fact, the free-stream turbulence decays faster for smaller L and therefore it is 
less effective in continuously forcing the streaks along the plate. In figure 8(a) 
the wall-normal position of maximum Urms is also shown. This is reported 
in units of J*, the local boundary-layer displacement thickness. The laminar 
streaks have a maximum at about y = 1.35*, while their turbulent counterparts 
are located much closer to the wall. In addition, the spanwise scales observed 
are in agreement with the experimenatl results in Matsubara and Alfredsson, 
2001. 



4.3 Turbulent spot generation 

A snapshot of the flow is shown in figure 9 where the instantaneous streamwise 
and spanwise velocities are plotted in a plane parallel to the wall. The overall 
picture of the transition scenario can be deduced from the figure. Starting from 
the inlet position, the perturbation in the boundary layer appears mainly in the 
streamwise velocity component, in the form of elongated structures. Patches of 
irregular motion are seen to appear further downstream; these are more evident 
in the spanwise component. As they travel downstream, the spots become 
wider and longer. Note also that laminar streaks can be observed downstream 
of the spots. The turbulent region at the end of the domain is created by the 
enlargement and merging of the various spots and therefore the streamwise 
position at which the flow is turbulent varies with time; the turbulent flow is 
convected downstream and it would not be seen if new spots were not formed 
all the time. 

The breakdown is analysed in detail by looking at the instantaneous three- 
dimensional flow configurations for a number of spots, tracing back in time 
the location of their formation. An important feature of the spot precursors, 
observed in all cases considered, is the presence of regions of positive and 
negative wall-normal and spanwise velocity arranged in a quasi-periodic ar- 
ray. Such quasi regular distribution of the cross-stream velocity components is 
responsible for the observed wavy motions of the streaks preceding the break- 
down. Visual inspection of many velocity fields enabled to classify the type 
of breakdown occurring on the streaks by considering the spanwise symmetry 
of the wall-normal and spanwise velocities and their position relative to the 
underlying streak. 

The flow structures at the incipient spot stage resemble very much those ob- 
served in previous study on the breakdown of steady symmetric streaks, both 
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Figure 9. (a) Instantaneous streamwise velocity and (b) spanwise velocity (bottom figure) in 

a plane parallel to the wall at y/^o = 2. The plots are not at the actual scale since the domain 
depicted is 900 units long and 90 units wide in terms of . The fringe region is not shown. 



in the case of the scenario following a sinuous instability, see Brandt and Hen- 
ningson, 2002, and in the case of a varicose scenario, see the experiments by 
Asai et al., 2002. The similarity with either of the two cases is observed in all 
spots under consideration. 

In the case of the sinuous breakdown, a single low-speed streak undergoes 
spanwise antisymmetric oscillations, with strong high-frequency perturbation 
velocity located in the region of largest spanwise shear between the low- and 
high-speed streaks. An instantaneous flow configuration for this type of sce- 
nario is displayed in figure 10. The characteristic vortical structures, repre- 
sented in dark gray by negative values of the eigenvalue A 2 , consist of quasi- 
streamwise vortices located on the flanks of the low-speed streak (depicted 
here in gray colour). Vortices of alternating sign are overlapping in the stream- 
wise direction in a staggered pattern, exactly as observed in figure 4 for the 
breakdown of a periodic array of steady streaks. 
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Figure 10. Instantaneous flow configuration at the sinuous breakdown of a streamwise streak. 
Light gray represents positive perturbation streamwise velocity, while gray indicates the low- 
speed streak. The dark gray structures are regions of negative A 2 , used to identify vortical 
structures. 



In the case of varicose or symmetric breakdown the oscillations of the streaks 
are driven by the wall-normal shear and the transition scenario is characterised 
by the appearance of horse-shoe or hairpin structures. An example of such vor- 
tical structures is displayed in figure 1 1 . One can note the formation of hairpin 
vortices, with pairs of counter-rotating quasi-streamwise vortices joining in 
the middle of the streak, pointing alternatively upstream and downstream. The 
streaks generated by free- stream turbulence are obviously not symmetric and 
the perturbations riding on them are not symmetric either; however the velocity 
components of the high-frequency oscillations show almost the same pattern 
with respect to the mean shear of the streaks as in the model studies men- 
tioned above. In particular, for the ’quasi-sinuous’ breakdown, it is observed 
that, for a significant number of spots considered, only streamwise vortices 
of same sign are clearly identified on one flank of the low-speed region. In 
these cases, in fact, the spanwise shear is sufficiently high only on one side of 
the low-speed streak. From the analysis of flow visualisations and animations, 
it is further noticed how the interaction between low- and high-speed streaks 
plays an important role for the formation of incipient spots. It can be seen 
in figure 11, for example, how the interaction of the low-speed streak with 
a fast-moving incoming region of high streamwise velocity is the triggering 
cause of the instability leading to the formation of the hairpin vortices. It is 
observed in experiments (Lundell and Alfredsson, 2003) that the streaks are 
tilted downstream so as the front part is located in the upper part of the bound- 
ary layer whereas the rear part is located closer to the wall. Such a structure is 
growing in the streamwise direction while convected downstream. As a con- 
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Figure 11. Instantaneous flow configuration at the varicose breakdown of a streamwise streak. 
Light gray represents positive perturbation streamwise velocity, while gray indicates the low- 
speed streak. The dark gray structures are regions of negative A 2 , used to identify vortical 
structures. 



sequence, highly inflectional wall-normal velocity profiles are induced by the 
high-speed region when reaching the tail of the low-speed region ahead, which 
thus becomes the site of a local instability. Similarly, the antisymmetric type of 
breakdown is induced whenever high-speed fluid is approaching a low-speed 
region on a side. In this case, an inflectional profile is forming in the spanwise 
direction (see figure 10). Note also that the streaks are not perfectly aligned in 
the streamwise direction but they slowly oscillates in the boundary layer. 

It is finally important to note that the antisymmetric sinuous breakdown is 
found to be the most likely to occur; it is observed in 16 of the 28 spots con- 
sidered. From the results presented one may conclude that the breakdown is 
related to local instabilities associated to the strong shear of the streaks; the 
fact that almost identical structures are observed in the case of transition in- 
duced by free-stream turbulence and in the previous model studies on streaks 
leads to believe that the relevant physics has correctly been captured by these 
studies on the breakdown of steady symmetric streaks. 
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Abstract Direct numerical simulation is applied to investigate instability and transition to 
turbulence in the flow of an electrically conducting incompressible fluid between 
two parallel unbounded insulating walls affected by a wall-normal magnetic field 
(the Hartmann flow). An explanation is based on the streak growth and break- 
down mechanism described earlier for other shear flows. The mechanism is 
investigated using a two-step procedure that includes 2D optimal perturbations 
and the subsequent 3D instability of the modulated streaky flow. The calcula- 
tions produce a critical range between 350 and 400 for the Hartmann thickness 
based Reynolds number that agrees with recent experimental investigations. 

Keywords: Hartmann flow, transition in shear flow 

Introduction 

Several well known systems in fluid dynamics show a transition to turbulence 
that is not triggered by linear instability - as for example in Rayleigh-Benard 
or the Taylor Couette systems - but appears long before the critical parame- 
ter for linear instability is reached. The most known examples are the plane 
Poiseulle flow with a critical Reynolds number of Rcc = 5772 and the pipe 
flow which never becomes unstable to infinitesimal perturbations. This kind of 
transition is typical for shear flows and characterized by the following features: 
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Figure 1. Transition to turbulence by the streak breakdown scenario. 




Figure 2. Hartmann flow between two parallel planes. 

(i) The transition to turbulence has no sharp ’’critical” Reynolds number and 

(ii) initial perturbations of finite strength are necessary to excite the transition. 
In the last decade, some advances have been made towards a better theoretical 
understanding of this kind of transition (see Schmid & Henningson (2001)) 
for an overview). In spite of the absence of instability certain perturbations, 
called optimal disturbances can grow significantly before they decay again ac- 
cording to linear stability theory. Therefore perturbations can reach an energy 
that the nonlinearity of the Navier-Stokes equation comes into play and makes 
the disturbed flow unstable against infinitely small 3D-perturbations trigger- 
ing the transition to turbulence. The optimal disturbances in our case are 2D 
streamwise vortices starting the transition scenario given in Figure I . 

We investigate the transition to turbulence in MHD channel flow (see Figure 
2). The flow of an electrically conducting fluid is driven by a constant pressure 
gradient between two parallel non-conducting planes inside a uniform mag- 
netic field normal to the walls. The laminar solution is the Hartmann flow, 
where the braking effect of the Lorentz force causes a flat profile in the middle 
of the channel and two Hartmann layers at the walls, in which the main veloc- 
ity gradient is located. The thickness S of the Hartmann layers is determined 
by the dimensionless Hartmann number: 5 = Lj Ha, where L is the channel 
width and the Hartmann number is defined as Ha = BoLy/a/{pu) (Bq: mag- 
netic field, a: electric conductivity, p: density, u: kinematic viscosity). The 
appropriate parameter to describe the stability of a single Hartmann layer is the 
Reynolds number R = RejHa which is based on the thickness of the Hart- 
mann layer as lengthscale. Linear stability analysis yields a critical Reynolds 
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number of Rc = 48250 (see Lingwood & Alboussiere (1999) and further ref- 
erences therein), while experiments indicate a regime of 200 < R < 400 for 
the transition to turbulence (e.g. Branover & Tsinober (1970), Moresco & Al- 
boussiere (2003)), which therefore happens at a Reynolds number orders of 
magnitudes below linear instability. 

1. MHD-model and Spectral code 

In the framework of this study we used the MHD approach which is based on 
the assumption that the magnetic Reynolds number is very small: 

Rem = UL/r]«l, (1) 

here r] = is the magnetic diffusivity, /x is magnetic permeability of free 

space and a is the electric conductivity of the fluid. It can be shown that for 
small Rcm and small Prandtl number Pr^a — Re^jR^ the so-called quasi- 
steady approximation can be applied (see e.g. Zikanov & Thess (1998) and 
references therein). 

At first, the fluctuations b of the magnetic field due to fluid motions are much 
smaller than the applied magnetic field. It is also assumed that b and the 
electric current perturbations jf, induced by the movement of the electrically 
conducting fluid across the magnetic field lines, adjust instantaneously to the 
time-dependent velocity field. The Lorentz force, therefore, takes the form: 

F = j X (Bo + b) ^ j X Bo, (2) 

where j is defined according to the Ohm’s law 

j = a [- + v X {Bo + b)]^ a [- V0 + v x Bq] , (3) 

The solenoidal character of j provides the Poisson equation for the electrostatic 
potential (f 

= Bo- Lo = Boujz, ( 4 ) 

where uj is the flow vorticity. 

We solve the incompressible Navier-Stokes equations with the additional 
Lorentz force term in a 3D rectangular domain with periodic boundary condi- 
tions in horizontal directions and no-slip conditions on upper and bottom walls 
(vertical direction). The flow solver implements a pseudo-spectral method us- 
ing Fourier series in the horizontal and a Chebyshev polynomial expansion in 
the vertical directions. The algorithm of Fast Fourier Transformation is par- 
allelized, inter-process communication is provided by the MPI library. The 
FFT algorithm utilizes two as a prime-factor to compute the Fourier series, so 
that we used two different resolutions, namely 64^ or 128^ collocation points, 
depending on the flow regime. For more details on the numerical method, dis- 
cretization technique as well as validation procedures the interested reader is 
referred to Krasnov et al. (2003). 
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Figure 3. Evolution of 2D perturbations at Re = 6000, Ha = 6 (R = 1000); y- and z- compo- 
nents of the velocity field are shown for the initial state (left) and for the moment of maximum 
energy ( right). 



2. Application of the two-step mechanism for turbulence 

We present numerical results indicating that the transition to turbulence in 
MHD-channel flow happens according to a two step mechanism as described 
above. We start with optimal disturbances in the form of two-dimensional 
streamwise vortices (see Figure 3, left plot) as were derived by Gerard- Varet 
(2002), and compute their two-dimensional evolution providing that stream- 
wise dependence at this stage is suppressed in the code artificially. In the 
second step 3D-noise is added after the disturbance has evolved into streaks 
(Figure 3, right plot) and its energy has grown by a large factor. After that the 
simulation is continued solving full 3D Navier-Stokes equations to compute 
the time evolution. 

Figure 4 demonstrates an example of the flow evolution at Re = 6000, Ha = 6 
with stability loss followed by the transition to turbulence. The initial energy 
JS(0) of 2D-perturbations is equal to 5 • 10“^, the transient process is initi- 
ated by 3D-random noise with the amplitude E^d = 1-5 • 10“^"^, imposed 
at the moment topt — 6 • 10“^ when the energy of the 2D-perturbations has 
attained its maximum. The 3D-flow evolution is shown by the solid curve, 
the dashed curve accounts for the pure 2D-case. It is seen in figure 4 that 
the 3D-perturbations begin to grow significantly until the streak breakdown 
occurs, which is well recognized as an energy burst on the solid curve. The 
streamwise-independent component E 2 D of the full 3D-field (dotted curve in 
figure 4) is also presented to give insight into how the kinetic energy of 2D- 
modulation decays in the process of streak breakdown. 

To demonstrate the evolution into fully developed turbulence as a result of 
streak breakdown, we carried out a numerical experiment for parameter val- 
ues of Re — 4000 and Ha = 10 (figure 5). Four typical stages of the flow 
evolution following the two-step scenario are presented by iso-surfaces of the 
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Figure 4. Transition to turbulence in MHD channel flow at Re = 6000, Ha = 6 (R = 1000 j. 
Temporal evolutions of the kinetic energy of 2D optimal disturbances (dashed line) and of fully 
3D flow (solid line) including the decay of 2D modulation after the streak breakdown (dotted 
line). The transition is obtained by adding 3D random noise with amplitude 1.5 • 10 “ at 

topt = 6 • 10 “^. 



streamwise vorticity component: the initial state (a), the maximum growth of 
the energy of streamwise streaks (b), streak breakdown phase (c) and fully- 
developed turbulence (d). The initial energy E{0) of the 2D-streamwise vor- 
tices and the amplitude of 3D-noise, imposed at the moment topt, is 10“^ and 
3 • 10"^, respectively. 

3. Search for the critical Reynolds number 

Using the two-step mechanism we undertook an attempt to search for the crit- 
ical R number and to compare the value obtained with the recent experimental 
result Rc ^ 380 of Moresco & Alboussiere (2003). We carried out a sim- 
ulation starting from R — 200 and increasing its value gradually while the 
Hartmann number was kept constant at Ha — 10. The initial energy E{0) 
of the streamwise rolls and the initial amplitude E^d of the random 3D-noise 
were varied up to 10“^ and 10“^ correspondingly. 

We observed no transition at 7? < 350, in fact the simulations ended with re- 
laminarization of the flow for E^d < 10“^ or numerical instability for stronger 
3D perturbations. At i? > 400 the transition occurred every time the amplitude 
of 2D perturbations was sufficient to form inflection points, so that a minimal 
level Esd of 3D perturbations to trigger the instability could be easily found. 





202 



DIRECT AND LARGE-EDDY SIMULATION V 




Figure 5. Iso-surfaces of the streamwise vorticity component at Re = 4000, Ha = 10 
(R = 400 j for four different phases of flow evolution: (a) initial state, (b) maximum growth 
of the energy of streamwise streaks at time topt, (c) streak breakdown t = 4 • topi and (d) 
fully-developed turbulence t » topt- 



For the intermediate values 350 < R < 400, where the transition was first 
detected, the modulated flow exposed more complicated behaviour. If the ini- 
tial energy of 2D flow was below a certain level, no instability occurred at all, 
whereas a slight increase of E{0) above this level made it possible to find the 
amplitude of 3D noise that triggers the transition. The difference between sta- 
ble and unstable evolutions for the case with {Re, Ha) = (3500, 10), R = 350 
is demonstrated in figure 6, that shows the signals of the spanwise velocity 
component in the region of the inflection points. The initial energy F^(0) of the 
2D modulation is 8 • 10“^ and 10~^ (stable and unstable flows respectively), 
the initial amplitude of the random noise is Esnitopt) = 10~^ for both cases. 
The magnitude of the 2D perturbations for both "stable” and "unstable" modu- 
lated flow was strong enough to form well developed inflection points. In spite 
of the inflection points to be the nuclei of instability, the subsequent evolution 
yields two separate possibilities, one can see the decay of perturbations in fig- 




Numerical simulation of transition to turbulence in MHD channel flow 



203 



m 



t 




Figure 6. Temporal flow evolution at R = 350 (Re = 3500, Ha = 10), oscillogrames of 
the spanwise velocity component in the region of formation of the inflection points, (a) sub- 
critical 2D modulation E(0) = 8 • 10~ ^ the initial growth is eventually followed by the re- 
laminarization; (b) super-critical 2D modulation E{0) = 10“^, 3D instability of the modulated 
flow results in the transition to turbulence. 



ure 6a) and the stochastic process in figure 6b). Therefore for the flow with 
Re = 3500 and Ha ^ 10 (R = 350) the critical modulation was determined 
to lie between 8 • 10“^ and 10“^. 

To verify the parameter R as of being a governing one for the critical flow 
regime, we also performed a series of simulations at Re = 7000 and Ha = 20 
(R is again kept at 350). The results of these runs demonstrated similar be- 
haviour of the 2D and 3D perturbations, and as in the case above, a slight 
variation of £’(0) around 10“^ produced either re-laminarization or flow insta- 
bility. 

4. Conclusions 

The process of instability and transition to turbulence in the Hartmann flow 
was studied numerically using full non-linear formulation of the Navier-Stokes 
equations. We investigated a two-step mechanism which had been proposed as 
the transition scenario for non-magnetic shear flows. The scenario implies (i) 
the flow to be modulated by 2D streamwise perturbations, which experience a 
large transient growth and modify the basic flow so that (ii) the latter is getting 
perceptual to small 3D random noise. 

One of the most important objectives we pursued was the search for the critical 
Reynolds number Rc. The two-step mechanism resulting in the streak break- 
down scenario coupled with realistic amplitudes of perturbations was found to 
yield the range of critical parameters 350 < Rc < 400, that perfectly matches 
the recent experimental results by Moresco & Alboussiere (2003). 

Summing up the results of this study, the transition scenario proposed for non- 
magnetic shear flows was successfully extended to the particular case of the 
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Hartmann flow and was shown to provide an explanation of the instability ob- 
served in the MHD experiments. 
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Abstract In this paper, flows confined between a rotating and a stationary disc are investi- 
gated using direct numerical simulation based on a pseudo- spectral method. The 
structure of these flows is very complex involving laminar, transitional and tur- 
bulent flow regions and moreover the turbulence is strongly inhomogeneous and 
anisotropic. Consequently, these flows are very challenging for the turbulence 
modellers. The present contribution extends the direct numerical simulations 
(DNS) from the transitional into the turbulent flow regime. In this work, two 
cases of flow are studied in annular cavities of aspect ratios L(= R/H)=2.35 and 
L=4.72. Our work aims at using DNS as a tool for turbulence research. The 
instantaneous quantities have been analysed and the results have been averaged 
so as to provide target turbulence data for any subsequent modelling attempts at 
reproducing the flow. 



1. Introduction 

Besides its fundamental importance as a three-dimensional prototype flow, 
confined flow between rotating discs has been extensively examined because 
of its relevance to many industrial applications such as computer disc-drive or 
turbomachinary. 

A characteristic of the rotor-stator flow is that the stator layer becomes turbu- 
lent at a lower Reynolds number than the boundary layer close to the rotating 
disc. Thus, the structure of these flows is highly complex involving laminar, 
transitional and turbulent flow regions. Moreover, as a consequence of con- 
finement, flow curvature and rotation effects, the turbulence is strongly inho- 
mogeneous and anisotropic. 
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Consequently, these flows are very challenging for turbulence modelling. In- 
deed, the turbulence model must be able to predict the low-Reynolds-number 
flow not only near the discs but also in the core of the flow. Moreover, the 
model has to predict precisely the location of the transition from the laminar to 
the turbulent regime, even though the transition process is bounded by insta- 
bilities, and so cannot be completely represented by a steady flow model. One 
of the most important failures of eddy viscosity models in predicting this type 
of flow is an overestimate of the extent of the relaminarized zone on the inner 
part of the rotating disc (lacovides & Theofanoupolos, 1991), leading to erro- 
neous Ekman layer predictions and rotation rates in the central core. Second 
moment closures provide a more appropriate level of modelling to predict such 
complex flows (Hanjalic & Launder, 1976; Launder & Tselepidakis, 1996), but 
even if they provide a correct distribution of laminar and turbulent regions, the 
Reynolds stress behaviour is not fully satisfactory, particularly near the rotating 
disc. 

At present, computer performance only permits direct numerical simulation 
of transitionally turbulent cavity flows, using high-order numerical methods. 
Nevertheless, even though the Reynolds numbers are well below those arising 
in industrial practice, this approach can still make a significant contribution to 
the improvement of turbulence models for rotating disc flows. Indeed, a DNS 
provides accurate instantaneous quantities which help clarify the intrinsic flow 
structures associated with turbulent rotating flows. Also, the numerical data 
can be averaged so as to provide target turbulence data for any subsequent 
modelling attempts at reproducing the flow. 

Computational approaches for turbulent flow in such configurations have to 
date assumed the mean flow to be axisymmetric and steady, a view point con- 
sistent with earlier experiments (Itoh et al., 1992). However, while the geom- 
etry may be strictly axisymmetric, visualization studies (Abrahamson et al., 
1989; Humphrey et al., 1995) have revealed the presence of non-axisymmetric 
large scale vortical structures within co-rotating discs, for both laminar and 
turbulent regimes. In a recent paper, Owen (2000) has drawn attention to dif- 
ficulties in predicting the flow in certain rotor-stator configurations and spec- 
ulated that the cause might be related to the formation of large scale vortical 
instabilities. DNS were therefore started to highlight 3D structures in enclosed 
rotor-stator cavities. 

2. Geometrical and mathematical models 

The geometry considered is that of two discs enclosing an annular domain of 
radial extent Ai? = i?l - i?0, where i?0 and Rl are the inner and the outer 
radii, respectively. Two cylinders of height H bound the solution domain; the 
origin of the z-axis is located at mid-height between the discs. The internal and 
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external cylinders are termed the shaft and the shroud, respectively. The upper 
disc of the cavity rotates at uniform angular velocity O = while the other 
is at rest. 

Two parameters define the geometry: these may be taken as the curvature pa- 
rameter Rm = {R1 + RO ) / AR and the aspect ratio L = AR/H. In this work 
Rm = 2.35 and two values of L are considered: L = 4.72 and L — 2.35 in 
order to vary the space between the discs. 

The governing equations are the 3D Navier-Stokes equations written in the 
velocity-pressure formulation, together with the continuity equation and ap- 
propriate boundary and initial conditions. It is convenient to write these using 
a cylindrical polar coordinate system (r, 2 ;, 0), relative to a stationary observer 
with the origin at the centre of the cylinder. The velocity components are, u, v, 
w, and p is the pressure. The scales for the dimensionless variables of space, 
time and velocity are [H/2, Oi?l], respectively. 

No-slip boundary conditions apply at all walls; there u = w — 0. For the 
tangential velocity, the boundary conditions are = 0 on the stator (z = —1) 
and V = {Rm + r)/{Rm + l)on the rotating disc {z = 1). The external 
end-wall is fixed {v = 0) while the internal one is fixed (L = 4.72 cavity) or 
rotating (L = 2.35 cavity). 

3. Numerical method 

The numerical solution is based on a pseudo-spectral collocation, Chebyshev 
in both radial and axial directions (r, z) and, in view of the 2n - periodicity 
of the solution in this configuration a Fourier-Galerkin method is used in the 
tangential direction. 

The problem of velocity-pressure coupling has been overcome by the use of 
an improved projection scheme for time discretization (see details in Serre 
& Pulicani, 2001), reducing the fictitious slip velocity at the boundary. The 
time scheme is semi-implicit, second-order accurate. It corresponds to a com- 
bination of the second-order Euler backward differentiation formula and the 
Adams-Bashforth scheme for the non-linear terms. 

The grid size is 301 x 97 x 64 (L = 4.72 cavity) and 129 x 129 x 96 (L = 2.35 
cavity) in r, 2:, directions, respectively. The time step adopted is 5t — 510“^ 
120 X 10^ iterations per rotation 2tt ). The numerical strategy consists of 
increasing step by step the rotation rate from the base steady state to the highest 
Reynolds number allowed by the computer’s performance. The performance 
of the solver has been optimised with respect to a vector-parallel Nee SX5 
supercomputer. 
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Figure 1. Instantaneous velocity field in a meridional plane (r, 2:,7 t/ 4). L=4.72 cavity, 

Re=300000.L=2.35 cavity, Re=l 10000. 




Figure 2. Instantaneous velocity field in a meridional plane(r, z, 7t/4) . L=2.35 cavity, Re=l 10000 

4. Numerical results 
4.1 Instantaneous data. 

The instantaneous velocity field is represented for both cavities in a meridional 
plane (r, 2:,7 t/4) in Fig. 1 and Fig. 2 . As observed in experiments (Itoh et 
al., 1992; Cheah et al., 1994), there is a strong asymmetry between the Ekman 
and Bodewadt layers, laminar and turbulent flows coexisting within the cavity. 
Indeed, the turbulent motion is mainly confined to the vicinity of the lower 
fixed disc while a large part of the rotating disc layer remains laminar, except 
at the both ends, as expected from the experiments of Itoh et al. (1992) where 
the rotating layer became turbulent only for a local Reynolds number i?er(= 
Vir^jv) = 3.6 X 10^ 

In the L = 2.35 cavity, where the space between the discs is the largest, and 
where the inner end-wall rotates, the turbulent motion at small radii in the 
rotating disc layer and in the shaft layer as well, is very clear in contrary to the 
L — 4.72 cavity where the shaft is at rest. This turbulent motion is brought 
about by the strong jet from the rotating shaft impinging the disc. The inner 
stationary shaft in the L = 4.72 cavity has an evident relaminarizing effect and 
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Figure 3. Iso-lines of the instantaneous axial 
component of the velocity in the rotorlayer show- 
ing. L=2.35 cavity, Re=110 000 



Figure 4. Iso-lines of the instantaneous ax- 
ial component of the velocity in the stator layer. 
L=2.35 cavity, Re=110 000 



no vortices growing in the stator layer reach the Ekman layer of the rotating 
disc (Fig.l). 

The stator flow now consists of rather tangled co-rotating vortices which orig- 
inate near the shroud and move radially inward following the main flow direc- 
tion. The growth of these vortices strongly affects the structure of the Bode- 
wadt layer (Fig. 1). At large radii, quite large scale spiral arms can be observed 
in the instantaneous flow in Fig. 3a and certainly related to the Fkman layer 
instability which is expected to occur at these radii. The characteristic length 
scale of these spirals is much larger than in the transitional regime. In the sta- 
tor flow, vortices develop in both cavities into quite axisymmetric structures of 
very small scale, showing a pretty strong turbulent level Fig. 3b. In contrary 
to DNS results carried out in the L — 4.72 cavity, in both transitional (Serre 
et ai, 2001) and turbulent regimes, a non-axisymmetric large vertical structure 
has been found in the core flow of the higher L = 2.35 cavity (Fig. 4). This 
structure resembles a 9-sided polygon and it is consistent with the observations 
in co-rotating cavities (Abrahamson et al., 1989; Humphrey et al. 1995), and 
with the flow visualizations described in Serre et al. (2002). The structure 
extends from the mid-height cavity to the vicinity of the Fkman layer, in the 
non- viscous part of the flow. 

4.2 Statistical data. 

The statistical data presented in this section are averaged both in time and in 
the homogeneous tangential direction. The statistical steady state is supposed 
to be reached when the time fluctuations of the averaged values are less than 
1 %. The averaged quantities are written using capital letters. As found in 




Figure 6. Iso-lines of turbulent kinetic energy k in the meridional plane (r, 2 , 7t/ 4). L=4.72 cavity, 
Re=300000. 



experimental studies and broadly inferred by the instantaneous views (Fig.l 
and Fig.2), the two disc boundary layers are separated by a core in nearly solid 
body rotation. The distribution of the tangential and radial mean velocities 
across the gap between the discs at mid-radius in the L — 4.72 cavity shows 
the difference in thickness and shape of the radial velocity profile near the two 
discs. Such behavior suggests that the stator layer is turbulent at mid-radius 
while the rotor layer still remains laminar. That is the primary explanation that 
the core circumferential velocity is only about one third of that of the rotor at 
the same radius. 

The spatial distribution of the turbulent kinetic energy k is shown in merid- 
ional planes of both cavities in Fig. 5 and Fig. 6 The kinetic energy has 
been normalised with the square of the wall friction velocity on the stator, Ur 
. This reference velocity is well suited to describe the main characteristics 
of the stationary wall in rotating cavities (Cheah et aL, 1994; lacovides & 
Toumpanakis, 1993). The figures below provide quantitative evidence that 
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Figure 7. Iso-lines of turbulent kinetic energy k in the meridional plane {r,z,7rl4). L=2.35 cavity, 
Re= 110000. 



the turbulence is concentrated near the stationary disc. In the narrower cavity 
(L = 4.72), the maximum of k is located at the shroud-stator junction where 
the instantaneous velocity vector field exhibits the largest vortex (Fig. 1). In 
the higher cavity (L = 2.35), the maximum of turbulence energy is localized 
in both the shroud and the shaft layers. In these flow regions the flow is like a 
strong swirling jet. In the shroud layer, the Ekman layer outflow is strongly 
decelerated bringing the occurrence of large vortices (Fig. 2). In contrary, in 
the shaft layer the Bodewadt layer outflow is strongly accelerated carrying the 
vortices of the stator layer up to the rotor layer. Such observation shows the 
large effect of the endwall layers on the turbulent flow when the inter-disc 
space is large enough. 
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Abstract A series of direct numerical simulations of laminar, separating flow affected by 
various levels of free-stream disturbances has been performed. The free-stream 
disturbances were found to trigger a Kelvin -Helmholtz instability. The size of 
the separation bubble was found to be significantly reduced and the location 
of re-attachment was found to move upstream when the level of free-stream 
disturbances was increased. Downstream, the near- wall turbulent flow only very 
slowly assumes "normal" turbulent boundary layer statistics. 

Keywords: DNS, laminar separation, Kelvin-Helmholtz instability, Free-stream distur- 

bances 

1. Introduction 

Recently, a number of three-dimensional (3D) Direct Numerical Simulations 
(DNS) of Laminar Separation Bubble (LSB) flow have been performed (see 
e.g. Alam and Sandham 2000; Maucher et al 2000; Spalart and Strelets 
2000; Wissink and Rodi 2003a). In these simulations transition is triggered by 
explicitly introducing disturbances into the boundary layer (Alam and Sand- 
ham 2000; Maucher et al 2000), by numerical round-off error (Spalart and 
Strelets 2000; Wissink and Rodi 2002a), or by oscillations in the outer flow 
(Wissink and Rodi 2003a). When the oncoming flow contains free-stream 
fluctuations, the separation will be inhibited such that the LSB becomes con- 
siderably smaller or completely disappears. This situation is for instance en- 
countered in flow over turbine blades subject to periodically oncoming wakes, 
where the impinging fluctuations carried by the wakes periodically reduce sep- 
aration to a large extent (see also Wissink 2003). A similar phenomenon was 
observed by Wissink and Rodi (2003b) in a simulation of boundary layer sep- 
aration along a curved wall, where the disturbances introduced into the flow 
by a LSB were found to significantly affect a second flow separation observed 
farther downstream. Similarly, in turbine cascades free-stream disturbances 
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are known to inhibit the formation of separation bubbles. Since it is important 
to accurately predict this phenomenon, further DNS of boundary layer sepa- 
ration affected by free-stream disturbances are carried out as part of the Ger- 
man Research Foundation (DFG) project ’’Periodic Unsteady Flow in Turbo- 
Machinery”. 

1.1 Computational Aspects 

The geometry is chosen in accordance with experiments performed in a com- 
panion DFG project by Prof. Hourmouziadis’ group (see e.g. Lou and Hour- 
mouziadis 2000) at the Technical University of Berlin and is given in Figure 1 . 
As in LSB simulations performed earlier (Wissink and Rodi 2002a; Wissink 
and Rodi 2003a), the special shape of the upper boundary of the computational 
domain induces an adverse streamwise pressure gradient for x/L > 0.3 which 
causes the boundary layer flow to separate. 



■ 0.3 




free-slip no-slip 



- 0.5 0 0.5 1 

x/L 

Figure 1. The computational domain. 

For the DNS a relatively low Reynolds number (based on the mean inflow ve- 
locity Uo and the length scale L - see Figure 1) of i?e = 60000 is chosen. 
To save computational points, instead of a no-slip boundary condition, a free- 
slip boundary condition is applied along the curved upper wall, which allows 
the employment of a relatively coarse mesh in this region. Along the lower 
wall, for x/L > 0 a no-slip boundary condition is prescribed while upstream 
of x/L — 0 a free-slip boundary condition is applied. Along the latter part 
of the boundary, wiggles that originate from the stagnation point at x/L = 0 
are explicitly removed. Any remaining numerical disturbances are found to 
be damped by the favourable pressure gradient downstream. In the spanwise 
direction, periodic boundary conditions are employed, while at the outlet a 
convective boundary condition is selected. Based on experience gained in ear- 
lier simulations of LSB flows (Wissink and Rodi 2002a; Wissink and Rodi 
2002b; Wissink and Rodi 2003a), the size of the spanwise direction is selected 
to be 0.08L, which is sufficient to accommodate all important modes. At the 
inlet boundary, free-stream disturbances (S, x, w) are added and 

(x, X, w) — Uo(l, 0, 0) + aiu, X, w) 
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Table 1. Overview of the simulations; the grid column shows the number of points in the x, 2 / 
and 2 -direction, respectively, lx is the extent of the computational domain in the streamwise 
direction and Tu is the fluctuations level at the inlet, defined in (1). 



Simulation 


Grid 


lx 


Tu(%) 


A 


1038 X 226 X 128 


2.1L 


0 


B 


1926 X 230 X 128 


3.5L 


5 


C 


1926 X 230 X 128 


3.5L 


7 



is prescribed. The parameter a can be varied such that the desired level of fluc- 
tuations at the inflow plane is obtained. In the numerical simulations, a second- 
order central, cell-centred finite-volume method is applied for the discretisation 
of space, while for the time-integration a three-stage Runge-Kutta method is 
used. To avoid the decoupling of the pressure field and the velocity field owing 
to the collocated variable arrangement, the momentum-interpolation procedure 
of Rhie and Chow (1983) is employed. In Breuer and Rodi (1996) a more de- 
tailed description of the employed numerical algorithm can be found. As listed 
in Table 1, various simulations in which the level 



Tu 




c /2 + 1/2 ’ 



( 1 ) 



of the oncoming disturbances is varied, have been performed. The fluctuations, 
introduced at the inlet, stem from a separate Large Eddy Simulation (LES) of 
"isotropic" turbulence in a cubic box and were kindly made available by Jochen 
Frohlich of the University of Karlsruhe. The size of the cubic box is rescaled 
to 0.08L in order to match the spanwise size employed in the simulations. 
By stacking several copies of the box in the ^-direction, its size is enlarged 
to allow a convenient interpolation of the turbulent fluctuations to the compu- 
tational nodes of the inflow plane. By identifying the x-direction of the box 
with time and making use of its cyclic nature, a constant stream of fluctuations 
is obtained and superposed on the inlet uniform flow-field (see also Kalitzin 
et al 2003). The size of the rescaled box determines the smallest frequency 
available in the free-stream disturbances to be / = /o = 12.5, where / is made 
non-dimensional using C/q and L. The calculations are performed on massively 
parallel computers. The mesh is divided into a number of partially overlapping 
blocks of equal size. A near-optimal load-balancing is achieved by allotting 
one block for each processor. Communication is performed using the stan- 
dard Message Passing Protocol (MPI). Simulation A has been performed on 
the SP-SMP at the Computing Centre in Karlsruhe using 60 processors, while 




216 



DIRECT AND LARGE-EDDY SIMULATION V 



Simulations B and C have been performed on the Hitachi SR8000-F1 at the 
Computing Centre in Munich using 256 processors. 



2. Results 



In Figures 2 (a) and (b), the levels of free-stream fluctuations obtained in Sim- 
ulations B and C, respectively, are shown. The fluctuation levels in the x- 




Figure 2. Level of free-stream fluctuations ^iyjL = 0.065, from the inlet up to and beyond 
the location of separation, (a): Simulation B, (b): Simulation C. 



direction and the ^-direction are defined by Tux — ^ and 

Tuy — respectively. In both simulations, the dissipative 

nature and other inaccuracies of the second-order interpolation of the free- 
stream fluctuations to the computational nodes results in a sharp decrease in 
the Tu-level immediately downstream of the inlet. For —0.5 < xjL < 0.35, 
the fluctuations remain approximately isotropic. Farther downstream, the Tuy- 
level is found to grow significantly faster than the Tu and the Tux levels. The 
locations of flow separation, xjL ^ 0.372 in Simulation A and xjL ^ 0.375 
in Simulation B, virtually coincide with the onset of the accelerated growth 
of the vertical fluctuations observed for x/L > 0.375. Hence, the Kelvin- 
Helmholtz (K-H) instability of the separated boundary layer witnessed in Fig- 
ure 5, which leads to an up-down wavering of the separated boundary layer, 
which also influences the free-stream, is the most likely source of this phe- 
nomenon. As already noted in the introduction and illustrated by the compara- 
ble levels of Tu,Tux and Tuy just downstream of the inflow plane observed 
in Figure 2, the fluctuations added to the inflow are isotropic as they stem 
from a separate LES of "isotropic" turbulence. In Figure 3 (a), the frequency 
distribution of the x-signal at (x/L, y/L, z/L) = (—0.45,0.065,0.04), ob- 
tained in Simulation B, is shown. The results are extracted from 500 snap- 
shots equally dividing a time-interval of 2.40 time-units. Most of the dominant 
frequencies stemming from the added inlet disturbances - /o — 12.5 and its 
higher harmonics - clearly stand out from the rest. Apart from the maxima at 
/ = 12.5, 25.0, 37.5, • • • , a low-level 10“^) numerical noise can be ob- 
served that slowly declines with increasing /. For / > 37.5, the decline of the 
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higher harmonics of /o is faster than the decline of the numerical noise, even- 
tually making them indistinguishable from the numerical noise contained in 
the adjacent modes. In Figure 3 (b), the energy contents of the most important 




Figure 3. Simulation B: (a): Frequency spectrum of the velocity at midspan dX xjL = 
—0.45, yfL = 0.065. (b): Evolution of the energy contents upstream oixjL = 0.4 of some of 
the most important modes. 

frequencies present in Simulation B, upstream of xjL = 0.4, has been plot- 
ted along the line (y/L, z/L) = (0.065, 0.04). Especially the higher dominant 
frequencies are found to be damped when moving in the downstream direction. 
For x/L > 0.2, the lowest resolved frequency, / = 0.417, suddenly starts to 
grow. This mode very likely corresponds to the low-frequency wavering mode 
observed by Spalart and Strelets (2000). After rescaling, to account for the dif- 
ferent level of inflow disturbances, the results shown in Figure 3 (a) and (b) are 
virtually identical to the corresponding results obtained in Simulation C (not 
shown here). In Figure 4 (a,b), the frequency spectra of the spanwise averaged 
t;-velocity at four locations. Pi , P2 5 ^3 ^ Pa inside the separated shear layer have 
been plotted for Simulations A and B, respectively. The respective locations 
of Pi — P4 are identified in Figure 4 (c) and (d). In the absence of explicitly 
added free-stream disturbances, the Kelvin-Helmholtz (K-H) instability will be 
triggered by numerical inaccuracies. Though these inaccuracies are not explic- 
itly analysed, one may assume that their frequency spectrum resembles white 
noise, as evidenced in Figure 3 (a). Hence, in the spectrum shown in Figure 4 
(a) all unstable K-H modes will show up. The most unstable one is found to 
be the mode with frequency fi = 14.0, while the second-most unstable mode 
has a frequency of /2 = 12.4. The latter frequency almost coincides with the 
basic frequency, /o = 12.5, present in the free-stream disturbances added in 
Simulations B and C. It is therefore to be expected that the unstable mode with 
frequency / = /o will be the fastest growing one in the K-H instability found 
in Simulations B and C. The latter is confirmed for Simulation B by the spec- 
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Figure 4. Simulation A: (a) Frequency spectrum of the spanwise averaged i;- velocity at the 
points Pi, P2, P3, P4 identified in (c). Simulation B: (b) Frequency spectrum of the spanwise 
averaged ^;-velocity at the points Pi , P2 , Pi , Pi identified in (d). (c) and (d) show time-averaged 
spanwise vorticity contours of Simulations A and B, respectively. 



tra plotted in Figure 4 (b). The maximum at / = /o becomes more and more 
pronounced when moving from Pi downstream to P4. As a result, at P 4 the 
mode corresponding to / = /o reaches an amplitude that is almost three times 
as large as the amplitude of the second most important mode. By comparing 
Figure 4 (c) to Figure 4 (d), an impression is obtained of the difference in size 
of the separation bubbles generated in Simulation A and Simulation B, respec- 
tively. In Figure 5 (a) and (b), three-dimensional illustrations of the separated 
shear layer are displayed, using snapshots of the spanwise vorticity isosurface 
uJz = —150. The figure provides a clear illustration of the significant reduction 
in size of the laminar separation bubble owing to the free-stream disturbances 
such as added in Simulation C. The reduction in size is accompanied by an 
upstream shift in the location of transition. In both graphs, traces of vortex 
shedding can be observed which are characteristics for a K-H instability. The 
spanwise modes that are also observed to grow inside the separated boundary 
layer of Simulation C, are assumed to be of secondary importance compared 
to the primary K-H instability. Downstream of the separation bubbles, small 
scale vortical structures found near the flat plate correspond to the onset of 
the formation of a turbulent boundary layer from an initially wake-like flow. 
The near- wall turbulent flow is found to assume only very slowly the "stan- 
dard” turbulent boundary layer characteristics. In Figure 6 the shape factor. 
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Figure 5. Snapshots of the iso-surface of the spanwise vorticity at ujz = —150; (a): Simula- 
tion A, (b): Simulation C. 




Figure 6. Shape factor of Simulations B and C 



if, obtained in Simulations B and C is shown. Prior to separation, H reaches 
values of 2.3 — 2.5, which are typical for a laminar boundary layer flow. At 
separation, H grows to values in excess of if = 10, where the higher level 
of fluctuations present in Simulation C is found to reduce the maximum of if 
compared to Simulation B. Farther downstream if gradually assumes values 
between 1.6 — 1.8, typical for a turbulent boundary layer. 

3. Discussion and Conclusions 

Direct numerical simulations of a laminar separation bubble with and with- 
out explicitly added free-stream disturbances have been performed. The sim- 
ulations serve to gain insight into the physical mechanisms and to provide 
data for the development of turbulence models to be applied, for instance, 
in turbo-machinery flow simulations. Free-stream fluctuations are introduced 
in the computational domain by interpolation of data stemming from a sepa- 
rate large-eddy simulation of "isotropic" turbulence in a cubic box, of which 
the x-direction is identified with time. Because of this, the spectrum of the 
free-stream disturbances is not continuous but discrete, consisting of a basic 
frequency, /o, and its higher harmonics. The most unstable mode in Simula- 
tion A is not part of the discrete frequency spectra in the Simulations B and 
C. Since the basic frequency in the Simulations B and C is virtually identical 
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to the frequency of the second most unstable mode in Simulation A, it is this 
mode which is identified as the most unstable mode in both Simulations B and 
C. Evidence of a Kelvin-Helmholtz instability is found in all simulations in 
the form of a characteristic, quasi-periodic vortex shedding from the separated 
shear layer. Downstream of the separation bubbles, a turbulent wake-like flow 
is obtained which only very slowly assumes the "standard" characteristics of a 
turbulent boundary layer. 
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Abstract A high-order in space central difference scheme with flux-corrected transport has 
been employed for numerical simulation of unsteady three-dimensional com- 
pressible fluid flow about the supercritical airfoil NLR7301 in the transonic 
regime with shock-boundary layer interaction. The high order in space enables 
to reproduce well vortical structures and to predict transition to turbulent flow 
as well as to perform DNS. Numerical results of the method are compared with 
experimental mean flow data. 

Keywords: Direct numerical simulation, high-order difference method, transonic flow, tran- 

sition to turbulent flow, supercritical airfoil 

1. Introduction 

Shock-boundary layer interaction enhances transition to turbulence in tran- 
sonic airfoil flow. Numerical methods solving the Reynolds averaged Navier- 
Stokes equations using turbulence models are not able to correctly predict ex- 
perimentally observed shock-boundary layer interactions or flow separation in 
that regime. This motivates us to apply the high-order method developed in [1] 
for DNS and to compare the results with experimental mean flow data available 
in the AGARD test for the NLR7301 airfoil [3]. Flow conditions are laminar 
inflow at Mach number Moo = 0.7, Reynolds number based on chord-length 
Rcc = 2.14 • 10^ and fixed angle of attack a = 2.5"^. 

2. Numerical Method 

The problem to be solved is three-dimensional with an infinite extension in 
the ^-direction which is perpendicular to the main flow plane with the airfoil 
((x,|/)-plane). Oncoming flow is in x-direction. The Navier-Stokes equations 
for unsteady three-dimensional compressible fluid flow about the airfoil are 
transformed from Cartesian to curvilinear coordinates ^(x, y),rj{x, y)X — z 
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and written in non strong conservation form: 



+ K- 



Here U is the solution vector of conservative variables, and F^, 

G^, represent the convective and dissipative fluxes, J is the Jacobian of 
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u, V and w are the Cartesian velocity components, p, p and E are density, pres- 
sure and total specific energy, r and q are the stress tensor and heat flux vec- 
tor, respectively. As computational domain we take a C-H shaped grid space 
around the rectangular wing segment with finite width and periodic boundary 
conditions in ^ direction. 

The numerical method developed in [1] is of arbitrary even order = 2, 4, 6, 
8, 10... in space and employs central differences for spatial discretization to- 
gether with an explicit time integration using a two-step Richtmyer scheme of 
second order: 
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a) 



b) 

Figure 1. DNS of 3D flow about the airfoil NLR7301 for Moo — 0.7, a — . Instanta- 

neous contours of the distributions of a)Mach number and b)vorticity at one time level 




Here is the flux Jacobian, and Rr and Sr are special discrete operators 
in space. Upper indices n and n + 1/2 correspond to time levels and lower in- 
dices ir, r = 1, 2, 3 are running in the space directions r = 1, 2, 3 from v = 1 
to ir = irmax^ A detailed description of the space operators in the method can 
be found in [1], [2]. For the steep gradients which may occur in the shock- 
boundary layer interaction the FCT algorithm (Flux Corrected Transport) is 
used. 

Boundary conditions at solid walls are the contact and no-slip conditions. 
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Figure 2. DNS of 3D flow about the airfoil NLR7301 for Moo = 0.7, a = 2.N\ From a) 
to e): Instantaneous distributions of Mach number in the plane 2: = 0 at different times with 
interval 3.43- f): Mean distribution over 2.7- lO'^ time steps corresponding to2.3-10“‘^s 










DNS of transonic flow about a supercritical airfoil 




Figure 3. DNS of 3D flow about the airfoil NLR7301 for Moo = 0.7, a = 2.5". From a) 
to e): Instantaneous distributions of pressure in the plane z = 0 'di different times with interval 
3.43 • f): Mean distribution over 2.7 • lO'" time steps corresponding to 2.3 • 
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Figure 4. DNS of 3D flow about the airfoil NLR7301 for Moo = 0.7, a = 2.5''. From a) to 
e): Instantaneous distributions of pressure coefficient in the plane 2 : = 0 at different times with 
interval 3.43 • 10“'^ 6’. f): Mean distribution over 2.3 • 10“^s. Symbols: Experiment [3]. 

On the artificial boundary restricting the computational domain, subsonic flow 
prevails. The inflow conditions are: u = Uoo, p — Poo, = 0, it; = 0, p ex- 
trapolated. The outflow conditions are: p = poo, other variables extrapolated. 
Extrapolation on each of the boundaries is performed in the outward normal 
direction. For the approximation of the order N of the boundary conditions 
values are assigned to N/2 fictitious points outside of the computational do- 
main using symmetry and anti-symmetry principles. 

Firstly, to get information about the numerical parameter settings with low nu- 
merical effort, two-dimensional simulations in the main flow plane were per- 
formed on grids of different resolution [4]. Then, 3D flow simulation was done 
on the C-H type grid with 1280x130x120 grid points. The computational do- 
main is Lx = 40c, Ly = 40c and = Ic. The grid stretching exponent in the 
7] direction is 2.5. The spatial order of the method was chosen N = 8. 

3. Results 

The values found for boundary-layer related quantities along the first grid sur- 
face 77 = const, are < 20 and < 10, the Reynolds number 

based on Uj- < 0.002 was found Rcr < 400. Boundary-layer flow on the 
upper side is laminar from the leading edge downstream to the shock clos- 
ing the supersonic region of the transonic flow field. Fig.l shows instanta- 
neous contour lines of Mach number (Fig. la) and vorticity (Fig. lb) in surfaces 
7/ = const, and = const. In the boundary-layer bordering on the super- 
sonic region the flow is subsonic and the pressure gradient is smaller than in 
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the mainflow part. A A-shock is formed consisting of an oblique shock fol- 
lowed downstream by a normal shock. The position of the normal shock is 
almost fixed at x = 0.4 while the oblique shock behaves differently which 
will be explained below. Fig.2a-e and Fig.3a-e show the development of Mach 
number and pressure distributions in the 2: = 0 plane of the flow field at dif- 
ferent times with interval 3.43 • 10“^5. Fig.4a-e show the pressure coefficient 
distributions along the airfoil surface in that plane for the same time levels. 
Transition inception to turbulent flow may be located on the upper side in the 
supersonic domain between the front and rear branch of the A-shock mani- 
festing itself in strong vortex separation and interaction with the shock. The 
boundary-layer thickness increases drastically while first two-dimensional and 
then three-dimensional vortical structures are formed. Behind the shock the 
vortices develop further to turbulent flow and, finally, turbulent flow separa- 
tion. Most interesting is the non- stationary shock-boundary layer interaction. 
The vortices originated in the transition region interact with the normal part of 
the A-shock. This causes sonic waves which steepen on the upstream side while 
propagating in ^-direction along the normal shock. They are diffracted round 
the supersonic region being weakened, finally they disappear. The oblique part 
of the A-shock moves upstream and disappears at about x = 0.1. During that 
time a new oblique shock is formed. This happens periodically. On the lower 
side the transition region begins to form at x = 0.6 with first two-dimensional 
and then three-dimensional vortical structures orientating themselves in main 
flow direction. The values of vorticity at the lower side are about 40 percent 
of those at the upper side. Fig.2f, Fig.3f and Fig.4f show the mean distribu- 
tions of Mach number, pressure, and, along the airfoil, of the pressure coeffi- 
cient. Means were taken over 2.7 • 10^ time steps corresponding to 2.3 • 10“^5. 
Results for the pressure coefficient agree well with experimental data of [3]. 
Fig.5 shows instantaneous contours of the Reynolds stress components for the 
three-dimensional flow. The fluctuations make the different positions of the 
transition regions on the upper and lower side of the airfoil clearly visible. 

The computations took 540 hours on CRAY T3E-1200 with 80 CPUs of 
Forschungszentrum Juelich, Germany, which is gratefully acknowledged. 
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Abstract A region of strong local adverse pressure gradient acting on a laminar flat-plate 
boundary layer can produce a closed fully laminar separation bubble for suffi- 
ciently small pressure rise and Reynolds number. However, such a flow field 
is hydrodynamically highly unstable and transition will occur in the region of 
adverse pressure gradient. Due to an interaction with the potential flow, the tran- 
sition process may even suppress laminar separation completely. 

Direct numerical simulation (DNS) of oblique transition in a steady laminar sep- 
aration bubble is carried out. The mean flow deformation is found to play an 
important role even upstream of the transition location. However, with proper 
treatment of the upper boundary it is possible to take the upstream influence into 
account and to obtain results that are height independent in accordance with the 
physical model of an unbounded domain. Hence, DNS results can serve as a 
reference for an analysis of the large-eddy simulation (LES) technique. Such 
an analysis of LES is carried out based on a (scale) separation step associated 
with an explicit filter and a (subfilter-scale) modeling step to obtain closure. It 
is shown that filtering of the Navier-Stokes equations is not a formality and that 
the subgrid-scale model has to be adopted to the filter accordingly. Numerical 
results for a discrete filter together with a relaxation-term model lead to guide- 
lines for the choice of the explicit filter and the desired action of the turbulence 
model. 

Keywords: transition, laminar separation bubble, DNS, LES 

Introduction 

A laminar boundary layer separates in a region of adverse pressure gradient on 
a flat plate and can reattach while being still laminar in case of a sufficiently 
small pressure rise and low Reynolds number, forming a laminar separation 
bubble (LSB). However, such a flow field is hydrodynamically unstable and 
will amplify incoming disturbances by several orders of magnitude. Therefore, 
the laminar separation bubble is likely to be the location of transition to turbu- 
lence. Through its upstream influence, in some cases the transition process 
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is able to completely suppress separation by an interaction of the mean flow 
deformation with the potential flow (so-called vicous-inviscid interaction). 
Numerical techniques applied to complex, separated and transitional flows rely 
mainly on direct numerical simulations (DNS, see e.g. Alam and Sandham, 
2000, Wasistho, 1997) to keep uncertainties connected with a turbulence model 
to a minimum. In many technical applications laminar separation plays an im- 
portant role, e.g. on low pressure turbine blades. Thus, there is need for numer- 
ical methods to accurately capture the behaviour of laminar separation bubbles 
that are less expensive than DNS. One of these methods is the so-called large- 
eddy simulation that aims at capturing the motion of large coherent structures 
while modeling the small-scale turbulence. Only a few large-eddy simulations 
(LES) of LSB’s are reported in literature (Yang and Yoke, 2001, Wilson and 
Pauley, 1998). A detailed comparison of results from both techniques for a 
flow field where DNS is still feasible to provide a reference can serve to shed 
light on modeling uncertainties. The first part of the paper addresses issues 
related to establishing a proper reference case by means of DNS. 

The methodology of LES consists of two steps: separation of variables into 
resolved and unresolved scales {separation step) by application of a spatial fil- 
ter, and replacing the resulting unclosed (subgrid- or subfilter-scale) stresses 
by a turbulence model {modeling step). For a long time, the separation step 
was considered a mere formality and its quantitative effect on the solution of 
the equations of motion has only recently drawn more attention (Pruett, 2001, 
Guerts and Holm, 2003). The present work aims at analysing the quantitative 
effect of isolated parts of the LES method on the numerical results. This is 
beliveved to provide deeper insights compared to a full LES run with its com- 
plex interaction of filter, model, and discretization strategy. Dependence of the 
results on turbulence model and (explicit) filtering operation will be discussed 
in the second part of the paper. 

1. Numerical Method and Definiton of the Base Flow 

Numerical Method. Spatial direct numerical simulation of the full three- 
dimensional Navier-Stokes equations in vorticity-velocity formulation were 
carried out in a disturbance formulation for incompressible flow. All quan- 
tities are divided into a steady part [/^,(x, y) and a fluctuation u(x, y, z). Finite 
differences order) on a Cartesian grid are used in streamwise and wall- 

normal direction while a spectral ansatz is applied in spanwise direction. An 
explicit fourth-order Runge-Kutta scheme is used for time integration. Up- 
stream of the outflow boundary a buffer domain smoothly ramps down all dis- 
turbances. These disturbances are introduced via blowing/suction through a 
narrow slot in the wall near the inflow boundary. Details of the numerical 
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method can be found in Kloker, 1998. In addition, grid stretching is applied in 
wall-normal direction (Meyer, 2003). 

Definition of the Base Flow. A generic test case was chosen that has al- 
ready been well-studied by means of DNS (Rist and Maucher, 1994). It models 
a physical situation as shown in Fig. 1 . All quantities are non-dimensionalized 
resulting in a Reynolds number Re=10^. The streamwise axis x is denoted 
as for a Blasius boundary layer. To illustrate this, c/-values for the Blasius 
solution are added to Fig. 2. In contrast to Rist and Maucher, 1994, the inte- 
gration domain starts slightly further downstream at xq= 1.02 1576 and ends at 
Xe =3.36468. The Reynolds number based on the displacement thickness 6\ 
at the inflow boundary is i?e^^=570. The domain height equals ymax=^M • 
with Am= 23.2 at the inflow boundary. Characteristic boundary-layer param- 
eter distributions are given in Fig. 2. Boundary-layer thicknesses (e.g. 5i) are 
computed based on the spanwise vorticity (see Spalart and Strelets, 2000). 

The flow field was obtained from a calculation where a distribution for the 
streamwise velocity was prescribed at the upper boundary to impose the pres- 
sure gradient. The calculation was advanced until a steady state was reached. 
Using this steady laminar solution as a base flow, the unsteady development 
with controlled disturbance input is computed as discussed in the next section. 

2. Direct Numerical Simulation of Transition in a LSB 

Disturbance Input and Resolution Requirement. The transition scenario 
studied here is similar to the oblique case O in Rist and Maucher, 1994. Below, 
the notation (/i, k) will be used to denote modes with /i-times the fundamental 
frequency f3 — 18 and /c- times the fundamental spanwise wave number 7 = 
40. A single pair of oblique waves (1, ±1) is introduced in a disturbance strip 





Figure 1. Physical configuration. Figure 2. Base flow values for surface 

pressure Cp, skin friction coefficient Cf, 
and local Reynolds number . 
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between a: = 1.152475 andx — 1.283375 with a ^-amplitude of = 2 10“'^ 
each. The buffer domain started at x = 3.102881. 

The DNS was carried out with N=1970 grid points in streamwise direction, 
M=225 grid points in wall-normal direction and K=63 (complex, i.e. asym- 
metric) spanwise modes. In wall-normal direction grid points were clustered 
at the wall. Resolution in time was 1600 time steps per fundamental period. 
Results were highly sensitive to underresolution in wall-normal direction (not 
shown). However, 15 (real, i.e. symmetric) spanwise modes proved to be suffi- 
cient to predict correct mean values shortly beyond the transition location (Fig. 
3), while showing an overshoot in the skin friction in the turbulent part. The 
calculation was advanced for at least 20 periods before analysing the data to 
get rid of initial transients, visible e.g. as mode (0.5, 0) in Fig. 4. 

Mean Flow Deformation and Upper Boundary. The small disturbance 
input is sufficient to completely suppress separation (Fig. 3). In particular, it is 
remarkable that the mean flow deformation (MFD) (mode (0,0) in the present 
notation) is the largest observable disturbance even far upstream around the 
location of the disturbance strip (Fig. 4). Such an effect was not observed for 
subharmonic or fundamental breakdown that lead to saturated spanwise rollers 
but not to true turbulent flow (Rist, 1998), were a relatively small deviation of 
mean flow values was seen only downstream of disturbance saturation. 




Figure 3. Comparison of Cp and c/ for two different spanwise resolutions K=15 and K=63 
and two different domain heights Am =23. 2 and Am =33.8. 
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Figure 4. Amplification of the maximum streamwise velocity fluctuation u,nax for the DNS 
(K=63, A A/ =23.2), Fourier analysed in time and spanwise direction. 



Because of the importance of the MFD even at the upper boundary, the original 
formulation of the upper boundary condition ^ — —av was replaced by a 
boundary-layer interaction model. It is based on a source/sink distribution at 
the wall, which strongly depends on the disturbances introduced. With such a 
boundary condition independence on the domain height could be obtained (Fig. 
3). This independence is important since the underlying physical model is a 
boundary layer with an adverse pressure gradient, i.e. an unbounded domain, 
and not a channel flow. 

3. Analysis of Large-Eddy Simulation 

The DNS solution presented in the last section will serve as a reference for the 
following analysis of LES. This analysis is carried out according to the two 
steps introduced before. In the next paragraphs, a filter operation is defined as 
the convolution integral: 

/ qf> (JT^ 

G2{^^,x)u,{x') — . ( 1 ) 

Derivation of the Filtered Equations. Even though the calculations dis- 
cussed in this paper were obtained with the vorticity-velocity formulation 
of the Navier-Stokes equations, derivation of the equations for LES will be 
demonstrated for primitive variables since this is more familiar in the litera- 
ture. For numerical simulations the curl of the equations is taken and only 
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commutative filters are applied. Starting point are the momentum equations: 

dui dujUi dp 1 d^Ui ^ 

— ^ H — + — ^ = 0. C 

dt dxj dxi Re dxkXk 



First, the (scale) separation step is carried out by adding a term to both sides of 
the equations (bold in eq. (3)), which is similar to the non-linear term, however 
with the velocities replaced by their filtered counterpart ix* = G 2 * Ui (Fig. 
5). The resulting equation is filtered with a spectral filter with cut-off wave 
number kc. Spectrally filtered variables will be denoted by a tilde: Ui = Gs^ui 
(analogous to eq. (1)). With the additional constraint that the transfer function 
of G 2 is (only) 0 for k > kc, the following equality holds: u* — G 2 ^ Ui = 
G 2 * = 5*- Note that the resulting equations are still exact, assuming we 

prescribe periodic boundary conditions: 

duj dp ]_ d'^Uj _ _ dujUj 

dt 5xj dxi Re dx^x^ 5xj dxj 

^ ^ V ^ 

dependent on scales k < kc only dependent on all scales k 

If eq. (3) would be solved on a grid that can resolve scales up to A: = k^ 
the right-hand side of that equation would be the so-called subgrid-scale term 
(SGS term). The second term on the left-hand side cannot generate scales 
k > kc and does not depend on them. Furthermore, formally eq. (3) does not 
depend on the choice of G 2 while the quantitative value of the right-hand side 
will. Thus, it could as well be called the subfilter-scale term. 




Figure 5. Filter transfer functions as a function of wave number. 
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The second step is the (subfilter-scale) modeling step. The right hand side 
will be replaced by a term that depends only on scales below the cut-off kc to 
obtain closure. In the LES terminology, such a term is called a turbulence or 
SGS model. One simple model is a so-called relaxation term, e.g. X{u* - Ui): 



duj du*u* dp 1 d^Uj ^ 

dt dxj dxi Re dxkx^ ^ 



(4) 



Note that all necessary steps have been carried out now, solving eq. (4) will be 
called a LES. For constant x only(!) the right-hand side acts purely dissipative. 
In that case, the present closure can be related to the approximate deconvolu- 
tion model (ADM) (Stolz et al., 2001a; Stolz et al,, 2001b). However, to ar- 
rive at the equations used in ADM, another filter G has to be applied to eq. (4): 

= G^Ui. With the constraint that G2 = Qn^G dinAQ^ = 

one obtains: 



dt dxj dxi 



1 d^Ui 

Re dxkXk 



~X {I - Qn * G) * Ui, 



(5) 



with Ui 



Ua 



U^^ I ^ Ui, 

G * (Qn * G * i^i) = (G * Qn) ^Ui = (Qn * G) * Ui. 



Numerical Results. From what has been shown in the last paragraph it is 
obvious that the last step (to arrive at the ADM equations) is not necessary, and 
with it the whole procedure of filtering and deconvolution, since closure was 
obtained already in the second step. This was earlier recognized by Winck- 




Figure 6. Results of eq. (4) and eq. (5) for K=15, filtering in 2 : only. 
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elmans and Jeanmart, 2001. In particular, eq. (4) and eq. (5) will yield equal 
results, if the solution of eq. (4) is filtered in a postprocessing step. 

This was checked by applying the filtering only in the spanwise direction using 
15 Fourier harmonics (K=15=A:c — 1), where the present numerical method is in 
accordance with the assumption of periodicity. The turbulence model is given 
by the relaxation term with constant x = 572.96 = The choice of x was 
motivated from the consideration that it should be fairly large to have a visible 
effect on the results while allowing for time-step refinement studies without 
causing the simulation to become unstable. As a filter G, a symmetric 5 point 
stencil was used, applied in Fourier space via its transfer function (Fig. 5), 
so that the integral in eq. (1) reduces to a product for each Fourier harmonic. 
Results show that solution of eq. (4), G 2 obtained from Qn^G with N=5, and 
eq. (5) are in fact equal as expected (Figs. 6, 7). 

The spectrum (Fig. 7) reveals that the present LES is under-dissipative in the 
medium wave-number range (5 . . . 10). Such a behaviour was also observed 
by Winckelmans and Jeanmart, 2001. In the following an explanation is sug- 
gested. If k 2 is the cut-off wave number of G 2 , the relaxation term in eq. (4) 
affects only scales fc>/c 2 . However, filtering of the velocities u ^ u* before 
plugging them into the non-linear term on the left-hand side will affect scales 




Figure 7. Spanwise spectra for the streamwise velocity integrated over the interval [x = 
2.5, 2.75; y = 0, y^.,.]. 
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Figure 8. Same as Fig. 7. Results of eq. (4) for K=15, x = 0 and LHS unfitered. 



k<k2 by suppressing an influence of scales in the range k>k2 on them. Assum- 
ing that this effect would have been dissipative (i.e. scales in the range k>k2 
would act in a way as to draw energy from scales k<k2), the complete model 
is not dissipative enough for scales k<k2. Setting x=0 or leave the non-linear 
term on the left-hand side unfiltered does not change the situtation significantly 
(Fig. 8), since both relaxation and explicit filtering act in a similar manner. 

4. Conclusions 

DNS of laminar- turbulent transition in a separation bubble was carried out. 
A large mean flow deformation reaching far upstream was observed and at- 
tributed to a viscous-inviscid interaction. This lead to a formulation of the 
upper boundary to yield height-independent results. The DNS -result was cho- 
sen as a reference case for a subsequent analysis of LES. This analysis con- 
sisted of two steps: a (scale) separation and a (subfilter-scale or SGS) modeling 
step. The first step is associated with an explicit filter applied to the non-linear 
term while the second step yields closure through a turbulence model. It was 
shown that the form of the filtered momentum equations does not depend on 
the choice of the filter while the quantitative value of the SGS model will. 
From the observations made, the following guidelines for the choice of the fil- 
ter G2 and the SGS-model can be derived: G2 should be designed such that 
k2 < the turbulence model should not only act on 

wave numbers k>k2 but also on smaller ones. The constraint on G2 reduces 
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errors originating from aliasing and finite differencing is the modified 
wave number), while the modeling aspect was discussed in the previous sec- 
tion. 
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CROSSFLOW VORTICES NEAR THE 
ATTACHMENT LINE OF A SWEPT AIRFOIL 
ATM = 8 



Jom Sesterhenn and Rainer Friedrich 



Abstract We consider the flow in the vicinity of the leading edge of a parabolic profile 
in swept supersonic flow. In terms of the attachment-line instability, which is 
expected at the leading edge, the sweep-Reynolds number is above Re = 642, 
the sweep-Mach number is M = 1.25, and the ratio of nose radius to viscous 
length scale is R/S ^ 400. The wall is adiabatic. The parameters are chosen 
such that we could expect exponential disturbance growth of the leading edge 
instability for incompressible, flat-plate flow. No precise information about the 
formation of the attachment-line instability in the compressible, curved-surface 
case is known. 

The response of the boundary layer due to random perturbations in the stagna- 
tion region as well as entropy disturbances ahead of the shock is investigated 
numerically. In sequel, both the leading edge instability and a crossflow insta- 
bility are excited. In the present configuration the crossflow instability clearly 
dominates. 



Keywords: compressible leading edge flow, Gortler-Hammerlin instability, crossflow vor- 

tices, stability, transition 

1. Introduction 

Empirically, the attachment-line instability was found to be important for lam- 
inar/turbulent transition on swept wings since the early fifties. A review of the 
early theoretical and experimental work may be found in Poll, 1979. The linear 
stability analysis by Hall et al., 1984 for the incompressible flat plate yields 
a critical Reynolds number Re = 583. This Reynolds number is based on the 

spanwise velocity and the viscous length scale S = yj v j This find- 
ing is consistent with DNS studies as for example performed by Spalart, 1988. 
Flat plate experiments do not exist and curved surface experiments supposedly 
confirm this results. But recently a finite nose radius was found to increase the 
critical Reynolds number. Based on linear stability analysis, Lin and Malik, 
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1997 predict an increase up to Re = 637 for R/6 = 143. The flat plate case is 
recovered for i?/5 > 1430. 

For the weak compressible regime on a flat plate, Le Due et al., 2002 con- 
firmed the existence of the instability for Re = 642. On a curved surface 
this instability was observed by Schwertfirm, 2002. Additionally, disturbances 
downstream from the leading edge were found. Since they were located at the 
end of the computational domain it was uncertain whether they were physical 
or not. 

In the present study the supersonic case is investigated where the parameters at 
the stagnation line are similar to Le Due et al., 2002 and Schwertfirm, 2002. 
The computational domain is significantly enlarged in the chordwise direction 
to investigate the effects observed in Schwertfirm, 2002. 

2. Numerical Method 

We use a characteristic-type numerical scheme which was developed for di- 
rect numerical simulations of compressible transitional and turbulent flows by 
Sesterhenn, 2001. In these flows low numerical dissipation and dispersion are 
important and a primitive variable formulation is employed in order to achieve 
high accuracy and performance. Shocks are treated explicitly with a shock- 
fitting procedure as demonstrated in Fabre et al., 2001. Thus, the shock loca- 
tion is an unknown of the computation and the grid has to be time-dependent. 
The main feature of the scheme is a multidimensional wave decomposition of 
the Euler equations which lend themselves easily to a high order (typically 
5th) discretization. Boundary conditions can be treated in a physical manner. 
In the present case we use a grid of 350 x 128 x 8 points. The resolution of 
eight points in spanwise direction is able to resolve the principal mode. This 
is sufficient for the present purpose. The shock is treated with a shock-fitting 
method. At the outflow, non-reflecting boundaries are employed. The span- 
wise direction is treated periodically. The coordinate system is orientated as 
follows: The origin is at the nose of the body. The x-axis points into the chord- 
wise direction and ^ denotes the spanwise direction. The velocity components 
in (x, z) are called, as usual, (u, v, w) The spanwise extent of the compu- 
tational domain L^ ^ 25S is chosen to approximately match the wavelength 
of the expected instability. Clearly, this setup only allows a given wavelength 
instability and does not reveal the most unstable wave. 
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3. Results 

3.1 Base flow 

The base flow is computed first for each Reynolds number. It is independent of 
the spanwise coordinate and can be computed in two dimensions. The compu- 
tational domain is then expanded into the third direction to the desired length 
Lz. This length is chosen according to the stability diagram of the incom- 
pressible flat plate flow depicted in Figure 1. The ordinate is expressed in 
spanwise wavelengths (3 = ^ . Please note that the depicted stability diagram 
is valid for the incompressible flat plate. In the present paper we show results 




Figure 1. Stability diagram of the incompressible flat-plate Hiemenz-flow. (Courtesy Obrist 
and Schmid, 2003) 

for Re = 642 and Re = 700 at lengths ranging from Lz — 20 to Lz — 30, 
corresponding to a range of j3 from 0.31 to 0.21. 

3.2 Random Perturbation 

This base flow was seeded with random perturbations in all flow quantities 
using a relative amplitude of 10“^ as compared to the free-stream values. Dis- 
turbance growth is observed for all flow cases, as depicted in Figure 2 for 
Re = 700 and Lz = 205, 225, 305. Unfortunately Lz = 305, corresponding to 
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Figure 2. Disturbance growth of the first harmonic mode in spanwise direction for Re = 700 
and random perturbation 

(3 = 0.209, should be stable for the leading edge instability, since it is already 
outside the instability region for the incompressible, flat plate and we expect 
both additional effects to be stabilising. Examination of the growing structures 
reveals the growth of a crossflow instability. More details will be presented in 
the next section. 

3.3 Entropy Perturbation 

To enhance the growth of the leading edge flow we perturbed the flow in the 
freestream by a convected entropy disturbance of the form 

2y]-2: ( + ^ 

s = Sqq e (^1 a COS — — )Cy e V ^ /. (1) 

The interaction of this disturbance with a shock was investigated in Fabre 
et al., 2001. Entropy-, vorticity- and acoustic disturbances are generated. The 
vorticity disturbances resemble the shape of the leading edge instability; thus, 
we expect it to trigger the latter more successfully than random perturbations. 
Again, the crossflow vortices grow dominantly. Their shape is shown in Figure 
3 by use of the Q-criterion. Positive values of Q = indicate regions 

with dominance of rotation := over shear := ^{ui^j^Uj^i). 

Figure 4 represents a cut normal to the parabolic surface in the region of the 






Crossflow vortices near the attachment line of a swept airfoil at M = 8 



245 



2: 




V 



Figure 3. Shape of the crossflow vortices shown as a positive isosurface of Q = — 

The view is directed towards the stagnation line, extending vertically in between the two spots 
and the leading edge flow is directed from bottom to top. 
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Figure 4. Contours of chordwise velocity in the crossflow vortices. Lz = 25(5 
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crossflow vortices. Lines of constant chordwise velocity are depicted. The 
location of the first appearance of erossflow vortices was found to coincide 
with the location of maximal streamline curvature. 

{Pf 

The dot denotes a derivative with respect to time. 

The following figures 5 and 6 show the Fourier coefficient in the spanwise 
direction of the disturbance velocity component v at three instances in time. 
The first diagram shows its value along the wall normal direction at 5 = 1715, 
the second figure depicts its maximum along the 5 coordinate, s being the 
arclength of the parabola. At t = 4.3, the external disturbance has reached 
approximately s = 6505 and at (n/5, s/5) = (—1, 171) an instability appears. 




n/5 

Figure 5. Principal Fourier mode of the v velocity in wall normal direction 



Over the course of time, the external disturbance travels past the body and the 
localised instability increases. At t = 6.0 a second vortex forms which grows 
and finally merges with the first one. The maximum disturbanee velocity gains 
values higher than 35% of the normal velocity behind the shock. Subsequently 
higher modes appear which would require substantially higher grid resolution 
in the ^-direction. 
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4. Conclusion 

In the present flow configuration we expected an attachment line instability, 
originating at the stagnation line and extending over a certain range of the 
profile. On the contrary, we found a crossflow instability off the attachment 
line. 

This instability dominates clearly in the present configuration. From our 
present view, the attachment line instability is overemphasised in the literature 
and future studies have to reveal the relative importance of both instabilities 
for a wider range of parameters. 
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Abstract To examine the turbulent characteristics of a small-scale ocean (length scale at 
L=O(10^m)) disturbed by buoyant plumes, a numerical experiment is performed 
by employing Large-eddy simulation technology and two-fluid theories. This 
includes a simulation of reconstruction of the statistically stationary state of a 
small-scale ocean and the simulation of two-fluid plumes. For numerical recon- 
struction of a small-scale ocean, the observation data of the instantaneous flow 
field on the West Coast of Hawaii Island is applied to the determination of the tur- 
bulent structure with the aid of the forced-dissipative mechanism. The dynamics 
of buoyant droplets is described by an Eulerian scheme with the assumption of 
treating the droplets as a quasi-fluid. The two-way coupling between turbulent 
ocean and droplets is performed through exchange sub-models for momentum 
and mass. The predictions of turbulence spectra indicate that the buoyant plumes 
improved indistinctly the horizontal turbulent characteristics, however, they sig- 
nificantly modified the temperature spectrum in the lower wavenumber range. 
For plumes, the dynamics in the regime near the injection exit are dominated 
by interactions between turbulent ocean and droplets/solution. Outside of this 
regime, water column of solution is governed by the ocean turbulent flow. 

Keywords: Small-scale ocean, turbulence, two-phase plume, LES 

1. Introduction 

Turbulent two-phase plumes in the stratified environment are the kinds of phe- 
nomena in the ocean that occur naturally, such as the buoyant hydrothermal 
plume discharging dissolvable chemical species and suspend particles into sea- 
water from the sea floor (Rona et al, 1991). Others are created artificially, such 
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as the buoyant liquid CO 2 plume and CO 2 enriched seawater peeling plume 
developed by directly releasing liquid CO 2 into the ocean at a middle depth to 
mitigate the C O 2 concentration from the atmosphere as proposed by Marchetti 
(1977). A fundamental understanding of the mechanism of plume formation 
and evolution is therefore essential for various applications in oceanic and envi- 
ronmental engineering. Experimentally, the plume structure and the three types 
of intrusions in a linearly stratified ambient were indicated depending on the 
bubble flow rate with respect to the stratification (Asaeda & Imberger,1993). 
Theoretically, the analysis models of mass flux entraining in and peeling out 
the plume were developed to predict the plume efficiency and basic structure 
(Asaeda & Imberger, 1993). Numerically, LES had been applied to the exam- 
ination of the homogeneous stably stratified shear turbulent flow (Kaltenbach, 
Gerz & Schumann, 1994). The effect of microbubbles on developed turbu- 
lence was also analyzed, from which it was demonstrated that two-way cou- 
pled microbubbles can reduce the turbulent energy in decaying turbulence and 
in turbulent mixing layers under certain conditions (Druzhinin & Elghobashi, 
2001 ). 

On the other hand, recent field observation data from the deep ocean provided 
new information of small-scale ocean turbulent flow (Maeda et al, 2000), 
from which the kinetic energy spectrum was obtained. These data can 
then be applied to the numerical modeling to reexamine the technologies 
currently used. The major objective of this study, from the point of view 
of practical application, is to make an attempt to numerically reconstruct a 
’real’ small-scale ocean with the aid of available observation data and LES. 
With this reconstructed ’real’ ocean, the dynamics of the introduced buoyant 
droplets and solution plumes are further investigated by a two-way coupling 
method. The interactions between plumes and seawater column, including 
mass and momentum exchanges, are realized through the source terms of the 
governing equations for each phase. 



2. Numerical Reconstruction of a Small-scale Ocean 

As the basis for the numerical reconstruction of the small-scale ocean, field 
observation and data are briefly summarized here. The field observation was 
performed on the West Coast of Hawaii Island (19^43. 3624’N, 156"04.605W), 
where the depth is 874.9m and three sets of temperature and current sensors 
were employed vertically at 20m, 230m and 440m from the bottom, respec- 
tively. The time interval of the measurement was set to two minutes and the 
data was recorded as the mean value over 15 seconds. The vertical distribu- 
tions of temperature and salinity, which are used to calculate the density, were 
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obtained separately. The details of the field observation can be found in the 
CRIEPI Report (Maeda et al, 2000). 

Data analysis has shown that the mean horizontal velocity is in the order of 
Um ^ 2.0cm/s and appeared to be a shear flow from the bottom. The time 
period without being influenced from the tide is about 6 hours. According to 
these basic data, the small-scale ocean to be reconstructed numerically is set 
up with the following assumptions: 1) The special scale of the ocean is in 
the order of L ~ O (500m) and the resolution should be smaller than 2.5m 
(A<2.5m); 2) The flow dynamics inside this ’ocean’ can be reasonably re- 
garded as a horizontal-quasi-homogeneous and stratified turbulent shear flow; 
and 3) The Taylor hypothesis of frozen convection is applicable. The turbu- 
lent dynamics of this ocean is then described by a set of Navier-Stokes based 
equations in a large-eddy simulation version, which are given, in dimension- 
less form using the reference length L=500m, velocity Uo=l.Om, time t=L/Uo, 
density po=1000kg/m^, and scalars ^max^ respectively, by: 

dtipUi) + djipUiUj) = -dip + dj{p{2uSij -nj)) + (p- l)gi + FtSmi (1) 

dt{p$) + diipuiLp) = diipD^diip) - ^^{pqi) ( 2 ) 

in which resolved variables, (A), include the velocity vector, 2^, the piezo- 
metric pressure, p, defined by the pressure and the hydrostatic pressure, and 
scalars, (p, including temperature and salinity. The scalar variables are used 
to calculate the density of seawater, p^, using the equation of state for seawa- 
ter. Sij is the strain rate. The turbulent dissipation and transport terms, fij 
and Qi, in sub-grid scale are estimated by means of a Structure Function model 
(Lesieur & Metals, 1996) with turbulent Prandtl number, Prt = 0.7. 

In practice, the dimensionless computation domain is a cubic box with di- 
mensions xi=1.0, X3=0.2 (horizontal), and X2=0.6 (vertical), respectively. A 
uniform grid of A^i=256, A^2=128, and A^3=64 points is used. The initial fields 
are given by the mean horizontal velocity i^i=Um(^2); ^ 2 =^ 3 = 0 , temperature 
T=Trn(x 2 ), and salinity S=Sm{x 2 ), which are derived from the observation 
data (Maeda et al, 2000) for the vertical distributions only. The turbulent field 
is then created by perturbing these mean profiles at a narrow band of wavenum- 
ber kf through the source term appearing on the right hand side of (1), Ft6mi 
when m=i. This turbulent force is generated and controlled (Grossmann & 
Lohse, 1992) by: 

Ft = pei^o(fc,t)/ ^ UQ{k,t)uQ{k,t) k C kf (3) 

k£kf 

where e is the sub-grid scale turbulent dissipation rate and u'^ikd), is a forc- 
ing intensity variable, which should be adjusted to match the kinetic energy 
spectrum of the observations associated with the sub-grid scale model. It is 




256 



DIRECT AND LARGE-EDDY SIMULATION V 



not difficult to find out from (3) that the total energy input will be dissipated 
equally by sub-grid scale dissipation once the statistical state is approached. 
The forcing is performed in three directions in the same way and the forcing 
positions are determined randomly by a random number generator. 

The equations, (l)-(2), associated with the equation of continuity, closed by 
the SGS structure function models and forced by (3), were numerically solved 
by a finite-volume method in a staggered grid system. Discretization of the 
momentum and scalar equations was accomplished by a second-order central- 
difference scheme. The flow variables were advanced in time by an implicit 
three-level second order scheme and the SIMPLEC algorithm was applied to 
solve the momentum equation. The top of the domain is a free surface that 
was treated as a rigid slip wall. This is a reasonable and simple approach when 
no mass transfer is assumed at the top. The bottom of the domain was consid- 
ered to be a no-slip boundary for velocity vectors and a zero-flux boundary for 
scalars. The horizontal sides are all open boundaries. 

The preliminary results from the numerically reconstructed small-scale ocean 
are presented in Fig. 1. As can be seen from the instantaneous flow field shown 
by the contours of horizontal velocities (Fig.l, left) in the central section (xs 
= 0.1) after the steady state being approached, the basic flow characteristics 
of the small-scale oceanic flow appear to be reproduced well. To examine the 
mean characteristics, the vertical profile of the mean velocity, uirn{x 2 ) (di- 
mensionless), samples from the central section are plotted in Fig. 1 (right) 
together with the observation data, which is the initial distribution, for compar- 
ison. The statistical properties of the turbulent flow field are presented by the 
one-dimensional kinetic energy and temperature spectra, respectively, which 
are shown in Fig. 2. The data are sampled from the central section. For the 
horizontal turbulent kinetic energy spectrum, the prediction is well accepted in 
comparison with the observation data (Fig. 2, left). This spectrum represents 
the homogenous characteristics of small-scale ocean turbulence. However, a 
large discrepancy is found (Fig.2, right) with respect to the temperature spec- 
trum in comparison with observation data, especially in the region of the lower 
wavenumber range. Associated with this, the spectrum of the vertical velocity 
is also in disagreement with the observation data at lower wavenumber (Fig. 2, 
right). This is due to the effect of potential energy and the equipartition of forc- 
ing in the momentum equations. These differences seem to assume implicitly 
that there exists an additional thermo-source rather than the kinetic only, which 
is not accounted for in the model, but dominates over the thermal field even in 
this small scale. Because the physical mechanism of this lower wavenumber 
thermo-source (large scale thermobaric instability or some kinds of buoyancy 
forcing) is not clear currently, no artificial modification is made here and it is 
kept as an open problem for further investigation. 
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Figure 1. Contour of horizontal velocity of the reconstructed flow field (left) and the mean 
velocity (right). 





Logio (K) (1/Gm) Logitf(K) (l/cm) 



Figure 2. Predictions of one-dimensional kinetic energy spectra, for horizontal (left) and 
vertical (right-top) velocities, and temperature spectra (right-bottom) and data. 



3. Modeling of Buoyant Plumes in Small-scale Tdrbulent 
Ocean 

To simulate the generation and evolution of buoyant plumes in a ’real’ ocean, 
dissolvable droplets of liquid CO 2 are injected into the reconstructed small- 
scale turbulent ocean discussed in section 2. Since the simulation must ac- 
count for a large quantity of droplets being injected continuously, an Eulerian- 
Eulerian two-fluid frame is adopted to describe the dynamics of the droplet 
plume under the memory limitations of present-generation computers. As a 
quasi-fluid, the continuum equation for droplets is decomposed into two equa- 
tions for droplet void fraction, a, and number density, /, in order to estimate 
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diameter shrinkage resulting from droplet dissolution. For simplicity, droplet 
coalescence, secondary break-up, and collisions are assumed to have negligi- 
ble effect on the number density function. Details of the two-phase flow model 
can be found in Chen et al, (2002). 

Numerical experiments were performed by setting the physical properties of 
the droplets as follows, with reference to the natural species {CO 2 and CH4) 
in the ocean. The density ratio po/pci=1.08; the ratio of initial diameter of 
droplets to the grid size is Do/A=0.035 (Do=7.0mm) and the initial void frac- 
tion of droplets is ao=1.0%. It is assumed that the solution of droplets is denser 
than the ambient seawater, the density ratio of solution to seawater is a linear 
function of the mass concentration of solute (Song et al, 2002). For momentum 
exchange, the source term can be expressed as: 

Fd = Q-lhi-K pdUwa^^^T^^Cd\uj - Udj\{% - Udj) (4) 

where the subscript ’d’ indicates the droplet; is the kinematic viscosity of 
seawater and the drag coefficient being estimated by C(/=24(l+0.125 

while the dissolution coefficient is calculated through the Sherwood 
number to invoke the effect of the flow field. 

The simulation is started by spinning-up the small-scale ocean to a full tur- 
bulence state and then being maintained by the forced-dissipative mechanism. 
By the ocean reconstruction mentioned in Section 2, droplet injection is then 
initiated on a grid of ni=45, n 2 = 8 , and n3=32 points. The droplet equations 
are solved to obtain new source terms that couple with the ocean flow field. 
This computational cycle was terminated and began again at the next time step 
when the density difference between cycles fell below a selected threshold. 
The fully-developed plumes (in the central section) of droplets and solution 
predicted from the model are given in Fig.3, where the droplet plume is vi- 
sualized by its diameter and the solution by its concentration. In the region 
downstream of the injection exit, the solution column descends downward due 
to the high solution concentration. It significantly dispersed the original ocean 
turbulent structure locally. The statistical analysis of the data sampled from 
layers of this region predicts, as shown in Fig. 4, that the horizontal kinetic 
energy spectrum seems to be insensitive to this disturbance, which indicates 
that the droplet drag seams to be negligible in comparison with the ocean tur- 
bulence. 

Contrarily, in comparison with the original ocean spectra, the temperature 
spectrum was significantly improved especially on the lowerwavenumber 
side and approached that for the observation data. This result identifies a 
suggestion that, apart from the equipartition forcing by equation (3), there 
exists a kind of lower frequency buoyancy forcing, which is the force balanced 
by the potential energy and makes the small-scale ocean to appear as a 
homogeneous turbulence like what was observed from the field observation 
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Figure 3. Modeling prediction of two-phase plumes; the droplet plume by droplet diameters; 
Solution plume (right) by concentration. 





Figure 4. Comparison of results for the effects of a plume on the turbulent spectra. Horizontal 
kinetic energy spectrum (left) and temperature spectrum (right). 



data. Thus, the dissipative term in (3) should be extended to include the 
potential energy. 



4. Conclusions 

A numerical model of simulating the small-scale ocean turbulence coupled 
with buoyant plumes is developed with the use of LES and two-phase flow 
theories. With the aid of field observation data, the predictions indicated that 
the buoyant plume could significantly disturb the vertical turbulent structure of 
the small scales, without disturbing distinctly the horizontal one. 
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Abstract A 3D finite-difference method featuring piecewise planar volume tracking and 
explicit sub-grid scale modeling is used to simulate the violent, turbulent bub- 
bling resulting from air venting into a water pool through a downcomer pipe. A 
moderate-sized mesh and domain decomposition-based parallelism were used 
for a 0(10^ ) — O(10^)-timestep computation, in order to extract turbulence 
statistics representative of long-time simulation of fully-developed flow. Vol- 
ume tracking is seen to be a robust basis for super-grid scale simulation of the 
bubble rise, fragmentation and coalescence phenomena; it captures the kine- 
matics of interfaces that are adequately resolved on the grid, and preserves the 
existence of bubbles and liquid jets breaking up to grid-scale (1-2 cells) size. 
Interface deformations are seen to strongly correlate with the large-scale struc- 
tures forming at the front in the gas phase. Enhanced energy decay according 
to the 8/3 power law seen in bubbly flow is generally attained, with also some 
tendency towards the Kolmogorov K41 slope. The bubbling is turbulent on the 
gas side, and the main sources of turbulence are bubble break-up and gas jetting 
from the downcomer tip. 

Keywords: Bubbling, LES, turbulence, volume tracking, VOF 

1. Introduction 

In the context of the migration from space-averaged modeling of interfacial 
flow to direct simulation approaches, interface tracking is increasingly com- 
plementing interdispersed-phase modeling of practical flows. Analogously, 
Large-Eddy Simulation (LES) is increasingly making inroads into the equiv- 
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alent domain traditionally dominated by RANS (Reynolds-averaged Navier- 
Stokes) modeling in transient studies of turbulence. In both approaches, the 
physics is simulated down to the grid-resolved level: in the case of interface 
tracking, the grid scale represents the minimum resolvable interfacial radius of 
curvature, while in turbulence the grid scale represents the minimum resolv- 
able eddy length scale. The incorporation of the sub-grid scale physics is to 
an extent analogous, in that they represent modeling approaches in multiphase 
flow and turbulence computational modeling, respectively. Direct simulation 
of interfacial kinematics and physics using interface tracking-based finite- 
difference/finite-volume (FD/FV) methods has already been demonstrated as 
a powerful framework for solving flows dominated by massive topological 
changes and interfacial physics [1],[2],[3]. Little has been done, however, 
to capture the turbulence in these simulations. This work represents a first 
attempt to couple explicit SGS modeling for LES into an interface tracking- 
based FD/FV code for the simulation of bubbling due to air venting through a 
downcomer. It also constitutes a first attempt to apply the standard statistical 
turbulence analysis to improve our understanding of turbulence in a particu- 
larly vigorous flow scenario (as compared to fundamental studies such as [4]). 



2. Numerical Method 

2.1 The filtered governing equations 



The filtered equations of motion for incompressible two-phase flow in the one- 
fluid context can be written as 



duj 

dxj 



0 



( 1 ) 



d.^ d 



_ _ d , ^ 

(yPUiUj^ — — P^ij 



dxn 



iij 



+ P9i + (2) 



Vj j 

where use was made of the conventional decomposition of the stress tensor into 
resolved and subgrid-scale (SGS) components, i.e. Tij = p{uiUj — UiUj). 
The hatted quantities ((f)) denote the filtered variables obtained by applying a 
convolution filter G over the entire domain D: 



(f> = G ® (j) = f G(x — x')(f){x')dx' (3) 

Jd 

The last term of Eq. 2 represents the surface tension force. Material properties 
including the density and viscosity (rj = p, p) are defined as 



ri ^ fkVG + - fk) VL (4) 

where fk is the volume fraction indicator function delineating pure gas phase 
(fk = 1) from pure liquid (/^ = 0) phase; volume-averaging at inter- 
face regions yields mixed-phase regions upon discretisation, in which case 
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0 < A < 1- The color function fk is advected by the flow according to the 
topological equation 



dfk djujfk) 
dt dxj 



(5) 



To promote robustness, we use the velocity formulation of the momentum 
equation used in [3], rather than Eq. 2 directly. 



2.2 Numerical Schemes 

For accurate simulation of transient high-density-ratio flows in complex 
3D geometries, we have developed the MFVOF-3D code, and it has been 
used here. The code uses MPI-facilitated parallelism based on domain 
decomposition, a projection method to update the flow field solution, and 
subdomain-based computation and Additive Schwarz Krylov subspace solvers 
for scaleable parallel performance. 

Vigorous bubbling places special demands on interface tracking methods, in 
that any particular method must robustly and accurately capture all stretching, 
fragmentation and coalescence phenomena induced by the bubbling. The range 
of interface length scales and high-curvature interfaces generated in bubble 
break-up, liquid filamentation, bubble coalescence and other phenomena, are 
a major challenge to particle-based and level-set methods, in that rigorous vol- 
ume conservation at the local level becomes necessary, and the breaking of few 
closed surface into multiple closed surfaces (and vice versa) must be captured. 
Ultimately, volume tracking based on piecewise planar interface reconstruction 
(commonly known as PLIC-VOF (Piecewise Linear Interface Calculation) [5]) 
is the only interface tracking scheme currently capable of robustly, and for the 
most part accurately, tracking the movements, creation and destruction of all 
resolvable interfaces in the 3D solution domain. With 3D PLIC-VOF in the 
code, bulk-property distributions such as density and viscosity are geometri- 
cally extracted from the interface reconstructions using Eq. 4. The location of 
the interface as described by the color function is also used to model surface 
tension, using the fully kernel-based variant of the Continuum Surface Force 
(CSF) method [6] implemented in [3]. 

In using explicit SGS modeling in this study within the framework of Large- 
Eddy Simulation, we rely on the effective viscosity and the use of the velocity 
formulation to maintain stability, and use second-order centered differencing 
for the advection terms. We use the Smagorinsky kernel for SGS modeling. In 
the study by [7] of turbulence in bubbly flow using the dynamic SGS model- 
ing approach of [8], an average damping coefficient result of Cs = 0.1 was 
obtained, with relatively small scatter; this value was used in our model. Tur- 
bulence damping in near-wall mesh cells is achieved using the van Driest wall 
damping. 
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3. Simulation of large-bubble formation at a downcomer 

3.1 Problem Setup 

The computational domain of height and breadth 450mm, corresponding to 
the experiment [1, 2], was discretised using an orthogonal, non-uniform 64^ 
mesh. The xy-plane (z vertical) is refined in a “core bubbling ” region about 
the downcomer to an equivalent 96 x 96 mesh spacing. The downcomer (inner- 
diameter 50mm, outer-diameter 72mm), was centrally located, with its tip 
180mm above the bottom of the domain, and its diameter was resolved by 
10 cells. Except for the inflow area, the top boundary is represented as an out- 
flow boundary. The bottom of the domain is modelled using a no-slip boundary 
condition, while the vertical walls are modeled using free-slip boundary con- 
ditions. 

The air venting flow-rate studied is 10 1/s - a specific case documented in [1], 
but not fully described in [2]. The Reynolds number of the pipe flow of air 
is 17000. The 10 1/s flow represents something of a transition between lop- 
sided (in 8 1/s case) and symmetric (in 16 1/s case) bubble rise. The bulk flow 
is initially quiescent, and a white noise perturbation was superimposed on the 
initial velocity field. The simulation was performed in parallel as a 16-CPU 
computation. Using a Courant number of 0.2 and signal sampling at 1000 Hz, 
simulation of 1 .0 second took one month of computation. 

3.2 Transient large-scale bubbling phenomena 

Figures l(a)-(c) show sample frames of the fk — 0.5 iso-surface contour to 
identify interface locations. For qualitative comparison. Figure l(d)-(f) dis- 
plays sample frames of bubble surfaces captured on video at the same flow 
rate. Phenomena worth noting include essentially symmetric bubble growth 
and symmetric bubble rise, “fingering” of the upper bubble surface during rise 
(Figure 1(a)), and lop-sided bubble detachment and rise (Figure 1(b)). The 
simulation of the observed bubble fragmentation demonstrates the ability of 
VOF to robustly capture even the most challenging interface kinematics in a 
seemingly realistic manner, even down to generating and preserving the satel- 
lite bubbles. Along with the transition from symmetric bubble plume rise about 
the downcomer to lop-sided rise and chopped-up interfaces, there is also the 
transition from lop-sided to symmetric and smoother surfaces - a restoration 
of organised from non-organised events. Figure 1(f) shows a typical shape of 
a large symmetric bubble that forms quasi-periodically. In the current simula- 
tion, however, we have had difficulty in regaining such a smooth single-large- 
bubble surface at subsequent bubbles; Figure 1(c) represents an approach to the 
experimental result. Event-sensitivity to air flow rate is high in this transition 
region, but poor resolution of the interface, the turbulence about the interface. 
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Figure 1. Frames of the bubbling resulting from air venting through a downcomer, for air 
flowing at 10 1/s into a water bath: (a)-(c) simulation, (d)-(f) experiment (from [1,2]). 



and the use of a non-high-resolution momentum advection scheme, are pos- 
sible contributors to subsequent bubble growth not completely regaining spa- 
tial topological symmetry and “smoothness”. In the case of zero capacitance 
pipe gas flow (constant volumetric flow rate venting), Meier [1] found bubble 
growth to consist less of a distinguishable growth/detach pattern, and instead 
featured a near-continuous escaping of gas to the side - a pattern of bubble 
growth seen in full animation of our flow field results. In such a case, pressure 
signal analysis was considered useless in [1]; bubble counting exclusively was 
used to determine the bubble frequency in constant flowrate venting, although 
considered in [1] to be highly uncertain. To be consistent with Meier [1], 
bubble counting was used in the current study to determine bubble frequency. 
Based on clearly distinguishable downward penetrations of bubble growth, the 
present simulation yields a bubbling frequency of at least 7 Hz (1-2 Hz is a 
realistic level of the under-prediction uncertainty due to poorly distinguish- 
able downward penetrations we may have failed to pick up). At the upper end 
of the flowrate spectrum used in the experiment schedule of [1], the bubbling 
frequency was also determined to be 7-9 Hz. Another event that is observed, 
but not shown here in either set of frames, is the violent break-up of bubbles 
at a distance AD to 5D above the downcomer. This break-up takes the form 
of a “mushroom cloud” - an abrupt inversion and lateral expansion of the bub- 
ble plume high above the downcomer tip, and resembles bubble swarming i.e. 
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massive fragmentation into smaller bubbles. Although this bubble swarming 
is captured in simulation, the outflow boundaries are in very close proxim- 
ity to the area of the computational domain the phenomenon occurs in, such 
that (potentially spurious) physics would be imposed. As an event essentially 
downstream of the bubbling at the downcomer, simulated bubble swarming 
will have little effect on the flow solution and turbulence characteristics in the 
region of interest; in any case, bubble swarming high above the downcomer tip 
is beyond the scope of the current investigation. 

3.3 Interface/turbulence interaction 

Figure 2 presents average and root-mean-square (rms) results in the ^ 2 :-plane 
through the centre of the downcomer. The degree of symmetry in these time- 
averaged results indicates that the one second of simulation is an approach to a 
long-time average, but also demonstrates the need for even more computation 
to average out the asymmetries. The rms results show significant velocity fluc- 
tuation to coincide with the bubble plume. The most intense velocity fluctua- 
tion is in the bubbling-jet area under the downcomer tip, while a second area 
at 4D to bD above the downcomer tip coincides with the mushroom-cloud 
region. More generally, gas-side velocity fluctuation is substantially greater 
than liquid-side fluctuation. 

Figure 3 shows instantaneous results at t = 0.24^, with panel (a) showing the 
velocity vector map and interface location. The interplay between the interface 
and the large-scale structures formed in the gas phase is clearly seen. These 
coherent structures, of various length scales, are preferably localised at the in- 
terface regions forming distinct lobes - a contributor to the fingering seen in 
Figure 1 . Some of the high-vorticity regions indeed coincide with the high- 
shear flow zones between the structures within the distinct lobes. High vortic- 
ity and strain-rates are shown to be concentrated in the downcomer-tip region 
of the gas-side flow, but there is also a clear damping of vorticity approach- 
ing the interface from the gas side - consistent with observation from DNS 
of counter-current stratified flow [4]. The contribution of the SGS eddy vis- 
cosity reveals that higher values coincide with high-velocity-fluctuation and 
high-vorticity gas-side flow regions. In [7], the two-fluid/dynamic SGS model 
provided ratios of < 20 in the “bubbling-core” region. Locally higher 

values of /xt/m Figure 3(d) means that a considerable portion of the spectra 
has been washed out. The Smagorinsky SGS model used in the present work is 
known to be overly dissipative and to not accommodate backscatter, and is one 
contribution to the possible overprediction of the ratio /xt/m* In addition, with 
eddy length scales correlating with interfacial length scales, and given Figure 1 
shows an abundance of grid-scale (1-2 cell breadth) length scales, turbulence 
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Figure 2. y 2 ;-plane distributions of time-averaged variables: (a) average void fraction, (b) 
average w-velocity, (c) root-mean-square void fraction, and (d) root-mean-square w-velocity. 



is under-resolved at certain locations in the flow. Away from the bubble plume, 
both in the pipe flow and the liquid-side flow, turbulence is low. 

3.4 Energy spectra 

For the spectra shown in Figure 4(a), signal recording for the duration of the 
simulation is concentrated on azimuths: (a) 45mm below the downcomer tip, 
and 20mm off-axis, (b) 45mm below the downcomer tip, and 65mm off-axis, 
and (c) 45mm above the downcomer tip, and 45mm off-axis. In each azimuth, 
signals at 16 equally-spaced points were recorded, as well as the spatial av- 
erage. The top row of Figure 4 shows the energy spectra obtained for each 
azimuth. Energy decay in the inertial sub-range based on the space-averaged 
signals follow the -5/3and -8/3 power laws. The -5/3 power law behaviour 
in the spectra of all signals from azimuth (a) confirm that the turbulence under- 
neath the tip of the downcomer is shear-dominated. The tendency towards the 
—8/3 power law in Figures 4 (b) and (c) is consistent with the experimental 
result for bubbly flows documented by Lance and Bataille [9], and which has 
been obtained in two-fluid modeling by Lakehal et al. [7]. The energy spec- 
tra for sample individual points in azimuths (b) and (c) more clearly exhibit 
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Figure 3. Profiles at t=0.24s, (a) fk =0.5 contour (interface location) and velocity vector 
map, (b) vorticity magnitude, (c) Sij Sij , and (d) IjLt/ F, in the yz-plmc through the axis of 
symmetry. 



the —8/3 power law slope - the enhanced outscatter away resulting from the 
pseudo-turbulence described by [9]. In contrast to the shear-dominated tur- 
bulence in the inflow (bubble-)jet region, the results of azimuths (b) and (c) 
clearly show that the turbulence above and to the side of the downcomer tip 
region is buoyancy-dominated. 

4. Conclusion 

In this work, VOF-based interface tracking and explicit SGS modeling of un- 
resolved eddy length scales were successfully combined to generate a realistic 
transient simulation-based solution to turbulent bubble formation and break- 
up resulting from air venting through a downcomer. The statistical analysis 
of the data shows the flow to be turbulent, and azimuthal-averaging yields 
energy spectra slopes in the inertial sub-range ranging from —5/3 to —8/3. 
Dissipative turbulence is found to be most pronounced in two distinct regions 
- in the vicinity of the downcomer tip where the flow is dominated by inertia. 
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Figure 4. Energy spectra for averaged and point signals, for azimuths (a) 45mm below tip, 
20mm off-axis, (b) 45mm below tip , 65mm off-axis, and (c) 45mm above tip, 45mm off-axis. 
The point signals shown are representative signals from a few of the 16 points that are equally 
spaced along each azimuth. 



and in a buoyancy-driven flow region well above the downcomer tip. Nu- 
merical surface tension-induced bubble break-up and the difficulty in regain- 
ing smooth large-scale bubble surfaces over time highlight the need for finer 
meshes and refined numerical schemes to better resolve the medium and large 
interface length scales. Specifically, a migration away from the overly dis- 
sipative Smagorinksy kernel to more advanced SGS models, combined with 
damping of ut and high-resolution momentum advection approaching inter- 
faces, would result in the required turbulence damping approaching interfaces 
that could help preserve the smoothness of large bubble surfaces. 
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Abstract Large-eddy simulations of a vertical turbulent channel flow with 420,000 solid 
particles are performed in order to get insight into fundamental aspects of a riser 
flow. The question is addressed whether collisions between particles are impor- 
tant for the flow statistics. The turbulent channel flow corresponds to a particle 
volume fraction of 0.013 and a mass load ratio of 18, values that are relatively 
high compared to recent literature on large-eddy simulation of two-phase flows. 
In order to simulate this flow, we present a formulation of the equations for com- 
pressible flow in a porous medium including particle forces. These equations are 
solved with LES using a Taylor approximation of the dynamic subgrid-model. 
The results show that due to particle-fluid interactions the boundary layer be- 
comes thinner, leading to a higher skin-friction coefficient. Important effects of 
the particle collisions are also observed, on the mean fluid profile, but even more 
on particle properties. The collisions cause a less uniform particle concentration 
and considerably flatten the mean particle velocity profile. 

Keywords: Large-eddy simulation, turbulence, two-phase flow 

1. Introduction 

A vertical turbulent channel flow with solid particles is simulated in order to 
model a section of a riser flow. The turbulent riser is often an industrial envi- 
ronment for important chemical processes, for example the catalytic cracking 
of oil. Detailed simulations may considerably increase our understanding of 
the physical dynamics of riser flows, which is required because the scale-up 
of these flows is very complicated. More knowledge about the formation of 
clusters of solid particles in these flows may eventually lead to more efficient 
industrial processes. 
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Vertical gas-solid flows have been studied experimentally (e.g. Kulick et al. 
1994; Nieuwland 1995) and with simulations. Simulations can be performed 
using a two-fluid model in which the solid phase is modeled as a fluid using 
continuous variables (e.g., Nieuwland 1995). This approach is subject to rel- 
atively many modeling assumptions. A more accurate approach is to conduct 
simulations with a Lagrangian tracking of the motion of each individual parti- 
cle (Hoomans et al. 1996), where the forces between the fluid and each particle 
are modeled with a drag law. 

Recently the latter technique has been combined with DNS/LES of the fluid 
flow. Direct numerical simulation (DNS) solves all turbulent scales in the flow, 
whereas large-eddy simulation (LES) solves the large-scales and models the 
effect of the small scales with a subgrid-model. These techniques are able to 
give proper detailed descriptions of the turbulence in a channel flow. LES/DNS 
of channel flows with solid particles have been performed before (Yamamoto 
et al. 2001, Squires and Simonin 2002, Portela et al. 2002, Marchioli et al. 
2003), but the total volume fraction of particles in these studies remains rather 
small (0.01 percent) and not all of these works include particle collisions and 
particle-fluid interactions. 

The purpose of this paper is to present LES of a channel flow in which the 
particle volume concentration is much higher (1.3 percent), in order to study 
a case which is closer to industrial applications. The simulations are four- way 
coupled, which means that both particle-fluid and particle-particle interactions 
(collisions) are included. The discrete particle module developed by Hoomans 
et al. (1996) is used, in which the spherical particles have a finite size and 
all (inelastic) collisions are taken into account. The LES-equations of the gas- 
phase are closed with an approximation of the dynamic subgrid-model. 

In order to study both the effect of the particle collisions and the effects of 
the particle-fluid interactions we compare the following three simulations: (1) 
a turbulent channel flow without particles, (2) a turbulent channel flow with 
particles, but without collisions (two-way coupled case) and (3) a turbulent 
channel flow with colliding particles (four- way coupled case). The differences 
between cases 1 and 2 quantify the effects of the particle-fluid interactions 
and the differences between cases 2 and 3 quantify the effects of the particle 
collisions. 

2. The equations for gas-solid channel flow 

Description of the gas phase 
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The Navier-Stokes equations that govern a compressible flow in a porous 
medium read: 

dtipe) + dj{p€Uj) = 0, (1) 

dt(peui) + ^j{peu^Uj) = -di{ep) + dj{eaij) + {peg + epg)Si 3 + fi,(2) 
dt{ee) + dj{{e+p)euj) = dj{eaijUi) + {peg + epg)u 3 +fiUi -dj{eqj)0) 

where the symbols dt and dj denote the partial differential operators d/dt and 
djdxj respectively. 

The coordinate X 3 denotes the streamwise direction of the channel flow, X 2 
is the normal and x\ is the spanwise direction. The domain is rectangular 
and the channel width, height and depth equal L 2 = 0.05m, L 3 = 0.30m 
and L\ = 0.075m respectively. No-slip boundary conditions are imposed in 
the X 2 -direction and periodic boundary conditions are assumed for the stream- 
and spanwise directions. Furthermore, p is the density, e is the porosity, u the 
velocity, p the pressure and e = p/(7 — 1) + \pUkUk the total energy per 
volume unit. The constant 7 denotes the ratio of specific heats CpjCy = 1.4. 
The viscous stress aij is defined as the product of viscosity p = 3.47 • 
10~^kg/{ms) and strain-rate 

(^) — “t“ djUi (4) 

The heat-flux qj is defined as —ndjT where T is the temperature and k = 
0.035VF/(m7f) the heat-conductivity coefficient. 

Pressure, density and temperature are related to each other by the equation 
of state for an ideal gas pRT — MgasP, where R = 8. 314 J/(mo/7f) is the 
universal gas constant and Mgas =0.0288kg/mol is the mass of the gas per 
mol. The gravitation acceleration equals g — — 9.81m/5^, Pg is an external 
pressure gradient and the symbol fi denotes the force of the particles on the 
flow per volume unit. 

The equations formulated above are equivalent to the equations governing a 
compressible ideal gas with velocity u, temperature T, density p^ = ep, pres- 
sure p^ = ep, viscosity = ep and heat-conductivity = en. Therefore 
to solve this flow it is convenient to use a standard compressible code with an 
addition of the forcing terms representing gravitation and the forces from the 
particles on the fluid. 

We are interested in a section of a riser flow with a vertical velocity of about 
4m/ 5 . The parameters of the fluid in the riser are close to those for air. The 
initial fluid density equals pi =1.0kg/m^. With a normal value of the ini- 
tial pressure (around 10^ N/m^) the flow has a very low Mach number around 
0.01, which is extremely expensive to simulate with a compressible solver. 
Therefore we use a much lower pressure {340N/m^) which results in a Mach 
number of approximately 0.2. At this Mach number the turbulent channel flow 
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can still be regarded as incompressible, i.e. a further reduction of the Mach 
number does not significantly change the turbulent statistics, including pres- 
sure fluctuations. 

The flow is driven by the pressure gradient pg, which is a function of time only 
and its level is such that the total fluid mass flow is constant. For a channel 
flow without particles the value of pg corresponds to Tyj = 0.0625A/^/m^, Ur = 
0.25m/5 and Rcr — 180. 

Description of the solid phase 

The discrete particle model is a hard sphere collision model. It calculates the 
motion of particles in the fluid and includes the particle collisions with a gen- 
eral restitution coefficient of 0.97, a tangential restitution coefficient of 0.33 
and friction coefficient of 0.1. The forces on a particle that are taken into ac- 
count are gravitation, pressure and the drag force resulting from the velocity 
difference with the surrounding fluid. The Ergun and Wen & Yu drag law is 
used, which is precisely described in Hoomans et al. (1996). The mean veloc- 
ity of the riser is low enough to neglect the heat transfer during particle colli- 
sions and the heat transfer between particles and fluid. The particle diameter 
equals 0.4mm and the particle density equals p 2 =1500kg/m^. The number 
of particles is Np = 419904. With the parameters above the average volume 
fraction of the particles becomes 0.013. The Stokes-response time equals 0.4s. 

Description of the numerical method 

The equations for the fluid phase are solved with a second-order finite volume 
method on a collocated grid. The equations are discretized in the divergence 
form as described by equations (1-3). The control volume of the convective and 
pressure terms equals eight grid-cells. Control volumes of one cell are used to 
discretize the derivatives that are required for the viscous/subgrid-fluxes and 
for the divergences of these fluxes. The integrations over cell-faces are all 
performed with the trapezoidal rule. 

The grid contains Wi x W2 x W3 cells and is only non-uniform in the normal 
direction. The simulations presented in the following are performed on a grid 
with Ni — 32 and N 2 = — 64. The first grid point X 2 ^i — 0.2mm in 

the normal direction corresponds with = 1.5. The porosity parameter e 
is determined by counting the particles within each cell of an auxiliary grid, 
which is uniform and contains 32 x 25 x 64 cells, chosen such that in each 
direction the mesh-spacing of this grid is considerably larger than the particle 
diameter (Hoomans et al 1996). Linear interpolation routines communicate the 
information from grid-nodes to particle positions and vice-versa. 

The discretization in time is explicit: a second-order Runge-Kutta method for 
the fluid phase and Euler for the particles. The time step equals 2 • 10 “ ^5 for 
the fluid phase and 10“^5 for the solid phase. The simulations run until at least 
t = 5s, while statistics are accumulated between f = 3s and t = 5s. 
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3. Subgrid-modeling 

The equations governing the fluid phase are solved by means of LES, which 
implies that a ’bar’ -filter is applied to the equations (1-3), with filter width 
in the x^-direction taken equal to the grid-spacing. The filtered equations are 
similar to equations (1-3), with the difference that in the left-hand side of the 
momentum equation a subgrid-stress is included, djTij with 

Tij — peuiUj — peu^peUj (5) 



For a full presentation of the filtered equations for compressible flow we refer 
to Vreman et al. (1995). The dynamic model (Germano et al. 1991) for rij is 
based on the Smagorinsky eddy-viscosity 

rriij = -cs~^A^S{u)Sij{u), S = {^SijSij)2^ A ^ (AiA2A3)3, (6) 



where ui — peuj / pe, a sort of Favre-filter for compressible flows with porosity. 
The dynamic procedure employs an extra filter with a larger filter width A = 
2 A, and the dynamic coefficient cs is computed by 



{^ij ^ij ) 



(7) 



where (•) denotes an average over the homogeneous directions in the channel 

( 8 ) 



Mij = -pe[V^/S.f‘S{peu/ pe) Si j{peu/ pe) + [pe/\^S{u)Sij{u)]. (9) 

The notation [.f indicates that the hat-filter is applied to the expression between 
the brackets. The factor \/5 is related to the choice of top-hat filters and a ratio 
of 2 between test-filter and basic filter (Vreman et al. 1997). 

Next we simplify the dynamic model in line with the approaches described by 
Pope (2000, p. 623) and Chester et al. (2001). Thus, in the following Taylor 
expansions are used to approximate the tensors Lij and Mij. In this paper, 
only the O(A^) terms are taken into account. For the tensor Lij this results in 
an expression similar to the gradient model, 

~ ' ( 1 ^) 

For the simplification of Mij we use that w = w + O(A^), which yields 

Mij = -4peA‘^S{u)S^j{u). ( 11 ) 



The dynamic coefficient is again obtained with equation (8). Thus the sim- 
plified procedure for cs, with simplified Lij and Mij, does not need explicit 
test-filtering. The resulting coefficient essentially equals the dissipation of the 
eddy-viscosity model to the dissipation of the gradient model. 
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Figure 1. Dimensional (left) and non-dimensional (right) mean streamwise fluid velocity 
(uz). Simulation with colliding particles (solid), with non-colliding particles (dashed) and with- 
out particles (dotted). 



The computations presented in this paper have been performed with this ap- 
proximated dynamic model (equations (6-7,10-1 1)), which is much cheaper to 
evaluate than the standard dynamic model. Simulations with other subgrid- 
models are currently performed, for example with the standard dynamic model 
(using equations (8-9)) and with a multi-scale subgrid-model (Vreman 2003). 

4. Results 

Results of the simulations are shown in figures 1-3. A comparison between the 
case without and the cases with particles in figure 1 shows that due to particle- 
fluid interactions the boundary layer becomes thinner (figure la) leading to a 
higher skin-friction coefficient (figure lb). We also observe important effects 
of the collisions, on the mean fluid velocity profile (figure 1), but even more 
on particle properties (figures 2-3). The mean particle velocity with collisions 
is flatter than without collisions (figure 2a). We also observe that the near- wall 
particle velocity is positive and does not drop to zero. This is in agreement 
with the observation that the mean fluid velocity profile in the boundary layer 
is enhanced by the forces of the particles on the fluid. 

Comparison of the cases with and without collisions shows that the collisions 
cause a less uniform particle concentration, as demonstrated by figures 2b-3. 
An increase of the particle concentration near the walls is only observed for 
the case that includes collisions (figure 2b). Although significant, the increase 
remains rather small, which is attributed to the fact that the particles are coarse. 
The near-wall effect was observed to be much stronger in a more diluted sim- 
ulation using finer particles (dp = 0.04mm) and a volume concentration of 
1.3 • 10“'\ Figure 3a shows that the case with collisions contains regions with 
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Figure 2. Mean streamwise particle velocity (vz) (left) and mean volume fraction of the 
particles (e.s ) (right). Simulation with colliding particles (solid) and with non-colliding particles 
(dashed). 




Figure 3. 



Isosurfaces e.s = 0.03 ait = 3s with collisions (left) and without collisions (right). 
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relatively high particle density, which are transported upward by the mean ve- 
locity. Without collisions these regions are considerably smaller and less dense 
(figure 3b), and thus it may be concluded that the particle-particle interactions 
play a crucial role in the formation of regions with increased particle density. 
We conclude therefore that particle-fluid forces and collisions between par- 
ticles strongly alter important properties of both phases. This indicates the 
necessity of a full four-way coupled model for detailed simulations of such 
flows. 
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Abstract The nonlinear model, which is quadratic in the mean velocity gradients, has 
been extensively used as the subgrid-scale (SGS) model in large-eddy simula- 
tion (LES) [1, 2]. It is well known that the nonlinear model is analogous to 
the viscoelastic terms in the second-order Rivlin-Ericksen fluid which is used 
in the analysis of the polymer diluted solutions [3]. In the present study, the 
analogy between the nonlinear model and the viscoelastic model is investigated. 
It is shown that the terms contained in both models are similar, but the sign of 
certain components is reversed in the viscoelastic model. The impact of the dif- 
ference in the signs for the formation of the turbulent structures is shown in the 
homogeneous isotropic turbulence. 

Keywords: subgrid-scale model, nonlinear model, Newtonian fluid, viscoelastic fluid 



1. Introduction 

Since turbulence consists of eddies with a very wide size range, the small scales 
should be coarsely grained. One of the methods available for this reduction of 
degrees of freedom is large-eddy simulation (LES). In LES, a coarse graining 
of the small scales is performed by applying a filtering operation to the raw 
variables, and the entire field (/) is decomposed into the grid scale component 
(/), and the subgrid-scale (SGS) component (/'). The filtered Navier-Stokes 
equations can be derived as 

duj d{ujUj) _ dTjj dp d^^Uj 

dt dxj dxi dxi ^ dxkdxk 

where Ui{i = 1,2,3) denotes the grid-scale velocity field, p the grid-scale 
pressure, and u the kinematic viscosity. The SGS stress tensor, = {yfu] — 
Ui Uj), results from coarse graining of the SGS. 
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Approximation of the SGS stress tensor has been commonly carried out using 
the scale-similarity model. The representative one is the Bardina model [4], 
The lowest-order approximation of the Bardina model using the Taylor expan- 
sion is the nonlinear model: 



— 2 _ 

A dui duj 

“12 dxk dxk ’ 

where A is the characteristic SGS length scale. This model exhibits a good 
performance for approximating the exact SGS stress [2]. The nonlinear model, 
Eq. (2), can be decomposed as, 

A ^ dui du A^— — — — — — — — 

~ 12 dxi dxi ~ ~ {Sik^kj “ 1 “ S jk^ki)} ^ ( 3 ) 

where Sij = {^u^/ dxj-\-duj / dxi) /2 md ftij = {^u^|^Xj-^Uj|^Xi)|2. The 

nonlinear model can be derived as the approximate solution for the algebraic 
stress model [5, 6]. 

It is well known that there are similarities between the mean turbulent flow of 
a Newtonian fluid and the laminar flow of viscoelastic fluids [3]. In fact, the 
nonlinear model has a structure similar to that of a Rivlin-Ericksen fluid which 
is used to describe the flows of dilute polymer solutions. The aim of this paper 
is to reveal similarities and differences between the nonlinear model and the 
constitutive models for the viscoelastic fluids. 



2. The viscoelastic constitutive equations 

In the present study, we consider the Oldroyd-A and -B constitutive equations 
which provide a fair representation of a viscoelastic fluid [7]. The Oldroyd-A 
constitutive equation can be given with the Navier-Stokes equations as 



dui d{uiUj) _ dp aX dcij 

dt dxj dxi ^""dxkdxk ^ ^Xdxj' 



(4) 



dcij 

dt 



dcij duk 

dxk dxj 



duk . 1 



A 



(5) 



where cij denotes the conformation stress tensor, A the relaxation time, and 
j3 the ratio of solvent viscosity contribution to total viscosity of solution [7]. 
Equations (4) and (5) are described in a dimensional form. 

An approximate solution for the Oldroyd-A model can be derived as follows 
with the initial condition at t = 0 as Qj(0) = 5ij. 



L 



Ctj{t) ^ 6ij - e A 2Sij{s)ds 
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+ / dr J dse * 2 (^Sik{s)^{r) + ^{r)Skj{s)^ , (6) 

in which the convective terms were not included. The approximate solution, 
Eq. (6), contains the time-memory effeet, which is important to describe the 
behavior of the viscoelastic fluid since a material that has no memory cannot 
be elastic [7]. For simplicity, we assume the steady state in the present study. 
Then, Equation (6) can be approximated as 

Cij{t) ~ Sij — 2XSij + {‘^SikSkj + {Sik^kj + Sjk^ki)}- (7) 

We terminated the expansion at the order of A^. The higher-order terms with 
respeet to A consist of the third and higher-order products of Sij and [5, 6]. 
Inserting the Cij term in Eq. (7) into Eq. (4), we derive the approximate mo- 
mentum equation for the Oldroyd-A constitutive equation as 

^ ~ ^ + {S^k^kj + Sjk^kr)], 

( 8 ) 

As a result, the approximation for the eonformation stress tensor, Qj, derived 
using the Oldroyd-A eonstitutive equation is analogous to the approximation 
for the SGS stress tensor, obtained using the variant of the nonlinear model 
(nonlinear variant model) as 



A -- 

'^ij — ^ik^kj) “ 1 “ ( 9 ) 

This similarity arose because the underlying concept for the LES equation is 
that it describes the motion of a specific hypothetical non-Newtonian or vis- 
coelastic fluid [8]. 

An alternative constitutive equation of the conformation stress tensor, is 
the Oldroyd-B equation as 



dcij 

dt 



+ Uk 




duj dui 

— i^ik^ ^ ^ ^kj) 

dxk oxk 




( 10 ) 



The approximate solution for Eq. (10) can be derived as 



Cij ~^ij ~ 2XSij + {—2SikSkj + {Sik^kj + Sjk^ki)}' ( 11 ) 



The solution yielded by the Oldroyd-B constitutive equation is analogous to the 
solution obtained using the Oldroyd-A equation (7), and the (Sik^kj + Sjk^ki) 
term is contained in both Oldroyd-A and Oldroyd-B equations. It should be 
noted that its coeffieient is +1, whereas that for the nonlinear model (Eq. (3)) 
is —1. We note that in the previous studies which dealt with the nonlinear 
model for the Newtonian fluids [5], the coefficient for the {Sik^kj + Sjk^ki) 
term in Eq. (3) was set equal to the negative values. 
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Figure 1. Isosurfaces of the flat sheet (drawn using the white mesh) and the tubes (drawn in 
the black color) ait = 1.9; left: Case 1, right: Case II. 



3. Numerical assessment 

To reveal the effect of the difference in the sign of the {Sik^kj + Sjk^ki) 
term on the evolution of turbulence fields, we carried out direct numerical sim- 
ulation (DNS) and LES calculations of the decaying homogeneous isotropic 
turbulence by incorporating the nonlinear model and nonlinear variant model 
using 256, 256 and 256 grid points, respectively, in the x, y and z directions. 
To avoid the appearance of unphysical instabilities incurred by the nonlinear 
model, aliasing errors were removed using the 3/2 rule. For details of the DNS 
data, see Horiuti [9]. Assessment was done using the data at the instant when 
the Taylor microscale Reynolds number, R\ ^ S8. Turbulent structures can 
be divided roughly into two groups: the vortex tube-like structure and the vor- 
tex sheet-like structure. We focus on the difference in the generation of these 
structures yielded by the nonlinear and variant models. Two cases of LES cal- 
culations were considered. In Case I, the nonlinear model, Eq. (3), was used, 
while in Case II, the nonlinear variant model, Eq. (9), was used. It was found 
that when the nonlinear model was used, the temporal evolution of the turbu- 
lence field was close to that of the data obtained by applying filter operation to 
the data of DNS, i.e., the solution for the Newtonian fluid, whereas when the 
nonlinear variant model was used, the result which is somewhat different from 
Case I was obtained. 

Figure 1 shows the isosurfaces for the tube structures and the sheet structures 
obtained from Cases I and II at t = 1.9. The tubes were visualized us- 
ing the second-order invariant of the grid-scale velocity gradient tensor, Q{— 
— (SikSki + Qik^ki)/‘^)^ which were drawn in the black color in the figure. 
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Figure 2. Isosurfaces of the flat sheet (white mesh) and the tubes (black) ait = 1.95; left: 
Case I, right: Case II. 



To identify the sheets, we utilized the eigenvalue of the —{Sik^kj + Sjk^ki) 
term, [—{Sik^kj + Sjk^ki)]+^ since it was shown that the magnitude of this 
eigenvalue is very large in the vicinity of the centre of the vortex sheet simi- 
lar to the Burgers’ vortex layer [10] (the flat sheet [9], drawn using the white 
meshes in the figure). In the present study, the eigenvalues and correspond- 
ing eigenvectors were reordered according to the degree of alignment of the 
eigenvectors with the vorticity vector, cj. The eigenvalue, the eigenvector of 
which is maximally aligned with lo is chosen as the 2 :-component, the largest 
remaining eigenvalue as the + component, and the smallest one as the — com- 
ponent. It can be seen in Fig. 1 that, the sheet structures were formed in both 
Cases, but the tube structure obtained from Case II occupies a smaller fraction 
of volume than that from Case I. At a later stage {t = 1.95) shown in Fig. 2, 
this difference becomes more considerable, i.e., in Case II, the sheet structure 
prevails, and the tube structure is barely formed. 

It was shown in Horiuti et al. [11] that the vortex tubes are generated along 
the vortex sheet as follows. At certain locations along the flat sheet, com- 
pression of the vorticity in the stretching (z— )direction takes place. The pres- 
sure Hessian term tends to relax this occurrence of compression, and in place 
of the compression and reduction of the vorticity in the 2 :— direction, the az- 
imuthal vorticity in the + direction grows. This growth is concentrated along 
the sheet, and the azimuthal vorticity gradually accumulates to form the vortex 
tube through a focusing process. Then, the flat sheet folds around this con- 
centrated vortex tube, forming the spiral vortex sheet emanating from the tube 
core. Consistency of the analytical estimate of the time evolution of the rep- 
resentative variables, e.g. the strain-rate and vorticity, with a scenario of the 
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transformation process shown above was presented in Horiuti etal [11]. It ap- 
pears that this process for the transformation of the vortex sheet into the vortex 
tube has been disrupted in Case II, 

4. Viscoelastic effect on a sheet-tube transformation 

To elucidate the implication of the difference in the weighing coefficient for 
the {Sik^kj + Sjk^ki) t^irn in the nonlinear and nonlinear variant models 
for the formation of turbulent structures, we analyzed the properties of the 
(Sik^kj + Sjk^ki) term. The most relevant feature of the (Sik^kj + Sjk^ki) 
term is that it vanishes in the total production term, P(= —rijSij), thus the 
(Sik^kj Sjk^ki) t^rm makes no contribution to the production of the total 
SGS energy. The contribution of this term, however, is not eliminated when 
the generation term for the vorticity is considered. The generation term for the 
SGS enstrophy, {cJicJi — cJicJi)/2{= — QijClij), due to the Tij term is 

P. = ( 12 ) 

OXiOXj 

where sum is the alternating tensor. The term can be written as the in- 
ner product of the vorticity vector, a;, with the SGS vortex-stretching vector, 
the i— th component of which is sumid^^Tmj Idxijdxj)). 

When <jj and are projected onto the basis of the strain-rate eigenvec- 

tors, can be decomposed as 

Figure 3 shows the contours in the cross section of iht x — z plane at 
y — 0.25 and t = 1.95, for the 2:— component of this decomposed term, 
due to the {Sik^kj + Sjk^ki) term, in which Tij was set equal to 
pA^ {Sik^kj + It can be seen in the contours of the eigenvalue, 

[—{Sik^kj + Sjk^ki)]+^ which are plotted in flood, that the sheet is wrapped 
around and emanating from the tube core. In Case I, the tube core is clearly 
formed, whereas in Case II, the concentrated core region is not clearly seen 
as was found in Figs. 1 and 2. The contours of the term are plotted 

using the lines. Positive values were plotted by solid lines, and negative ones 
by dashed lines. In Case I, the term is predominantly positive along 

the sheet, while it is negative in the core region of the tube. In Case II, the 
term is predominantly negative along the sheet . 

Negative term implies that the SGS enstrophy is backwardly trans- 

ferred into the grid scale, strengthening the vorticity in the 2:— direction. Thus, 
in Case I, the SGS enstrophy was backwardly transferred into the grid scale 
selectively in the tube core region, but it was forwardly transferred into the 
SGS in the other regions, indicating that the role of the {Sik^kj + Sjk^ki) 
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Figure 3. Contours of the eigenvalue, [—{Srk^kj + Sjk^ki)]-k^ and the term in 

the X — 2; plane aiy = 0.25 and t = 1.95; left: obtained from Case I, right: from Case II. 



term is to enhance the generation of the core region of the vortex tube. In Case 
II, the grid-scale vorticity in the stretching (^— )direction is strengthened in the 
flat sheet region. As a result, in Case II, the {Sik^kj + Sjk^ki) 1^™ tends 
to disrupt the transformation of the flat sheet into the vortex tube by snap- 
ping the sheet back to the original flat shape. We note that the values for the 

z— component of the P^j term due to the A^{SikSkj — flik^kj)/^‘^ were 
predominantly positive in both Cases I and II (figure not shown). 

It should be noted that a marked difference between the Oldroyd constitutive 
equations and the nonlinear variant model is that the coefficient for the former, 
2(1 — fd)v\ consists of the quantities associated with molecular processes, 
whereas the coefficient for the latter consists of the characteristic quantity of 
the bulk flow (the grid interval), since the former describes the molecular mo- 
tions and interactions within the fluid, while the latter deals with the inter- 
actions between the bulk (grid scale) and the unresolved SGS. To reveal the 
analogy between these two models more clearly, we evaluate the actual ampli- 
tude of the coefficients in terms of the Weissenberg number. By equating the 

— 2 

coefficient of the model Eq. (9), A /12, to the coefficient of the viscoelastic 
term in Eq. (8), 2(1 - (3)v\ with (d == 0.8, v = 0.00014, we obtain an estimate 
of the value of the relaxation time A 0.36. Using the rms value of the SikSki 
term to estimate a characteristic strain rate, k, of the flow, the estimate for the 
Weissenberg number. We, was obtained as We = A/^ 7.8 at t = 1.9 in Case 

II. In Sureshkumar et al [12], the critical Weissenberg number based on the 
wall friction velocity, We^, for drag reduction in a channel flow was a value of 
order 10. This value is rather close to the value obtained in the present study, 
although the mechanism for drug reduction in a channel may be different from 
that found in the present study. 
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5. Summary 

We have derived the approximate solutions for the Oldroyd constitutive equa- 
tions for the polymer diluted fluids, and shown that the (SikSkj — fiik^kj) and 
the (Sik^kj + Sjk^ki) terms are yielded similarly as in the nonlinear model 
whieh is commonly used in the Reynolds averaged models and LES. Marked 
difference between this approximate solution and the nonlinear model was in 
the signs for the coefficients of the {Sik^kj + Sjk^ki) term, i.e., -1 for the 
nonlinear model, and -i-l for the Oldroyd solution. We have conducted the LES 
calculation of homogeneous isotropic turbulence to elucidate the roles of the 
{Sik^kj + Sjk^ki) term for the generation of turbulence. It was shown that 
when the coefficient was set equal to -1, the solution was close to the filtered 
DNS data, while when +1, the process of transformation of the flat sheet into 
the vortex tube was disrupted because the viscoelastic effect similar to that in 
the Oldroyd fluid was incurred by the identified term on the flat sheet. It is fea- 
sible to set the coefficient equal to — 1 to approximate the Newtonian fluids, and 
-1-1 to approximate the viscoelastic fluids. We note that in the Oldroyd-A fluid, 
the forward cascade of the kinetic energy of the fluid occurred on average, and 
the elastic energy was increased in turn, whereas in the Oldroyd-B fluid, the 
backward scatter of the kinetic energy of the fluid occurred on average [11]. 

This work was partially supported by Grants-in-Aid from the Ministry of Ed- 
ucation, Culture, Sports, Science and Technology, Japan (Nos. 12650156 and 
14550141). 
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Abstract A Direct Numerical Simulation (DNS) of turbulent channel flow of dilute sus- 
pensions of small, Brownian fibres in a Newtonian solvent is presented. The 
DNS investigates the potential of drag reduction under situations, where no 
internal elasticity of the additives is present. The DNS is solving the micro- 
scopic equations for the suspended fibres and couples the resulting stresses into 
a (macroscopic) DNS of the solvent. The microscopic equations for the confor- 
mation of the fibres as well as the resulting stresses are derived by the rheological 
theory of dilute suspensions of Brownian particles in Newtonian solvents. These 
equations are solved by a Monte-Carlo method. First results show a dramatic re- 
duction of the Reynolds shear stress. However, only a mild reduction of the drag 
is observed because the fibres generate considerable shear stress components at 
the wall at the configuration chosen. 

Keywords: Drag reduction, fibre suspensions, rheology, direct numerical simulation 

1. Introduction 

The effect of drag reduction has not only been observed in the context of flexi- 
ble polymers but also in dilute solutions of surfactants, stiff polymers (Xanthan 
gum), rigid or flexible fibres and rigid-rod like particles (for an overview, see 
Gyr and Bewersdorff, 1995). The conditions under which drag reduction due 
to small amounts of additives can occur in turbulent flows are not yet fully 
understood. The elastic theory of de Gennes (1990) assumes purely elastic 
effects to be responsible for drag reduction. But, as examples show (Radin 
et al., 1975; Kan, 1990; Moyls and Sabersky, 1978), it is possible that there 
exists another alternative mechanism based on viscous effects acting via the 
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orientation of the suspended fibres or particles, respectively. This is supported 
by Virk and Wagger (1990) who postulate two mechanisms for drag reduction: 
a type-A and a type-B mechanism. Type B behaviour appears in suspensions 
in which the polymer molecules are already in a stretched state when the fluid 
is at rest, in type A drag reduction, the molecules become stretched only due 
to the action of the flow. Both differ significantly in their ’onset’ behaviour. 
Virk and Wagger (1990) postulate that in both types of drag reduction only the 
stretched molecules are active. In order to understand drag reduction mech- 
anisms in polymeric and fibre suspensions, it is therefore important to focus 
research not only on purely elastic models but also on rigid fibres or particles, 
respectively. 

A considerable body of literature is devoted to the rheological properties of 
dilute supensions of rigid, neutrally buoyant axisymmetric Brownian particles 
or fibres suspended in Newtonian liquids. Jeffery (1922) analytically derived 
an equation for the rotary motion and the generated stress field of a small, 
inertia-free ellipsoidal particle in the Stokes flow limit. From Jeffery’s anal- 
ysis, a rigorous theoretical framework can be derived for the stress field gen- 
erated in dilute suspensions of sufficiently small particles in a Newtonian sol- 
vent. Such theory requires, that the particles are not interacting with each 
other. The presence of body forces. Brownian motion or particle interactions 
can be taken into account by the addition of more terms. Brenner (1974) sum- 
marized the dynamical rheological theory for axially symmetric particles in- 
cluding spherical dumpbells and long slender bodies with either blunt or bluff 
pointed ends. According to this framework, the rheological properties of dilute 
supensions of such bodies, including Brownian diffusion, can be expressed in 
terms of volume fraction of the suspended particles, the viscosity of the ho- 
mogeneous Newtonian carrier fluid and five nondimensional scalar material 
constants which depend only upon the shape of the suspended particles. 
Applications of numerical methods for the description of suspended Brown- 
ian fibres in turbulent flows are rare. Den Toonder et al. (1997) have used 
a strongly simplified model to show the effect of rigid fibres onto turbulent 
pipe flow. This model, based on purely viscous arguments, was able to pro- 
duce some drag reduction and to modify the turbulence structure in a way that 
is in line with experimental observations. These results could be confirmed 
in a direct numerical simulation (DNS) of turbulent channel flow (Manhart 
and Friedrich, 1999). So far, for a microstructure such as dilute suspensions 
of Brownian rigid fibres or particles, no macroscopic relations for the stress 
field generated by the microstructure have been derived, as it has been done 
for elastic dumpbell models by the FENE-P approximation (see Bird, 1987). 
The FENE-P model, resulting in transport equations for the non-Newtonian 
stress components, has already been successfully applied in DNS of turbulent 
channel flow (e.g. Sureshkumar et al.,1997 among others). 
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In the present paper, the modification of turbulence structure by a dilute sus- 
pension of small rigid fibres in a channel flow (Rcr — 180) is investigated 
by means of DNS of the flow field together with a Lagrangian Monte-Carlo 
method for solving the underlying Fokker-Planck equation of the conforma- 
tion vector. 

2. Theory 

The dynamics of an incompressible fluid consisting of a Newtonian solvent 
with a minute amount of added polymers can be decribed by the conservation 
of mass and momentum: 

V • u = 0 (1) 

p~ = -^p + ^ + ( 2 ) 

Here, u is the velocity vector, p the density and p the pressure, is the 

part of the stress tensor attributed to the Newtonian solvent and is the 

non-Newtonian part of the stress tensor due to the suspended particles. For the 
Newtonian part of the stress tensor the following constitutive equation is 
generally accepted: 

= 2/xD, (3) 

where p is the dynamic viscosity and D is the rate-of-strain tensor 

D = (Vu + Vu^)/2. (4) 

For the contribution of the polymeric molecules to the stress tensor , a 
non-Newtonian constitutive relation has to be supplied. The stress caused by 
the presence of particles is a function of the moments of their orientation dis- 
tribution function. The orientation distribution function is a probability density 
function of the orientation angle which is determined by the dynamics of the 
particles. If the particles are sufficiently small, their dynamics will be affected 
by Brownian motion, which results in a stochastic differential equation. The 
orientation of a single fibre follows Jeffery’s equation (Jeffery, 1922) describ- 
ing the rotational motion of small ellipsoidal particles due to the action of the 
velocity gradient tensor of the surrounding fluid (orientation vector n and elon- 
gation coefficient n, strain rate tensor D, rotation rate tensor ft). This equation 
has been derived by an analytical solution of the Stokes flow equations valid 
for small particles (Re « 1). 

= ft n-\- k[D n — (n n)n] + T(t). (5) 

A stochastic term T describes the effect of Brownian motion on the rotation 
and depends on the size of the particle. It can be formally represented as the 
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increment of a Wiener process W. 

T{t) = (6) 

The rotary diffusivity Dr quantifies the effect of the Brownian motion by a Pe- 
clet number Pe = Dr being the ratio of hydrodynamic forces vs. stochastic 
forces onto the particle (7 is a typical velocity gradient). Dr can be com- 
puted by the rheological theory of rigid fibres as outlined in (Brenner, 1974; 
see also Manhart, 2003). By integrating equation (5) for a sufficient number of 
independent particles, the moments of the distribution function, < nn > and 
< nnnn > can be computed. From these moments and five material constants 
fii, the additional non-Newtonian stress tensor is determined which is depen- 
dent of the mass or volume fraction Vp, the aspect ratio r and the size of the 
particles. 

= 2//oD + //iID :< nn > + /X 2 D :< nnnn > + 

2/i3 (< nn > -D + D* < nn >) + 2yU4D^(3 < nn > -I) (7) 

3. Numerical scheme 

For the simulation of the coupled fluid/particle system, two different simula- 
tion methods are used. The turbulent flow field on the macroscopic level is 
provided by a direct numerical simulation (DNS). The conformation of the fi- 
bres is computed by a Monte-Carlo simulation using information of the time 
dependent velocity derivative tensor seen by a fluid element traveling with the 
flow in a Lagrangian framework. 

Our DNS method for the solution of Eqs. (1) and (2) uses an explicit version of 
the projection or fractional step method of Chorin (1968). We use a Leapfrog 
scheme for the explicit time advancement of the momentum equation. The 
flow variables are defined on a non-equidistant Cartesian mesh in a staggered 
arrangement. The specific discrete formulations are derived by integrating the 
equations over the corresponding control cells sun*ounding the definition points 
of the individual variables. We are using the mid-point rule for approximating 
the fluxes by the variables. The required interpolations and the approximation 
of the first derivatives are performed by fourth order compact interpolation and 
difference formulations, respectively (Meri et al., 1998). The Poisson equation 
is solved by a direct method using Fast-Fourier transformations in the homoge- 
neous streamwise and spanwise directions of the channel flow and a tridiagonal 
matrix solver in wall-normal direction. The DNS of turbulent channel flow is 
documented in (Manhart and Friedrich, 1999). We performed grid resolution 
studies and evaluated the influence of the discretisation order on the results. 
The distribution function T^(n,t) of the orientation angle of the suspended 
particles is computed by a stochastic simulation method (Monte-Carlo Simula- 
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tion). For a sufficient number of particles, the Jeffery equation (5) is integrated 
using the derivative tensor obtained by the DNS of turbulent channel flow. An 
Euler time step is used for the time integration. Numerical tests show, that 
the conformation distribution function is relatively insensitive against the time 
stepping, which justifies the low order of the Euler time step. The Brownian 
term is modelled by a stochastic Wiener process with a Gaussian distribution, 
which itself is modeled by a random number generator. In combination with an 
Euler time step, it is sufficient to use random numbers with uniform distribution 
as increments of the Wiener process (Ottinger, 1996). A detailed verification of 
the stochastic simulation method for the microstructure can be found in (Man- 
hart, 2003). The tests showed, that the stochastic simulation method is able to 
predict the orientation distribution function and the corresponding results from 
rheological theory of small Brownian particles suspended in a Newtonian sol- 
vent in uniform shear flow. 

The coupling between the DNS of the flow field and the Monte-Carlo simula- 
tion of the microstructure goes two-way. First, the velocities and the velocity 
derivative tensor have to be interpolated from the Euler grid to the particle posi- 
tions. Second, the non-Newtonian stress tensor has to be interpolated from the 
Lagrangian particle positions to the Euler grid. The velocity and the velocity 
derivative tensor are estimated at the instantaneous positions of the particles by 
fourth order interpolations and difference formulae which ensure a continuous 
velocity derivative tensor in time. 

For the interpolation of the stress tensor computed on the Lagrangian positions, 
the quantities are distributed among the eight cell centers of the Euler grid 
surrounding the Lagrangian position of a particle. We assume a linear variance 
of the quantity between two Eulerian positions and build the average over Np 
particles sharing the same neighbouring Eulerian cells. 

For the runs presented here, we used a total number of 1.28 • 10^ individual fi- 
bres clustered into a total number of 1.28 • 10^ clusters. A cluster consists con- 
sequently of 100 fibres sharing their Lagrangian position and velocity deriva- 
tive tensor. The statistical independence of the individual particles is guaran- 
teed by the stochastic nature of equation (5). The advantage of the clustering is 
a presmoothing of the stress tensor along the Lagrangian paths. The algorithm 
has been implemented on a Hitachi SR8000 high-performance computer of the 
Leibniz Computing Centre in Munich. We are using MPI for parallelisation, 
which is done over particle clusters of the Lagrangian part. This parallelisation 
strategy is justified, because the computing time spent in the Lagrangian part 
is much more than the one spent in the DNS part. Overall, a time step of the 
whole coupled simulation takes 8.8 CPU-seconds on 128 PE’s or 16 nodes, 
respectively, of the SR8000. 
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4. Results 



The configuration chosen is a turbulent channel flow at Re^ — 180. In order 
to save computational resources, we performed our simulations on a relatively 
small domain, covering 6.2 • 1.9 • 2.0 channel half- widths h in streamwise x-, 
spanwise y- and wall-normal 2 :-direction. This allows for a resolution of 17.7 
and 10.6 wall units in x- and y-directions. In wall-normal direction, the grid is 
refined to 2.7 wall units at the wall, which leads to a wall distance of 1.35 wall 
units of the first grid point. This resolution is achieved by a grid of 64 • 32 • 64 
grid points. The statistical results differ only marginally from the ones in a 
channel with larger domain size which lets us assume that the main effects of 
turbulence production and redistribution are covered in our simulation. 

The influence of the fibres onto the turbulent channel flow is controlled by 
three parameters, the size, the aspect ratio and the volume concentration of the 
particles. The size enters equation (5) by the strength of the Brownian motion 
r(t) which is characterized by the Peclet number Pe, here defined using global 
quantities as the bulk velocity u^y and the channel half width h by 



Pe= ^ 
Dr 



( 8 ) 



In the following, we present results of a series of runs in which the aspect ratio 
and Peclet number are kept constant to r = 50.0 and Pe — 98.0, respectively. 
Our channel flow is run at a Reynolds number based on wall friction of Rcr = 
180 corresponding to a bulk Reynolds number of = u\y ' hjv — 2816. 
Table 1 gives an estimation of the particle size as a function of the channel half 
width, when an experimental device is run with water at a temperature of T = 
293K, That table shows that when we are considering such Peclet numbers, 
the length scales of the additives are in the range of 10 to 100 micrometers. 
Larger additives, i.e. longer fibres with the same aspect ratio, have larger Peclet 
numbers. 



Table 1. Fibre length scales, that result in a Peclet number of Pe = 98 in dilute suspensions 
of fibres in turbulent channel flow of water (Rch = 2816, temperature T = 293 K) 



channel half width in m 


0.05 


0.1 


0.2 


0.5 


fibre length in m • 10“^® 


9.7 


15.4 


24.5 


45.0 



We have run a reference simulation with Newtonian flow. From a realization 
of this flow field, we introduced the fibres, initialized with random orientation 
angles and with a random distribution in space. For a period of about 90h/uiy, 
the fibres have been allowed to adjust to the flow without back-influence on the 
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Figure 1. Variation of bulk velocity with varying the volume fraction of the fibres 



flow. This is accomplished by setting the volume fraction to zero for that pe- 
riod. After that, we increased the volume fraction in small steps starting from 
Vp = 4: ' 10~^ as indicated in Figure 1. This figure shows the development 
of the bulk velocity through the channel with varying volume fraction of the 
fibres and a constant pressure drop. We see that below = 1 • 10“^, there is 
nearly no alteration of the bulk velocity indicating no drag reduction. Above 
that value strong oscillations of the bulk velocity appear, indicating a massive 
change of the turbulence structure. The bulk velocity averaged over the period 
between the introduction of the — 1 • 10“^ (T = 3359)and (T = 3897) 
is = 1.025 instead of = 1.0079 for the long-term averaged Newtonian 
case. That means, we have achieved a marginal drag reduction for this pe- 
riod. More simulation studies with different parameter sets are on the way to 
investigate if higher drag reductions can be achieved. 

In the following, we investigate the alteration of the turbulence structure and 
the internal stress balance that led to the strong oscillations of the bulk velocity. 
For that, we plot the shear stress balances in the flow. 

TlZ = 'T«;(l - z/h) = - P< u'w' > + < r/3^ > (9) 

The total stress Tia which varies linearly across the channel, is the sum of a 
solvent contribution a turbulent p < u'w' > and a contribution coming 

from the fibres < ris >, which is given by (6). In Figure 2, the shear stresses 
are plotted for the period 3268 < t < 3359, just before the volume fraction was 
switched from 5 • 10“^ to 1 • 10“^. In Figure 3, the stresses are averaged over 
the subsequent period 3359 < t < 3448 (Vp = 1 • 10~^). The volume fraction 
of = 5 • 10“^ is not able to change the shear stresses considerably. However, 
there is a noticeable stress contribution from the fibres at the wall of nearly 20% 
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Figure 2. Shear stress contributions in comparison with Newtonian flow. Averaging done 
over the period 3268 <t< 3359, {Vp = 5 • 10“^) 
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of the wall shear stress. This stress contribution has to be compensated by a 
modification of the turbulent shear stress, which is small but sufficiently high 
to keep the bulk velocity at its Newtonian value. When the volume fraction 
exceeds a certain limit (here Vp = 1 • 10“^), we observe a drastic damping 
of the turbulent stresses (Figure 3) which is larger than the contribution of the 
fibres and consequently leads to an overall stress reduction and an acceleration 
of the flow that manifests itself in an increase of the solvent contribution of 
the stress. The flow is not yet in equilibrium when averaged over the period 
displayed in this Figure which results in a deviation of the total stress from the 
long-term averaged value from equation (9). 
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5. Summary 

We presented an algorithm for DNS of turbulent channel flow of dilute suspen- 
sions of fibres in a Newtonian solvent. The algorithm couples a Finite Volume 
solver for the flow field with a Monte-Carlo solver for the fibre microstructure. 
The equations for the microstructure are solved along Lagrangian paths follow- 
ing infinitesimal small fluid volumes. The stresses generated by the suspended 
fibres are computed from solving equations coming from the rheological the- 
ory of rigid elongated Brownian particles. The only assumptions made for the 
derivation of the rheological equations are that (i) the fibres are small enough to 
follow the Stokes flow assumptions, (ii) the fibres are inertia free, (iii) the fibres 
are axisymmetric and (iv) the suspension is sufficiently dilute that no interac- 
tions among the fibres take place. Their dynamics are affected by Brownian 
motion that is accounted for by a stochastic term in the evolution equation for 
the fibres’ orientation and a relaxation term in the stress equation. 

We solve the coupled equations for a turbulent channel flow in a reasonably 
large computational domain at a Reynolds number of Rcr — 180. The influ- 
ence of the fibres on the flow field is governed by three parameters, the Peclet 
number, the aspect ratio and the volume fraction of the fibres. In the present 
paper, we present first results of runs holding the aspect ratio and the Peclet 
number constant at values of r = 50.0 and Pe — 98, respectively. Increasing 
the volume fraction in small steps reveals a noticeable modification of the tur- 
bulence structure taking place for volume fractions larger than = 1 • 10“^. 
The non-Newtonian stresses damp the turbulent stresses considerably. The ob- 
served reduction is even more than the one observed in simulations undertaken 
in visco-elastic flows using the FENE-P (Sureshkumar et al., 1997). Unfor- 
tunately, this turbulent stress reduction is compensated in part by a consid- 
erable shear stress contribution of the fibres, which assumes wall values ap- 
proximately 20% of the total wall shear stress thus leading to reduced solvent 
contributions to the wall shear stress. This goes in hand with smaller velocity 
gradients at the wall thus reducing the flow throughput in the channel. Conse- 
quently, the reduction of the fibre contribution to the shear stress seems to be 
the key to drag reduction in dilute fibre suspensions. An investigation of the 
rheological behaviour of fibres in turbulent channel flow undertaken without 
back-reaction on the flow (Manhart, 2003) gives some hints which parame- 
ter combinations could be appropriate to achieve this goal. The shear stress 
component of the non-Newtonian stress tensor becomes smaller with larger 
Peclet numbers and larger aspect ratios. The next numerical test will then be 
to increase the Peclet number and aspect ratio. 
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Abstract 

Large-eddy simulations are carried out to investigate turbulent flow in a stably- 
stratified open channel with longitudinal ridges along the bottom wall. The 
Boussinesq form of the governing equations is solved for different levels of strat- 
ification. The results of the simulations show that stratification creates two sepa- 
rate regions: a free- surface region, characterized by the presence of the thermo- 
cline, where vertical large-scale motion is strongly inhibited and a wall region, 
characterized by reduced vertical mixing at the turbulent scales and enhanced 
large-scale secondary flows that tend to mix mass and momentum in the cross- 
stream plane. 



Keywords: Large-eddy simulation, stably stratified flows, complex geometry. 

1. Introduction 

Stably stratified turbulent flows are common in environmental and geophysical 
applications. These flows have been widely studied in the past using analyt- 
ical, numerical, laboratory and field investigations. Most investigations have 
dealt with problems characterized by simple flow field and geometry, for ex- 
ample, homogeneous turbulence and wall bounded turbulence over flat walls 
(e.g., Rohr et al., 1988, Komori et al., 1983, Armenio and Sarkar, 2002). 
Comparatively few investigations have been devoted to the relevant cases of 
stratified turbulent flows over a topography (see for example Hunt and Snyder, 
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1980; Ding et al., 2003 for the stratified flow around 3D hills) 

Canyon-like (or along-ridge) topography is worth investigating for its own rel- 
evance in atmospheric as well as in oceanographic applications. When a fluid 
is confined within a shallow straight channel, relevant secondary effects are 
known to rise. In particular, through the resulting imbalance of the normal 
Reynolds stresses in the cross-stream plane, this topography produces sec- 
ondary large-scale recirculations that are able to supply additional vertical 
mixing of mass and momentum (Speziale, 1987). When the length-scale of 
the spanwise disturbance at the bottom is not small if compared to the ver- 
tical extension of the channel, the secondary recirculation spans throughout 
the vertical extension of the domain so that patches of fluid from the bottom 
are pushed up to the top and vice-versa. Although the neutrally stratified tur- 
bulent flow field over trapezoidal longitudinal ridges located over a bottom 
wall has been investigated in the past (see for example Nezu and Nakagawa, 
1984; Kawamura and Sumori, 1999; Falcomer and Armenio, 2002), its stably 
stratified counterpart has not been studied as yet. 

The question we should like to address in the present paper is the following: 
How does stable stratification affect the large-scale secondary motion that in 
a neutrally stratified flow supplies an effective mean for vertical transport of 
fluid from the bottom to the top? 

We consider an idealized geometry, constituted by an infinite array of trape- 
zoidal finite-amplitude ridges running longitudinally along the bottom wall. 
The study is performed numerically using Large-Eddy simulation. The re- 
sponse of the flow field for several levels of stratification is analyzed, going 
from the case of a neutrally stratified flow to the case of strong stratification. 

2. Mathematical formulation 

We assume that the total density field can be decomposed into a bulk density 
po and a perturbation density p{x, y, z, t) with po >> p{x, y, z, t), and that the 
acceleration of the fluid particles is much smaller than the gravitational one. In 
this case the Boussinesq approximation to the Navier-Stokes (NS) equations 
holds and we can neglect the density change in the fluid except in the gravity 
term (for a detailed discussion refer to Kundu, 1990). The filtered NS equations 
read as: 



dui du 
~dt ^ 

dJl 

dt 



dxi 

Uj 



= 0 , 



dxj 
duj p 
dxj 



+ 



dp 
dxi 

1 d 



I d dm . , dTij 

h Foii — RipSis — . 



Re Pr dxj dxj 



Re dxj dxj 
dp d\j 
dxj 



( 1 ) 



( 2 ) 
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In Eq. 3, ui denotes the i— component of the filtered velocity field made 
dimensionless with a reference velocity Ur, p is the filtered pressure made 
non dimensional with poU^, F is the nondimensional, mean, driving, pressure 
gradient, Ri = gSAp/poU^ is the reference Richardson number with g the 
gravitational acceleration, Ap the density gap as defined in the following and 6 
the height of the channel. Re = UrS/u is the reference Reynolds number and 
Pr is the Prandtl number of the fluid. In the present work we consider Pr = 5 
that stands for thermally stratified water. The density ~p in the above equations 
is the filtered, perturbation density field made dimensionless with Ap. The 
terms and \j respectively represent the SGS contribution to the momen- 
tum flux and to mass transport. Equation 3 represents the transport equation 
of the temperature field T(x, y, z, t), after considering that p changes with T 
according io dp/ p = —a dT with a the thermal expansion coefficient. Finally, 
referring to Fig. 1, henceforth x,y and ^ respectively denote the streamwise, 
spanwise and vertical directions. 

The height of the ridges is chosen hr = 0.1255. At the top boundary the 





Figure 1. Schematic of the problem under investigation and grid cells in the cross-stream 
plane 

channel has a free surface, that can be simulated by imposing a free-slip con- 
dition on the velocity field. A no-slip boundary condition is imposed at the 
bottom wall. The friction Reynolds number of the simulations {Rcr = Urd/v 
with Ur the friction velocity evaluated using the wall stress of an equivalent 
plane-channel flow) is set equal to 400, thus, the ridge is 50 wall-units high. 
The dimensions of the computational domain are Lx = 2 tt 5, Ly = 1.257t 5 and 
Lz — 5, and the simulations have been carried out using a 64 x 128 x 48 grid. 
The present grid resolution has been proved to give accurate results for the 
plane-channel flow as well as for the case of ridged walls. Periodic boundary 
conditions are used in both the streamwise and spanwise directions. The den- 
sity field is set constant at the free-surface p(x, y, 5, t) = ptop and at the bottom 
of the troughs p{x, y, 0, t) = p^ot- The density field is made non-dimensional 
with the density difference Ap ^ pi^ot - Ptop > 0. Since the bottom wall is 
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Case 


RCr 


Rir 


Pr 


Rcb 


Ub 


CO 


400 


0 


5 


6369 


0.68 


Cl 


400 


50 


5 


7107 


0.77 


C2 


400 


100 


5 


7487 


0.81 


C3 


400 


200 


5 


8224 


0.89 


C4 


400 


300 


5 


8677 


0.94 



Table 1. Summary of the cases investigated together with relevant bulk quantities. Note that 
Rei^ = Uh^ I V with Uh the bulk velocity in the channel and that Rir = Ri Uf. I 



not constant in height, the density distribution at the bottom topography is held 
constant and equal to pbot[^ ~ ^b{y)/^] with Zb{y) the vertical coordinate of 
the bottom topography. Different levels of stratification are considered span- 
ning a wide range of Richardson numbers as illustrated in Table 1. Eq. 1- 3 are 
solved using a 2nd order accurate in time and in space finite difference method, 
whereas the SGS stresses and buoyancy fluxes are modeled using respectively 
a dynamic mixed model and a dynamic eddy diffusivity model. Details are 
provided in Armenio and Piomelli, 2000; Armenio and Sarkar, 2002. 

3. Discussion 

The presence of longitudinal ridges at the bottom wall induces a distortion of 
the mean streamwise velocity along the spanwise direction and the presence 
of a secondary recirculation in the cross-stream plane. The mean streamwise 
velocity is affected by stratification (Fig. 2a): specifically, the vertical shear 
dUjdz, and hence the bulk velocity (see Table 1), increase going from CO 
to C4. This is a well known effect (Armenio and Sarkar, 2002) related to the 
decrease of the Reynolds stress {u'w') caused by the inhibited vertical transport 
of momentum; furthermore, the dome of the isolines over the ridge appears 
more pronounced as stratification increases. This effect is observable in the 
near-wall region and it is due to the rise of the secondary Reynolds stress {u'v'). 
This stress remains very small within the free-surface region indipendent of the 
level of stratification, whereas it increases in the wall region due to the effect 
of topography. Overall, the ratio {u'v')/{u'w') increases with stratification in 
the near- wall region, and this causes the rise of the horizontal shear dU / dy 
over the inclined walls of the ridge. Stable stratification also causes a strong 
variation of the mean spanwise and vertical components of velocity V and 
W. In particular, the increase of stratification tends to suppress V and W in 
the free-surface region (Fig. 2b,c); on the other hand it enhances the cross- 
stream velocity field (see Fig. 2b,c) in the tog-region as well in the near-wall 
region. Indeed, since the maximum streamwise velocity U^nax increases by a 
factor 1.4 going from CO to C4, Fig. 2b,c shows that a similar increase occurs 
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Figure 2. Cross-stream distribution of the mean velocity components for three levels of strat- 
ification, C1,C2,C4 from the left to the right: a) U /Umax', b) V/Umax', c) W /Umax- 



to the cross-stream velocity field. The analysis of Fig. 2b, c shows that the 
main secondary circulation is progressively reduced in height by stratification 
and confined in a region far from the free surface. Figure 2b, c also shows 
that the small recirculation located at the bottom comer of the ridges appears 
progressively enhanced both in size and in intensity going from CO to C4. 




Figure 3. Cross-stream distribution of {p)/Ap for three levels of stratification, C1,C2,C4 
from the left to the right. 

The cross-stream recirculations are related to the rise of a mean streamwise 
component of the vorticity field It can be easily shown that the trans- 
port equation for ftx does not contain any explicit, destruction, buoyancy 
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term, rather, stratification indirectly affects through modification of the 
cross-stream distribution of the normal Reynolds stresses {v'v'), {w'w') and 
of the cross-stream Reynolds stress {v'w'). The mean streamwise vorticity, 
that quantifies the intensity of the secondary recirculations, increases with 
stratification. In particular, the production terms related to the anisotropy 
of the normal Reynolds stresses {v'v') — {w'w') and to the cross-stream 
Reynolds stress {v'w') change with stratification. Most of the production of 
mean vorticity is due to the anisotropy term in the core region as well as at 
the trough of the ridge. The behavior described above is basically due to the 
fact that stratification has two main effects on the flow field: first, it increases 
anisotropy, in that vertical fluctuations are more likely to be suppressed than 
horizontal ones; second, it suppresses sweep-ejection events, and hence, 
cross-correlation between the velocity components, namely the off-diagonal 
Reynolds stresses {u'^u'-). As already observed, the increased stratification 
destroys the secondary motion in the free-surface region. The analysis of 
the vorticity field and the related production terms shows that, at the free 
surface, the streamwise vorticity is very small in all cases because such is the 
cross-stream variation of the anisotropy term and of the cross-stream Reynolds 
stress. 

The increase of stratification also produces the rise of a strong thermocline 
(density gradient due to a corresponding temperature gradient) in the free 
surface region, and, at the same time, its progressive intrusion toward the core 
region (Fig 3). As a result, stable stratification creates a potential barrier at 
the free surface where vertical motion is strongly inhibited. It follows that the 
secondary motion (in general weak compared to the mean flow) is suppressed 
in the thermocline. Since the turbulent vertical transport of mass, quantified by 
{p'w') is also strongly suppressed in the free surface region, we can conclude 
that under stratification the free surface region is characterized by absence of 
vertical transfer of mass and/or momentum. 

The wall stresses appear affected by stable stratification. Figure 4 shows 
the spanwise distribution of the primary (streamwise) wall stress as well as 
that of the secondary (spanwise) wall stress, made non-dimensional with the 
value obtained in the case of an equivalent plane-channel flow. The behavior 
of the primary wall stress strongly depends on stratification. In the trough Tx 
decreases with stratification, whereas the opposite is true over the inclined 
wall and at the crest of the ridge. This is due to the way stratification affects 
the primary Reynolds stress {u'w'), that, in turn, affects the wall stress. The 
secondary Reynolds stress is basically related to the presence of the secondary, 
small recirculation located near the wall. As observed above, this recirculation 
appears enhanced going from CO to C4, and consequently large values of the 
secondary wall stress are expected in the location where the small cellular 
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Figure 4. Spanwise distribution of a) primary wall stress; b) secondary wall stress for four 
levels of stratification (CO to C3). The quantities are made dimensionless with the wall stress of 
an equivalent plane channel flow. 



motion is more active, namely, the bottom corner. 



4. Concluding remarks 

The response of a free-surface channel flow with longitudinal ridges at the 
bottom wall under stable stratification has been investigated numerically. The 
mean secondary recirculation that tends to drive warm fluid from the free sur- 
face region toward the ridge in the trough region as well as cold fluid from 
the crest of the ridge up to the free surface, thus contributing to the overall, 
large-scale, vertical mixing of mass and momentum appears reduced in size by 
the increased stratification. Specifically, stable stratification tends to generate a 
strong thermocline in the free surface region that, creating a barrier of potmtial 
energy, is responsible for the suppression of vertical large-scale transport and 
small-scale mixing. On the other hand, the increased anisotropy in the cross- 
stream Reynolds stresses due to stratification causes the production terms of 
the mean streamwise vorticity to grow and, consequently, enhances large-scale 
transport in the near wall region. The flow results thus split into two separate 
regions, the above, free surface region characterized by completely suppressed 
vertical motion, both at the large-scale and at the small scales, and a near wall 
region where large-scale motion is enhanced. 

The present research has been granted by Regione Friuli Venezia Giulia under 
contract “Approccio Multiscala alia Dinamica delle Dispersion! di Particolato 
nel Friuli Venezia Giulia”. The computations have been run on the SP4 of 
CINECA (Italy). GFC is funded in part by NSF grants OCE 01-28991 and 
OCE 01-29301. 
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Abstract Large Eddy Simulations of a passive scalar were done using wall-functions for 
both wall-friction and wall heat flux on the plane channel flow configuration with 
solid walls. Conjugate heat-transfer simulations have been carried out at low 
(Rct = 150) and high (Rct = 395) Reynolds numbers using a wall-function 
strategy. Attention was not only paid on the temperature fluctuations in the fluid 
and inside the solid wall, but also on the temperature signal spectrum inside the 
solid as well as in the first off wall point in the fluid. The main purpose of this 
work is intended to stress on the misleading effects (especially when focusing on 
temperature fluctuations) of wall-function type meshes in the fluid-solid thermal 
interaction frame-work. 

Keywords: Large Eddy Simulation, Turbulence, Wall function. Conjugate Heat-transfer, 

Temperature, Thermal fatigue, Channel flow, 

1. Introduction 

Conjugate heat transfer simulations are a key issue for a lot of applications 
especially when focusing on the thermal fatigue acting on industrial devices 
(nuclear field, turbomachinery, heat-exchangers, electronic cooling...). Most 
industrial configurations are subject to high Reynolds numbers and the turbu- 
lent character of the flow must be taken into account. However, due to pro- 
hibitive computational costs, research engineers can not solve all the scales of 
turbulence, nor the viscous sub-layer near the wall. Therefore, a good way to 
solve as accurately as possible these problems is to make use of wall-functions 
(to model the near-wall region) in conjunction with Large Eddy Simulation 
(LES) techniques so that the unsteady character of the flow can be considered 
and temperature fluctuations estimated. 
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Little research has been carried out on conjugate heat transfer problems, also 
because experimental devices are difficult to obtain in order to measure temper- 
ature fluctuations inside the solid structure. Kasagi et al. [1], who developed 
a deterministic near-wall turbulence model, studied the interaction between a 
solid wall and a near-wall turbulent fluctuating temperature field, with compar- 
isons at various Prandtl, thermal activity ratios K and wall thicknesses. Tiselj 
et al [2] carried out DNS simulations of a plane channel flow considering the 
heat conduction in the solid wall at low Reynolds number {Rcr — 150). 

The main problem of using wall-functions for conjugate heat-transfer prob- 
lems is that the level of the fluctuations at the wall can not be taken into ac- 
count properly since the first off-wall point may be situated much farther in 
the log region, thus not catching the peak’s maximum of fluctuations for in- 
stance. Secondly, the frequency spectrum of the temperature fluctuations at 
the interface with the solid will not contain a proper frequency range. Thus 
some frequencies can be "lost" (or over-estimated) in the wall function region 
which is not in accordance with good thermal fatigue predictions where atten- 
tion must not only be paid to the amplitude of the fluctuations, but also on the 
frequency spectrum. 

The purpose of this work is to emphasize the fact that the use of standard wall 
function approaches can lead to biased predictions of thermal fatigue problems 
and that more sophisticated strategies may need to be found in order to treat 
accuretly high Reynolds conjugate heat transfer problems. 



2. Conjugate heat transfer physical parameters 



Conjugate heat transfer problems are subject to two major parameters which 
influence the thermodynamical fluid-structure interface behavior. The thermal 



activity ratio defined as: = 



{pCp\)f 
{pCpX) ^ 



(/ for fluid and 5 for solid) influ- 



ences the fluid-structure interaction in such a way that when K oo the 
wall temperature fluctuations tend to an iso-flux boundary-condition behavior 
(maximum temperature fluctuations), whereas when K ^ 0 the interface be- 
haves like an isothermal wall with no temperature fluctuations. The solid wall 
thickness, denoted by d, induces a similar behavior: when d ^ 0 the interface 
will reduce to an isoflux boundary condition; whereas minimum wall tempera- 
ture fluctuations are obtained when d ^ oo. Usually, solid wall thickness in its 



dimensionless form reads as: d~^~^ = — , where a denotes the thermal 

V 

diffusivity (d~^ = durjv as usually defined from wall units). 
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3. Governing equations, numerics and physical modeling 

The governing set of equations for our incompressible Navier-Stokes equations 
with scalar transport in their filtered LES form is the following: 



and: 



dui 
— ^ + 
dt 



duiUj 

dxj 



1 dp ^ ( \ f 

p dxi dxj \ dxj dxi ) 



OT dujT 
dt dxi 



d 

dxi 



{aj + at) 



dT 

dxi 



+ Qf . 



( 1 ) 

( 2 ) 



where the ( ) stands for a standard filtering operator. The adopted SGS stress 
model is the selective structure function details of which can be found in Metais 
and Lesieur [3]. A constant sub-grid scale Prandtl number equal to 0.9 is taken 
for the eddy diffusivity term in the temperature equation. The temperature 
equation inside the solid reads as : 



dT d"^T ^ 



( 3 ) 



where the thermal diffusivity of the solid ag is supposed to be constant. 

Qf and Qg are two internal heat sources in the fluid and solid respectively 
which counter-balance each other by a simple heat balance so that temperature 
is uniformly produced in the fluid and retrieved in the solid (in order to obtain 
an homogeneous temperature field in the main flow direction). 

Computations in this work were done on an orthogonal cartesian mesh, where 
variables are located on a staggered grid (velocity components on the faces, 
temperature and pressure in the center of gravity of the elements). 

A third order Runge-Kutta time integration scheme was used. A second order 
centered convection scheme was used for momentum equation, whereas a third 
order QUICK scheme [4] with FRAM limiter was used for the temperature 
transport [5]. 



4. Wall function strategy 



The local instantaneous wall heat flux introduced in the diffusive terms of 

deq 

denotes a point on the wall surface) where A/ is the thermal conductivity 
of the fluid, is the wall temperature and Tf is the first off-wall tem- 
perature point, deq(x^^t) is a local instantaneous equivalent distance that 
characterizes the thickness of the turbulent boundary layer. One can intro- 
duce the non-dimensional temperature T~^ in wall units which is defined as: 






the energy equation is calculated following: (fwyXw^i) — A/ 
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_ Tf Ty, 

Tr 



, where Tr = 






is the friction temperature and Ur is the 



pCpU'f 

usual friction velocity. The equivalent distance is calculated analytically by: 



deg = ^T+{y+ = d+,Pr) (4) 

where the evaluation of T~^ is given by a general profile with a fitting func- 
tion given by Kader [6] based on experimental results at various Prandtl and 
Reynolds numbers: 



T^ — Pry^e ^ + [2.121n(l + t/“^) + /3(Pr)] e 



( 5 ) 



where: F = 



10-2(Pry+)4 



1 + 5 Pr^ 

flux at the interface is equal to: 



. In the fluid-structure interaction case, wall heat 
Tf-T. 



n, 



where TZ^q denotes the equiv- 



eq 



alent thermal resistance between the two grid points (fluid and solid) on each 

part of the interface which is calculated as: TZ^q = (Figure 1). 

A/ 




Figure 1 Fluid-Solid interac- 
tion and wall-function strat- 
egy 



5. Numerical results 

The configuration of interest is the bi-periodic plane channel flow. The domain 
size for the channel is (dvr/i, 2/i, txK) (with 64 x 55 x 40 mesh points) for 
the Rcr = 150 case and (27t/i, 2/i, tt/i) for the = 395 case (with 50 x 
100 X 60 mesh points for the wall-resolved LES (W.Res. LES) and (32)^ 
mesh points for the wall-modeled case, which is the mesh size introduced in 
all wall-function studies at high Reynolds numbers in plane channel flow and 
that gave good resuts in the estimation of mean and fluctuating velocity fields 
- see Cabot et al [7] for a complete survey on the topic). 

5.1 Reference cases 

These simulations {Case Tq/Q) correspond to the case where wall temper- 
ature is set constant and equal to: == 0 on both walls and an internal 
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heat source produces energy inside the fluid. Prandtl number is taken equal 
to Pr = 0.025 (eg. sodium) and 0.71 (eg. air). 

Figure 2 shows mean temperature profiles and fluctuating profiles for both 
Prandtl number values for Case Tq/Q . Profiles are compared with DNS 
data of Kawamura et al who performed similar DNS simulations [8]. Mean 
temperature profiles show good agreement with the available DNS data: in 
particular, the first point is placed correctly for both logarithmic and buffer 
regions. 





Figure 2. Case To/Q temperature profiles: Mean (left) and Fluctuations (right). 

If we look at the temperature fluctuations (Figure 2, right), we see good agree- 
ment between wall-function calculations and DNS data over the resolved re- 
gions. However, the fluctuation of the first point does not match the required 
peak prediction at ~ 18 for the case with Pr = 0.71, CaseT^jQ — 0.71 
and under predicts the first point fluctuation by 50%. This bad behavior is 
explained by the fact that a zero fluctuation condition is imposed at the wall 
thus having an important impact on the fluctuation level of the first point in a 
numerical point of view. 

The identified drawback on the first point of the fluctuations profile can even- 
tually have no consequences on the results, as long as precise temperature fluc- 
tuations within the solid are not of interest. 

5.2 Consequences for conjugate heat transfer cases 

The conjugate heat transfer case considers the same fluid domain size as in the 
ideal case computations coupled with two solid walls of thickness d. All outer 
wall boundaries are assumed adiabatic except at the fluid-solid wall interface. 
First, a parametric study is carried out at low Reynolds number (Rcr = 150) 
for which the thermal activity ratio (K = 0.1,1 and 5) varies at constant solid 
wall thickness (d~^~^ — 50). Afterwards, a new series of simulations were done 
at constant K = 1 and varying wall thickness: d~^~^ — 10, 20 and 50 . For sake 
of simplicity, all simulations were done with a ratio: af/ag = 1 in order to 
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have: . 

Prandtl number is equal to 0.71 (air) for all conjugate heat transfer simulations. 
Results show good qualitative and physical behaviors. Temperature fluctuation 
profiles inside the solid and fluid are given in Figure 3 for varying thermal 
activity ratios K, together with their corresponding ideal isothermal and isoflux 
cases. We observe that fluctuation profiles differ only depending on K for wall 
distances smaller than y^ 20. Therefore, one already sees that if a good 
prediction must be done on the wall temperature fluctuation, mesh refinement 
should be in accordance with grid spacings lower than /Ny^ ~ 5 — 10 at the 
wall. 

Fluctuations are seen to have already very small levels inside the solid for 
values of K ~ 0.1, which is actually the case for most industrial applications 
{eg. water/copper: K = 0.0436, water/steel: K = 0.21). 





Figure 3. Conjugate heat transfer Case CHT 150 temperature fluctuations profiles: Solid 
(left) and Fluid (right). 

On the contrary, it is noticed (Figure 4(a)) that for small values of the wall 
thickness {d~^~^ < 10), the maximum limiting behavior of the isoflux condition 
is almost achieved for the wall fluctuations. Therefore, the higher the Reynolds 
number (as it is the case in industrial configurations), the higher the wall tem- 
perature fluctuations. 

In the simple case of a one-dimensional semi-infinite wall with adiabatic con- 
dition at one end subject to an harmonic periodic signal at ^ = 0 on the wall, 
the thermal analysis gives the inner wall signal evolution S, for a given wall 
temperature signal amplitude So, a frequency /, at a wall distance y and for a 
solid diffusivity S oc S'q. exp (^—yy/Tvagf^ [9]. Purpose of Figure 4(b) is 
to show that a similar quasi one-dimensional behavior can be obtained for the 
signal amplitude of each Fourier mode in the turbulent framework. Indeed, it 
is seen on Figure 4(b) that very good accordance is achieved for the decreas- 
ing behavior of the temperature energy spectrum between the full initial LES 
turbulent spectrum and the one-dimensional analysis. (The presented signal 
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spectrums were obtained by Fast Fourier Transform (FFT) of the temperature 
signal inside the solid wall). 




(a) Effect of solid thickness parameter (b) Solid temperature signal spectrums 

(black) and respective one-dimensional anal- 
ysis (grey) for the case K = 1 

Figure 4. Conjugate heat transfer Case CHT 150. 

Conjugate heat transfer simulations at high Reynolds number are then car- 
ried out at Rcr = 395 with K = \ and = 50 for both wall resolved 
{Case CHT — Res. LES) and wall function case strategy (Case CHT — 
WF). As expected, the temperature fluctuations level in the solid is underesti- 
mated (Figure 5 on the left): indeed, even if the total shape is recovered thanks 
to the same solid properties, the fact that fluctuations are about twice smaller 
than in the similar wall resolved case leads to an overall underestimation of 
about 40 to 50 % in that case. This behavior clearly comes from the bad pre- 
diction of the temperature fluctuation of the first fluid mesh point, and from the 
fact that the near-wall peak and turbulent character of the flow is completely 
modeled by the wall-function. 





Figure 5. Conjugate heat transfer Case CHT 395; temperature fluctuations profiles in the 
solid and fluid (left) and (normalised) temperature spectrums in the fluid (right). 
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On Figure 5 (right side), we note that the temperature frequency spec- 
trum at the first near wall cell of Case CHT — WF clearly shows the 
same spectrum behavior as the corresponding point in the resolved LES 
Case CHT — Res. LES at — 30, with a difference in the high fre- 
quency range, where the energy corresponds to the one obtained at the first 
point of Case CHT — Res. LES at a distance = 1 to the wall. This be- 
havior can be explained by the fact that even situated in the logarithmic region, 
the temperature field of the first point in the wall-function simulation gets the 
feed-back of the solid damping effect, which leads to a decrease of the energy 
contained in the high frequency temperature fluctuations. 

6. Conclusions 

LES of conjugate heat-transfer of a plane channel flow with solid walls have 
been carried out at high Reynolds number using a wall function for the wall 
heat-flux. It was found that coarse mesh simulations using wall-functions can 
lead to a damping effect on the level that the temperature fluctuations can reach, 
in the present case, at least 50% underestimation inside the solid wall. 

It is then clear that attention must be paid on the necessity to try to either solve 
accuratly the near-wall fluctuation characteristics of the temperature (even in 
the industrial context), or to find a new strategy in order to rebuild the temper- 
ature fluctuations phenomenon based on a LES approach in accordance with 
good thermal fatigue predictions. 
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Abstract One of the consequences of diffusion theory is that fluctuations in a turbulent 
flow can be expressed in terms of the mean component, for example the scalar 
gradient hypothesis. It is known that the diffusion theory is not correct for high 
Reynolds numbers. In this paper a numerical method is developed for the com- 
putation of particle concentration in a turbulent pipe flow. In this way the validity 
of diffusion theory can be accessed. 

Keywords: Diffusion theory, DNS, Scalar Gradient hypothesis 

1. Introduction 

Diffusion theory is based on the assumption that the movement of particles in 
a turbulent flow can be described by a stochastic differential equation for parti- 
cle positions. Within this theory, a Fokker - Planck probability equation can be 
derived which corresponds to a convection-diffusion equation for particle con- 
centration. Moreover, the scalar gradient hypothesis can be derived. For the 
diffusion theory to be valid, two assumptions should be satisfied [5]. Firstly 
the Markov approximation for particle velocity should be valid and secondly, 
the random displacement of a fluid particle, measured over a time period which 
corresponds to the correlation time of the fluid, is required to be small com- 
pared to the external length scale of the flow. Recently, Brouwers [5] showed 
that for all relevant turbulent flows this latter assumption is not satisfied. To 
investigate this further the development of a passive scalar, that describes the 
Eulerian particle concentration, is calculated using a Direct Numerical Sim- 
ulation. This makes it possible to assess the validity of the scalar gradient 
hypothesis. 
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2 . Numerical Method 



To be able to check the validity of the scalar gradient hypothesis a DNS is used 
to calculate the turbulent velocity field in a cylindrical pipe. The numerical 
method used [14] is based on a Fourier - Galerkin expansion in axial and tan- 
gential direction. In radial direction a Chebyshev polynomial expansion is used 
and time integration is performed by a second-order accurate time-splitting 
method that is a combination of the Crank-Nicolson and Adams-Bashforth 
methods. A Poisson equation for the pressure is solved to comply with the 
demand for a divergence-free velocity field. To this code a conservation equa- 
tion for a passive scalar, with a molecular diffusion term, is added. 



dc ^ 2 ^ 



( 1 ) 



with c the concentration and Re and Sc the Reynolds and Schmidt number 
resp. The Reynolds number is given by Re = where D is the diameter of 
the pipe and the friction velocity and v the kinematic viscosity. In all results 
shown Re — 370. The Schmidt number equals Sc = ^ \ and represents the 

ratio between the kinematic viscosity and the diffusion coefficient {V), When 
the same spectral method is used for the scalar concentration as for the velocity 
field, good results are obtained for cases where the concentration is sufficiently 
smooth. However, the spectral method has two disadvantages. First, it can 
only be used if the concentration is periodic in axial direction, which makes a 
particle source impossible. Second, local grid refinement, which becomes im- 
portant when the concentration field can exhibit local small-scale structure due 
to higher Schmidt numbers, is impossible. Therefore, a finite volume method 
is implemented that allows different grids for the velocity and concentration 
to be used together. To be able to solve the concentration on a different grid, 
the velocity is interpolated using a fourth-order accurate scheme [10]. Using 
Gauss’s theorem equation (1) is rewritten into 






• ncdA = 



ScRe 



!L 



dc 

A on 



( 2 ) 



with V an arbitrary volume with boundary A and n the outward unit normal. 
The concentration can now be calculated using fluxes through the boundaries 
of the control volume. Using standard, second-order accurate methods the 
concentration gradient, needed for the diffusion part of equation (2), can be 
calculated. For the convective part the concentration at the boundaries of each 
control volume has to be calculated. To this purpose a general approach is 
introduced [9], where the flux on a boundary, /. , i , between grid points j and 
j + 1 is decomposed in a convective and a dissipative part: 



= c 
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j+ 
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Here C-,i is the convective part, calculated as 

+ i = ]^{Uj+lCjr + UjCjl}, (4) 

with Cjr and cji denoting approximations for the concentration in points to the 
left and right of j + ^. The second term, is a diffusive part and is 

different for every method used. In this research two methods are used. Roe’s 
first order upwind method and the MUSCL method [12]. Roe’s method is 
defined by, 

= \{\uj+i + Uj\(cj - Cj+i)} ( 5 ) 

with Cjr = Cj +1 and Cji = cj and is a first-order accurate upwind method. A 
more accurate method is found in the MUSCL approach [11], that makes use 
of limiter functions which add additional numerical diffusion at those points 
where the gradient exceeds predefined limits. In standard notation the method 
is written as 

Dj_^i = -^{\Uj^i + Uj\{Cji — Cjr)} 

Cjl = Cj + i ((1 - + (1 + 

Cjr = Cj+1 ~ 4 ^(1 “ + (1 + 

= minmod(A • , ic, wA . ic) 

•^“'"2 -'2 

A^^c = minmod(A^_i_i c,o;A^-^|c) 

A^_j_iC = Cj+i — Cj 

minmod(a, 6) = |^sign(a) + sign(6)jmin(|a|, |6|) 

with parameters ^ and to that can be chosen within the constraints — 1 < ^ < 1 
and 1 < a; < |5|. The MUSCL method is, within these boundaries, second 

order accurate and if ^ | the method has even a third order accuracy [9]. 

Here the values for ^ and u are set to | and | resp. In order to conserve 
particles, as a boundary condition at the wall the Neumann condition, ^ = 0, 
is applied. At the center of the pipe a unique and continuously differentiable 
solution is created by combining all control volumes in tangential direction, 
as is shown in figure 1 . In axial and tangential direction a periodic boundary 
condition is applied. The boundary condition in axial direction is problem 
dependent and can be altered to fit the problem at hand. For time integration 
the same method is used as for the velocity. 
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Figure 1. Schematic overview of the element treatment in tangential direction at the center of 
the pipe. 



3. Results 

3.1 Comparison of numerical methods 

In order to compare the different numerical methods an initial concentration 



c^{r,<p,z) 





1 (^- 2 )^ 
2 cr? 



) 



( 6 ) 



with periodic boundaries in axial and tangential direction is used, with cr^ = 
0.05 and = 0.5. Results are generated with an identical initial velocity field 
that is a fully developed turbulent pipe flow using 109 points on a non-uniform 
grid in radial direction and 128 Fourier modes in the periodic directions. The 
length L of the pipe equals 10 times the radius R. An identical grid was used 
for the spectral implementation of the concentration. Both finite volume meth- 
ods use 100 X 96 X 192 points uniformly distributed in radial, tangential and 
axial direction respectively. Because the Schmidt number is equal to one, the 
resolution of the concentration and the velocity grid can be similar. The differ- 
ence in radial direction is explained by the difference in the point distribution. 
For the velocity grid a non-uniform grid is used with grid refinement near the 
element boundaries that is not needed in the concentration grid. The concen- 
tration is mainly distributed around the center of the pipe and that allows for 
half the points to be used in tangential direction, indentical to the velocity field 
where at the innermost element mode reduction is applied. To compare the 
results the mean radius is culculated as a function of time 



-_1 !o 

^ fo^ C crdzd^dr 

This mean radius is also easily computed for the Lagrangian particles. Figure 
2 shows that the spectral and Lagrangian methods have less diffusion than the 
MUSCL method and Roe’s first order upwind method. The higher diffusivity 
of both finite volume methods is due to the added numerical diffusion. How- 
ever, the difference between the spectral and finite volume method is small. 
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Figure 2. Comparison of the mean radius of the blob as a function of time for four different 
methods 



3.2 Point source 

A further test is conducted with a point source at 2 = 0 defined by, 

1 ^ ^ ) 

c‘’(r,<yc,0) = (8) 

(7oV 

with a standard deviation of ao = 8.5 • 10~^D for t > to- The solution is non- 
periodic in axial direction so that a spectral method cannot be applied. Because 
of the higher accuracy the MUSCL method is preferred over Roe’s method. At 
2: = L the boundary condition has to be altered and is changed into a discrete 
form of = 0. The development of the point source can be visualized using 
the mean concentration at the centerline and the normalized standard deviation 
(corrected for a finite source) 



/ 



a 



- ^0) 

D 



2 ^ 1 r^c(r, z)dr 

2 rc(r, z)dr 



( 9 ) 



as a function of the axial coordinate, c denotes the concentration, averaged 
over time and tangential direction. Over 200 independent concentration fields 
are computed, starting from the point when the concentration has first reached 
the end of the pipe and is assumed to be fully developed. In figure 3 the present 
results are compared with experimental results [1],[2]. They are almost undis- 
tinguishable from numerical results by Brethouwer [4]. 
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Figure 3. (left) The mean concentration at the center of the pipe against the axial position, 
(right) The dimensionless standard deviation in radial direction plotted as a function of the axial 
position. Experimental data is indicated by (x) 



3.3 Scalar gradient hypothesis 



To check the validity of the scalar gradient hypothesis, it is written in simplified 
form as 



u'^c = 



dc 

e{r)Prt dr 



( 10 ) 



with u',. the velocity fluctuation in radial direction, k the turbulent kinetic en- 
ergy and e the dissipation, which are known from previous DNS calculations 
[14]. C^t is a constant equal to 0.09 and Prt is the turbulent Prandtl number 
and is set to 1 . The scalar gradient hypothesis can be checked by plotting both 
the right hand side and the left hand side of equation (10) for different values 
of the axial coordinate using numerical data. In figure 4 it can be seen that 
at both axial positions there is a substantial difference between the right hand 
side and the left hand side of equation (10). This is in agreement with results 
found in [6] on the eddy viscosity. Moreover, it can be seen that a different 
value for Prt does not give overall agreement. A position dependent Prandtl 
number might be a solution but that is not desirable. The differences between 
both sides of equation (10) are of 0(1), in agreement with the findings of [5]. 



4. Discussion and conclusion 

The results obtained from the current research point out that it is possible to 
calculate the development of concentration in a turbulent flow using different 
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Figure 4. The left-hand (solid) side and right-hand (x) side of equation (10) are plotted as a 
function of the axial coordinate at (z = 2D (left) and 4.5D (right)). 



numerical approaches. It is clear that each method has its own (dis)advantage 
and that the most suitable method depends on the problem. The numerical 
results confirm the theory that the scalar gradient hypothesis is only valid in 
order of magnitude [5]. 

In all simulations shown, the Schmidt number used is equal to unity. However, 
in reality Schmidt numbers of the order 10^ are common, which for turbulent 
flows leads to concentration length scales much smaller than the smallest ve- 
locity length scales. On the grid used presently such small-scale phenomena 
cannot be captured. Future research will focus on increasing the Schmidt num- 
ber and finding better numerical schemes to decrease the effect of numerical 
diffusion. One approach is to replace the MUSCL method with a third order 
accurate standard upwind scheme that already gives promising results. A pre- 
sumably better method can be found in local refinement of the computational 
grid. For many problems the concentration is equal to zero in large parts of the 
domain and these parts can be computed on a coarse grid. The areas that do 
contain concentration can be computed with a much finer grid, that is able to 
capture the small-scale phenomena introduced by the higher Schmidt number. 
Using the results computed on the refined area, the coarse grid approximation 
can be updated using local defect correction techniques [3]. The goal is to cre- 
ate a method that can perform simulations with Schmidt numbers of order 10^ 
with a minimum of computational costs. The results of these simulations can 
be used to develop a better subgrid model for a passive scalar in a turbulent 
flow. 
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Abstract Using large-eddy simulation (LES), we calculate the concentration fluctuations 
of passive plumes from an elevated (ES) and a ground-level source (GLS) in a 
turbulent boundary layer over a rough wall. The mean concentration, relative 
fluctuations and spectra are found in good agreement with the wind-tunnel mea- 
surements. The Generalised Pareto Distribution (GPD) is applied to model the 
upper tail of the probability density function of concentration time series, col- 
lected at many typical locations for GLS and ES from both LES and experiments. 
The relative maxima and return levels against downstream distance, which are 
estimated from numerical data, are in good agreement with those from experi- 
mental data. 

Keywords: large-eddy simulation, atmospheric dispersion, rough wall, extreme value the- 

ory, generalized Pareto distribution, relative maxima. 

1. Introduction 

High concentrations of pollutants in the atmosphere, although usually of very 
low frequency, can be extremely dangerous to human health or can exceed 
flammability or explosion limits. Modelling their occurrence is a challenge. 
LES can provide instantaneous three dimensional flow and concentration data 
in the study of dispersion from a point source release. Unfortunately, we can 
normally only simulate ABL flows over a couple of hours (or wind tunnel 
flows over less than a minute) by LES, owing to current computer capabilities 
and the resulting high expense of simulation. Such a time duration cannot 
provide sufficient information to fix the upper tail of the probability density 
function (PDF), any more than normal experiments due to the high expense. 
Lack of detailed information of the upper tail of PDF can make the standard 
estimation of extreme events severely biased. 
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Extreme value theory (EVT) is the branch of statistics concerned with mod- 
elling the tails of probability distributions and hence performing probability 
extrapolations. Classically, EVT referred Fisher & Tippett, 1928 to the Three- 
Types Theorem for Maxima, with types I, II and III widely known as the Gum- 
bel, Frechet and Weibull types respectively. The work was extended by von 
Mises Mises, 1954 and Jenkinson Jenkinson, 1955, who independently derived 
the generalized extreme value distribution (GEV) of these three seemingly dis- 
parate families. A typical application of this model is to fit the distribution to a 
series of maximum data (for instance, annual maximum rainfall). However, the 
technique of characterizing a GEV distribution just by using maximum data 
during some fixed period is obviously of very low efficiency. Several tech- 
niques, such as point process characterization, threshold methods, the Gener- 
alized Pareto Distribution (GPD) Picands, 1975, the r-largest order statistics 
method and so on, which manage to take more extreme data to be processed, 
have been proposed to obtain higher data-using efficiency. 

At present, EVT is used in a wide variety of scientific disciplines, but the most 
common application area may be in environmental design. It has also been 
applied to the study of atmospheric dispersion with some success Smith, 1989; 
Munro et al., 2001. However, there are many open problems worthy of further 
study. In the current paper, we couple LES and EVT to overcome the manifest 
limitations of existing approaches and to provide a capability that neither can 
provide alone. Wind tunnel measurements are also used for validation. 

2. LES for turbulent flow over a rough surface 

We consider incompressible air flow over a rough surface at very high 
Reynolds number. In the horizontal directions the flow is periodic. At the 
top of the domain, stress free conditions are imposed. At the bottom boundary 
a wall model relates the surface stress to the tangential velocity components 
at the first inner grid point. A new wall model is proposed which exhibits 
more satisfactory performance than previous models for the LES of the turbu- 
lent boundary layer over a rough surface Xie et al.. To quantify the subgrid 
viscosity, we use the mixed-scale model of Sagaut Sagaut, 1995. The momen- 
tum equations are discretized in space using a second-order central differenc- 
ing finite-volume method. We use a staggered grid which is uniform in both 
horizontal directions and slightly stretched in the vertical direction. All quan- 
tities (including the passive scalar) are advanced in time through time splitting 
with two steps, giving a second-order explicit scheme. 

The numerical results are judged by comparison with the wind tunnel mea- 
surements. We choose the boundary layer depth D and friction velocity u* 
as reference length and reference velocity. The computational domain size 
is 479 X 1.4779 x 79. The roughness element height is 0.012579 and the 
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Figure 1. Top left: Streamwise mean velocity. Lines, LES: solid, with new wall model; 
dashed, with Schumann’s wall model; symbols, measurements. Top right: Turbulent kinetic 
energy. Lines, LES: dashed, resolved; dotted, sub-grid; solid, total; symbols, measurements. 
Bottom: Spectra. Lines, LES; solid, fine mesh; dashed, medium mesh; symbols, measurements; 
bottom left, of streamwise velocity; bottom right, of vertical velocity. 



roughness length zq is 0.001 14D. We discretise the computational domain on 
a fine mesh of 256 x 128 x 128, which is the default mesh; a medium mesh of 
128 X 64 X 64 was also used for comparison. Some results are shown in Fig.l. 
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Figure 2. (a): — , LES, ES; o, measurements, ES; , LES, GLS; • mesurements, GLS. (b): 

0, our measurements; <, Thomson’ stochastic model, — , LES, ES; — , extrapolated from LES, 
ES; , LES, GLS; o, measurements, GLS; •, Fackrell and Robins’ measurements, GLS. 



3. LES for dispersion of point source release 

Up to now most studies realised in heat transfer or concentration dispersion 
problems Sykes & Henn, 1992 apply a subgrid eddy viscosity combined with 
a subgrid eddy Prandtl number or Schmidt number, which are set as constant 
or calculated dynamically. In the present study, we adopt the above concept 
using a constant Schmidt number with a value of 1.2, Kg — Fs/ S c, where Ug 
is subgrid viscosity Xie et al.. Sc is the Schmidt number. 

The scalar transfer equation is discretized in space using the second-order 
finite-volume method. The diffusion term is discretized by central differenc- 
ing. However, more attention needs to be paid to the convection term. Firstly, 
we must avoid negative concentration which can be generated by so-called 
overshoot from central differencing. Secondly, we must avoid numerical dif- 
fusion, as the gradient of concentration may be very high at the edge of plume 
cloud. We use the Bounded Quadratic Upwind Scheme (SMART) scheme to 
discretize the convection term, as it is a well verified scheme with low nu- 
merical diffusion and second-order accuracy, it successfully avoids generating 
negative concentration, and it does not cost much in terms of additional com- 
putation. 

We study the turbulent dispersion of a steady source release in a neutral at- 
mospheric boundary layer. The statistical data obtained using LES have been 
carefully compared with measurements. The elevated source (ES) is located 
at approximately 0.44i9 (depth of the boundary layer) while the ground-level 
source (GLS) is located close to the rough lower surface. Fig.2 (a) shows the 
maximum concentration at various streamwise positions, normalized by the 
maximum concentration at x/D = 0.575. The trend of the maximum con- 
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Cm/Cm(max,0.575D) 



(a) Mean concentration, plume centre. 





Crms/Cm(rnax) 



(b) Crms/Cm{rnax). 



Figure 3. I, x=0.575D; II, x=0.95D; III, x=2.7D. , LES; o, measurements. 

centration with downstream position for ES and GLS are slightly different. 
Fig.2 (b) shows the relative concentration fluctuations, where Cm is the maxi- 
mum mean concentration and Crms is the maximum r.m.s on the vertical central 
line (y — 0) at each x station. For the ES, both measurements and the LES 
predict larger relative intensities than Thomson’s model, which was proposed 
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to suit homogeneous turbulence. Turning to the comparison between measure- 
ments and LES, the difference may be accounted for in several ways, such as 
the slight difference of resolution and source size. For the GLS, the results are 
in good agreement with the current measurements and the experimental data of 
Fackrell and Robins (1982). Since the mean maximum concentration decreases 
approximately with a power law, Fig.2 (a), the contribution of the background 
noise to Crms in the experiments cannot be small; this is likely to be the main 
factor resulting in an overestimation of the relative concentration fluctuation 
at the point farthest downstream. Vertical profiles of mean concentration and 
Crms ! ^rc plotted in Fig.3 for GLS. 






Figure 4. Return level extrapolation. LES, very coarse mesh; from left to right, then top to 
bottom, lOK, lOOK, IM, 3M time steps respectively. Circles, LES data; Lines, EVT predicted 
with 95% confidence intervals. 



4. EVT prediction 

The Generalized Pareto Distribution is applied to model extreme events in the 
time series: G^cr(r) = 1 — (1 + where T, ^ and cr are argument, 

shape and scale parameters respectively, and cr > 0, F > 0, 1 + ^r/cr > 0. 
Ccr need to be fitted by likelihood method Davison & Smith, 1990. Taking 
^ < 0 restricts F to a finite upper limit Munro et ak, 2001. In environmental 
studies the quantity of most interest is the return level, which is defined as the 
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value which we expect to be exceeded on average once in a given period. For a 
threshold u, let r denote the time period; the return level is then given by r = 
u—[l — {vT)^]a/^, where v is the crossing rate of the threshold. Theoretically 
the return level r is independent of the threshold u. Provided ^ < 0, the local 
maximum is easily deduced from the above equation: Tq = u — a/^. 

A simple numerical experiment was conducted just to verify the EVT. The dis- 
persion of the ES release was calculated by LES up to several million time 
steps, while the instantaneous concentration was recorded. Time series with 
different durations (from 10 thousand to 3 million steps) were processed sep- 
arately using EVT. The results are plotted in Fig.4, where the EVT-predicted 
solid lines are quite comparable and the 95% confidence intervals tend to de- 
crease with increasing time steps. This indicates that EVT results obtained 
from short term data can predict the return period of the occurrence of extreme 
events. 




Figure 5. Parameters fitted from short-term and long-term series at the observing station of 
x=7.8D, GLS. Bars: ^ and a, standard error; To, 95% confidence interval. 

The data of concentration processed using EVT are collected from both LES 
and experiments. Instantaneous concentrations are recorded at many typical 
locations. All of the time series have been carefully assessed by checking 
the sampling errors. A technique of “declustering” is applied to pre-process 
the data before GPD is fitted to them Davison & Smith, 1990; Munro et al., 
2001; Smith, 1989, where the key is to specify a threshold u and a cluster 
time interval Tc. Specifically, two exceedances are considered to belong to the 
same cluster when the interval between them is shorter than the cluster interval. 
Only the maxima of the clusters are retained to form the new series, which is 
considered independent. The cluster interval is believed to be related to the 
scale of autocorrelation of the time series. Only two sets of time series are 
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processed here. One is located at the height of source for the ES and the other 
is located at ground level for the GLS. 

In order to check the robustness of prediction, the GPD parameters from the 
short-term series are compared with those from the long-term series. These se- 
ries with different durations are processed using the same threshold and cluster 
time interval. The parameters ^ and a and the local maximum Tq are com- 
pared. One typical example is shown in Fig.5. Note the parameters tend to 
constants, which demonstrates the process is robust. 

Fig.6 shows the relative maxima and return levels at several downstream loca- 
tions for GLS and ES, where the relative maxima and relative return levels are 
respectively defined as maximum concentration (upper limit) and return levels 
normalized by local mean concentration. Despite the large confidence interval 
for LES, the relative maxima and return levels for LES are all in good agree- 
ment with those for the measurements, except the comparison at X/D=2.7 for 
ES. Note the relative maxima are over 40 for ES at X/D=2J. Compared with 
Fig.6 A for GLS, the magnitude and the trend against downstream distance of 
the relative maximum in Fig.6 C for ES are quite different, which suggests the 
turbulence background dominates the extreme concentrations. We note that 
Fig.6 C is a very similar shape to the plot of relative intensity of fluctuations 
for ES, where the peak is located around XjD = 2.0 as well. Sykes et al 
Sykes & Henn, 1992 pointed out that the relative intensity of the fluctuations 
for an ES decays towards zero downstream, which is also confirmed in our 
LES. In Fig.6 C, there is an evident decay towards zero downstream. However, 
the trend far downstream for both relative intensity and relative maximum for 
GLS still remains an issue. From the current LES data and measurements for 
the GLS (see Fig.2), the relative intensity has a very slight drop at x/D = 1.0. 
After xjd = 2.0 downstream, it clearly approaches a constant. The relative 
maximum still has a slight drop after xjD = 4.0, which makes the down- 
stream trend not so obvious. 

5. Conclusion and discussion 

The relative maxima and return levels estimated from numerical data are in 
good agreement with those from experimental data. A remarkable difference of 
occurrence of extreme concentrations is found between elevated source release 
and ground-level source release, suggesting the turbulence background plays 
a very important role, dominating the occurrence of very large concentrations. 
It is noted that the plots of relative maxima are more or less similar in shape 
to the relative intensities. Is there any similarity or a simple relation between 
the relative maxima and relative intensities (or a higher order moment)? If so, 
a lot of work could be saved to obtain the relative maxima. Our conclusion 
is not only that EVT can be used with remarkable success on both LES and 
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experimental data to predict the occurrence of rare events and PDF tails, but 
that this method also gives rise to new insights into the physics and statistics 
of dispersion in the shear-driven atmospheric boundary layer. 
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Abstract Systems relying on turbulent combustion are used in many practical applica- 
tions and in broad areas of technological importance, in particular for energy 
generation, transportation and process engineering. It is also of central concern 
in many security issues (fires, explosions) and has considerable impact on the 
environment and on air quality. Because turbulent flames are so widespread it 
is important to improve our understanding of their properties. In order to do 
so, accurate numerical simulations of simple configurations are essential. Di- 
rect Numerical Simulations (DNS) are ideally suited for such studies since they 
do not rely on any hypothesis concerning the turbulence. For the prediction of 
pollutant emissions, reliable models must of course be added to describe the 
chemical and diffusion processes. For more complex geometries and higher 
Reynolds numbers, Large-Eddy Simulations (LES) represent the only alterna- 
tive to date. Due to the huge cost of such simulations, we were generally forced 
to restrict ourselves to two-dimensional flames up to very recently. Even if such 
computations already lead to interesting conclusions, it is clear that they may 
miss many aspects that are important to describe the coupling between combus- 
tion and turbulence, since turbulence is intrinsically three-dimensional. Consid- 
ering the growth in computer power and the latest progress in algorithms and 
programming languages, several groups have developed recently 3D codes for 
turbulent combustion. In this work we describe in particular our latest results for 
three-dimensional DNS, still relying on realistic models to describe chemical 
processes. 

Keywords: direct numerical simulation, large-eddy simulation, combustion 

1. Introduction 

Due to the overwhelming practical importance of systems relying on turbulent 
combustion, it is essential to improve their performance and reliability and di- 
minish their pollutant emissions. Developments in numerical combustion have 
had a great impact on our understanding of combustion by allowing studies of 
many problems that could not be tackled by more classical analytical or exper- 
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imental methods. It has thus become possible to consider the full complexity 
of combustion phenomena and for example calculate the detailed structure of 
flames including complex kinetics, multispecies thermodynamics and trans- 
port. These numerical studies have first considered laminar flames, since this 
constitutes a somewhat easier configuration. They have been later on extended 
to turbulent flames, in particular using Direct Numerical Simulations. In DNS 
all scales are calculated without resorting to a closure model. Direct simula- 
tions have thus been used to analyze many different problems which were oth- 
erwise intractable (Poinsot et al., 1996; Vervisch & Poinsot, 1998; Poinsot & 
Veynante, 2001). Fundamental problems treated with DNS yield results which 
may then be used to improve physical submodels, as needed by Large-Eddy 
Simulations (LES) or Reynolds-Averaged Navier-Stokes (RANS) approaches. 

2. Framework and State of the Art 

Simulations of the compressible Navier-Stokes equations are carried out by 
solving five conservation equations (continuity, momentum x 3, energy). Re- 
acting flows usually require Ng supplementary equations, where Ng stands 
for the number of reacting species considered. In the case of detailed chem- 
istry, the value of Ng varies typically between 8 for hydrogen-oxygen flames, 
around 30 for methane-air flames and 100 or more for higher hydrocarbons. 
This leads of course to huge computing time requirements, but is the most 
accurate manner - and often the only possibility - to investigate for example 
pollutant formation in a quantitative way. 

Different routes have been used in the past to reduce the computational cost, 
depending on the most important physical phenomena in the configuration of 
interest: (a) reducing the physical complexity, for example by considering only 
chemical reactions without heat release (b) reducing the spatial dimensions by 
working only in two dimensions (c) diminishing the cost of the chemistry by 
using reduction methods. Several methods have been frequently combined to 
further reduce the CPU times. 

Although turbulence is known to be a fundamentally three-dimensional phe- 
nomenon, direct simulations have been frequently carried out in two dimen- 
sions to reduce the computational cost (Poinsot et al., 1996; Vervisch & 
Poinsot, 1998; Hilbert & Thevenin, 2002). Physically, it is known that the 
influence of heat release can tend to reduce the growth of three-dimensional 
instabilities in some configurations. Turbulence with more or less organized 
2D structures is also observed in some important cases (mixing layers, wakes, 
jets), which partly justifies this choice from a physical point of view. Results 
obtained through two-dimensional DNS have greatly helped in understand- 
ing basic features of turbulent combustion. Nevertheless, it is clear that the 
main reason for limiting computations to 2D is of course the induced tremen- 
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dous reduction in needed computing times and memory. Post-processing two- 
dimensional DNS results is also much more straightforward than for full 3D 
data, where the post-processing step can become dominant in terms of com- 
puting time and require unavailable disk and memory space. 

When using detailed chemistry models to represent the chemical reactions, 
the supplementary cost incurred represents over 70% of the total computa- 
tional cost. This includes the time spent to determine complex multispecies 
transport properties, thermodynamic coefficients and reaction rates. In other 
words, the cost of solving the fluid dynamics balance equations is almost neg- 
ligible when compared with the cost of treating the chemistry and diffusion. 
It is almost impossible to incorporate directly such detailed models in three- 
dimensional solvers at reasonable computing costs and new solutions must be 
found if we wish to obtain single-processor CPU times below a few months. 
The problems appearing when using accurate physical models to simulate tur- 
bulent flames have been reviewed in great detail in a recent paper (Hilbert et 
al., 2003). . . along with the interest of doing it! 

As a whole three-dimensional direct simulations of reacting flows using accu- 
rate physical models are fairly recent. One possibility is to improve computer 
algorithmics and parallelization, and carry out three-dimensional DNS includ- 
ing detailed reaction schemes on very powerful supercomputers using the same 
approach as in 2D (Tanahashi et al., 2000; Bell et al., 2002; Mizobuchi et al., 
2002). This is of course an interesting solution but leads to very high comput- 
ing costs, which become of the order of magnitude of one year on a single- 
processor machine, limiting the possible use of such simulations to investigate 
turbulent combustion in a systematic way. Reaching statistical convergence is 
also a difficult issue, since repeating the computations (a need explained for 
example in Hilbert & Thevenin, 2002) is even more costly in terms of CPU 
time. Using the most powerful existing parallel supercomputers (ASCI ma- 
chines in the USA, Numerical Wind Tunnel or Earth Simulator in Japan) is 
then generally needed to achieve acceptable turn-over times for such compu- 
tations. Recent publications demonstrate the interest of this approach but put 
simultaneously into evidence the huge computing cost induced. For example 
direct comparisons between DNS and experimental results will soon become 
possible (Bell et al., 2003). 

The problems encountered in DNS also apply for LES. Up to recently, Large- 
Eddy Simulations of reacting flows have been limited to two dimensions (for 
example Angelberger et al., 2000; Colin et al., 2000), even if they use only 
a single-step reaction to describe the chemistry. The increase in computing 
cost resulting from more complex, larger geometries and considerably higher 
Reynolds numbers cannot be compensated by this cheap description of chemi- 
cal processes. Moreover, specific difficulties are encountered in LES, since the 
reaction zones are generally smaller than the grid step, meaning that chemical 
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processes become subgrid-scale phenomena. This point has been discussed 
in more detail in other publications (Candel et al., 1999; Thevenin, 2002) and 
cannot be considered extensively here. Despite these huge computing costs, it 
is possible to find some recent publications relying on three-dimensional LES 
for turbulent flames (for example Forkel and Janicka, 2000; Menon, 2001 ; Ma- 
hesh et al., 2003). Even if the employed chemistry models are still generally 
limited in their complexity, interested configurations can now be computed by 
using parallel supercomputers and extensive comparisons with experimental 
results begin to appear. 

In the rest of this paper, we present our recent work on three-dimensional DNS 
of reacting flows. For this purpose we choose to examine the development of 
a flame in a turbulent flow, since this represents a very important combustion 
process, found in many practical applications. Current understanding is still 
unsatisfactory and severely limits prediction capabilities. 

3. Three-dimensional DNS of a turbulent premixed flame 

A three-dimensional DNS code, called and written in Fortran 95 has been 
developed in our group. A strong reduction of computing times is obtained by 
combining a low-Mach number approach, well suited to most configurations, 
with an accurate reduction technique for the chemistry. 

3.1 Low-Mach number approximation 

For most applications of interest, like for example furnaces and boilers, but 
also inside the combustion chambers for automotive or aeronautical/aerospace 
applications, the maximum Mach number is generally quite small, at least in 
the region where combustion takes place. It is then unnecessary and ineffi- 
cient to employ a fully compressible formulation to investigate numerically 
such configurations. The low-Mach number approximation allows an impor- 
tant speed-up, since the stability restrictions associated in particular with the 
Courant-Friedrichs-Lewy (CFL) condition are practically released. We use a 
pressure-projection method to implement the low-Mach number formulation 
in our DNS code. This procedure is described in detail along with the valida- 
tion steps in other articles (de Charentenay et al, 2001 ; de Charentenay et al., 
2002). 

3.2 Description of chemical processes 

Our previous DNS code parcomb employed full reaction schemes to describe 
chemical processes, which is of course the most accurate technique but rapidly 
leads to unacceptable computing costs in three dimensions, since tens or even 
hundreds of additional transport equations must be solved. 
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As an alternative we build on top of the Intrinsic Low-Dimensional Manifold 
(ILDM) technique (Maas & Pope, 1992). This technique relies on the identifi- 
cation of low-dimensional subspaces in composition space, on which chemical 
processes are restricted. After computing this manifold all the information 
(values of the mass fractions, mass production terms, thermodynamic coeffi- 
cients, binary diffusion coefficients,. . . ) is stored in a database. This database 
is finally called during the direct simulation to get the information needed to 
integrate the system in time. Instead of requiring a transport equation for each 
chemical species present in the reaction system, we only need a transport equa- 
tion for the coordinates of the manifold. The ILDM method has been widely 
validated and a very good agreement is achieved for a variety of fuels and 
conditions, compared to full reaction schemes. 

The classical ILDM method requires a very high number of dimensions when 
low-temperature kinetics have to be included in the manifold. In order to avoid 
this problem we have developed a related method, called FPI for Flame Pro- 
longation of ILDM (Gicquel et al., 2000; Fiorina et al., 2003). In this case we 
still obtain the same attracting subspace as the standard ILDM technique in the 
high-temperature region, near the equilibrium point. But instead of increas- 
ing the dimension of this manifold when considering lower temperatures, we 
simply prolongate the obtained manifold by using the laminar premixed flame 
structure corresponding to the same fresh gas composition. This means that, 
when a point of the CFD computation does not fall any more on the standard 
ILDM manifold, we use for this missing information the correlation between 
species coming from the corresponding laminar flame. At the difference of the 
ILDM method, there is no rigorous mathematical explanation to justify this 
approximation in the low-temperature region. On the other hand, this proce- 
dure takes into account exactly the correct boundary conditions both on the 
high- and low-temperature boundaries, and of course relies on a physically- 
exact flame structure to relate the species outside the ILDM manifold. Many 
tests have been carried out to check the accuracy of the FPI method. Flame 
speed, extinction limits and the radical profiles are predicted almost exactly 
when compared to the full reaction scheme, while obtaining a reduction factor 
in computing times varying between 5 and 30. Combining the low-Mach num- 
ber approach and the chemistry reduction using FPI leads to a typical speed-up 
of two orders of magnitude compared to the fully compressible formulation 
employing full reaction schemes. Thanks to this considerable acceleration, 
three-dimensional DNS become feasible. 

The FPI database used in the present computations for methane combustion has 
been obtained starting from a detailed reaction scheme of Lindstedt including 
29 species and 141 reactions. It is parametrized by two coordinates. The em- 
ployed database has been computed with a unity Lewis number hypothesis for 
simplicity purposes. 
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3.3 Numerics and results 

Time integration is performed using a fourth-order Runge-Kutta procedure. 
Spatial derivatives are computed using a sixth-order centered approximation. 
The pressure perturbation is determined by solving a Poisson equation using a 
spectral method in the associated Fourier space. 

The code tt^ has not been parallelized yet. All results presented here have 
been therefore obtained on a single Athlon PC with 1 GB of memory. Typical 
computing times are 2 to 3 hours for a two-dimensional simulation, and 300 to 
400 hours for a three-dimensional computation. The grid spacing is constant 
and uniform, equal to 55 jim for all simulations. This relatively coarse grid- 
step is possible thanks to the FPI approximation. We only need to solve the 
two FPI-coordinates to determine all the chemical species. Minor, stiff radicals 
like HCO or CH 2 O are not directly solved, but deduced from the FPI database. 
It is therefore possible to use coarser grids compared to simulations relying 
on full reaction schemes. The two- and three-dimensional computations are 
carried out in computational domains of 8 mm length in each direction. Fully 
premixed methane/air flames at an equivalence ratio (f) ~ 1.59, atmospheric 
pressure and fresh gas temperature of 298 K are considered. This high value 
of (j) has been retained to facilitate the computations, and in particular to get 
a larger flame width and lower density jump through the flame, leading to a 
smoother time- and space-integration. 

We initialize a perfectly spherical laminar flame kernel at zero velocity and 
superpose a field of synthetic turbulence using a homogeneous isotropic turbu- 
lence field corresponding to a von Karman spectrum with Pao correction for 
near-dissipation scales. The Reynolds number is Re/^ = ku'li^u — 74 based 
on the integral length of turbulence. The characteristic time-scale of the large 
turbulent structures is = It/u' = 0.72 ms. All computations have been 
carried out up to a non-dimensional time t — tjri^ — 1.67. Some typical re- 
sults are shown in Fig.l. Considerable quantitative differences between corre- 
sponding two- and three-dimensional simulations have already been identified 
(Thevenin et al., 2002). 

4. Conclusions 

In order to go to three-dimensional simulations with acceptable computing 
costs, new modeling approaches are requested. We have successfully devel- 
oped a 3D direct simulation code relying on the low-Mach number approxima- 
tion and on the FPI chemistry reduction technique. The needed computational 
times in 3D are similar to those of our previous, two-dimensional compressible 
code relying on full reaction schemes. This new code has been used here to in- 
vestigate the development of a premixed methane/air flame in a turbulent flow. 
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Figure 1. Instantaneous field of the CH 2 O mass fraction, an important intermediate radical 
for methane oxidation. The bottom right figure correspond to a full three-dimensional compu- 
tation (isosurface of CH 2 O plus vorticity isolevels in the bottom plane), the three other figures 
are associated with two-dimensional computations using exactly the same physical parameters. 
Differences only result from the specific initial conditions employed to start the computation, 
even if the global properties of turbulence are the same in all cases. 



as observed after spark ignition. Further configurations will be investigated in 

the near future. 
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Abstract A analysis of the subgrid scale flame thickness in the LES framework is pre- 
sented. The influence of the subgrid flame thickness has been tested numerically 
on a swirl stabilized flame using a flamelet formulation. The analysis introduces 
a non-dimensional number a, characteristic for flame and the filter. The values 
of this number are computed for different LES combustion models and lie in a 
wide range. The variations of the number a lead to completely different flame 
dynamics showing the importance of subgrid flame thickness modelling in the 
LES framework. 

Keywords: Large Eddy Simulation, Premixed combustion, Flamelet model. Flame dynam- 

ics 

1. Introduction 

Due to new emission regulations, environmental issues of power generation 
play an important role in the economic viability of modem power plants. In 
order to reduce harmful emissions, the current trend of design of industrial 
combustion devices is to operate under fuel lean and premixed conditions. Un- 
der such conditions, the peak temperature is reduced with a risk for increase in 
the level of CO emission, occurrence of flashback and flame blow-out, There- 
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fore, a more accurate prediction of the combustion device behavior is required 
in order to design efficient, safe and clean burners. 

Recently the increase in computer power brought the hope of being able to 
resolve and understand the combustion instabilities using Large Eddy Simula- 
tion (LES). If LES has been shown to be a suitable numerical technique able 
to resolve large structure dynamics in Gas Turbine combustors, no ultimate so- 
lution has been yet proposed to model the Sub-Grid Scale (SGS) combustion. 
However, in order to understand the flame instabilities, one has to capture the 
flame dynamics and the subgrid scale flame speed and thickness through a SGS 
model. In most of the LES combustion models, the subgrid scale flame thick- 
ness is controlled by the SGS diffusion term. The SGS diffusion coefficient is 
often chosen in order to stabilize the numerics and its choice is seldom sup- 
ported by physical arguments. Surprisingly, no studies of the influence of the 
subgrid scale diffusion modelling on the flame dynamics has been published 
so far. 

In this paper, a flamelet formulation for premixed combustion, with an empha- 
sis on the subgrid flame thickness modelling, is presented (Duwig, 2002). The 
formulation is used to simulate a swirling reacting flow in a typical gas turbine 
combustion chamber. The results are used to assess the influence of the filtered 
flame thickness on the flame dynamics. We have reduced the SGS term to be 
dependent on a single parameter, depending on the diffusivity of the fuel and 
filter thickness. The simulations show that the flame dynamics are strongly 
dependent on this parameter. 

2. Flamelet formulation for LES 

A major difficulty in LES of reacting flows is that chemical reactions occur at 
scales much smaller than the resolved ones. This implies that the dynamics 
of the flame at small scales (i.e. flame propagation, stretching and its instan- 
taneous thickness, including local quenching and ignition) are filtered out. In 
contrast to turbulence no universal behaviour of the small scales of the flame 
have been defined in terms of measurable (mean) values and the local scale 
sizes. The lack of a theory analogous to Kolmogorov’s theory, makes SGS 
modelling much more problematic. Therefore, a general theory can be de- 
veloped under simplifying assumptions, as done here. In the present paper, a 
premixed flamelet formulation developed by Duwig (2002) and (2003) is be- 
ing used. Within the flamelet regime, we assume a scale separation between 
turbulence and chemistry. The chemical length scales are by several orders of 
magnitudes smaller than the turbulent scales. Consequently, the reaction rate 
is modelled by a Dirac function, 5. However, in the LES framework the filtered 
reaction rate has to be computed. To derive such an expression, we consider 
a 1-D turbulent flame. The progress variable c (typically, we use the dimen- 
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sionless temperature) being 0 when unburned and 1 when burnt. The progress 
variable in 1-D, satisfies the following filtered equation (using a Gaussian ker- 
nel): 




where, A, S l, Dc. ^ and E denote the unbumed gas density, the filter length, 
the laminar flame speed, the effective diffusion, the Dirac function and the 
wrinkling factor (i.e. the increase of flame surface generated by turbulence), 
respectively. A non-dimensional number a = and a normalized coordi- 

nate X=^ are introduced. All this leads to a simple ODE: 



dc 1 d^c l~6 

The boundary conditions for this equation are: 







dS 

dX 



0 



— oo 



(2) 



(3) 



The non-dimensional number a expresses in dimensionless form the relative 
importance of the turbulent filtered flame speed and its thickness as compared 
to the effective diffusivity. The production term, on the right hand side of equa- 
tion (2), is plotted against the (density weighted) filtered c in 

Figure 1 for four values of a = (1,3,6,10). This data is used to close the filtered 
transport equation system. 

The closed (density weighted) filtered progress variable equation can be writ- 
ten as: 



dpc 

dt 



-1- V • (puc) = 



PuSl^ 






PuSlE 



rtc(c,a) 



(4) 



3. Subgrid scale flame thickness: analysis using the 
non-dimensional number a 

The non-dimensional parameter a enters naturally the reactive-diffusive bal- 
ance and is used to characterize the subgrid flame thickness. A general expres- 
sion of the parameter is: 
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Figure I. Normalized filtered reaction rate vs density weighted progress variable, for some 
parameter values 



fn Wc(c)dc ■ 

« = ^ (5) 

pD 

This parameter eompares the integral filtered reaction rate (i.e. the turbulent 
flame speed for a quasi-planar flame) and the diffusion term. Thus, the pa- 
rameter a has a physical component related to the diffusivity of mass, scales 
of the flow chemistry (flame speed), flame-flow interaction (wrinkling factor) 
and finally the filter size as compared to flow length scale. The problem can 
be reduced to a single parameter that is highly dependent on the underlying 
assumptions. 

In the limit of laminar flames, we find that a ~ /S./{D/Sl) ^ where 
If denotes the laminar flame thickness. It is the ratio of the broadening due 
to filtering and the one due to diffusion. For gas turbine applications, a is of 
the order of 2-6. Here, we use the value of a=4. Values of a <Cl correspond 
to an infinitely thick flame whereas a ^ 1 is equivalent to a filtered infinitely 
thin flame (in this case the filtered flame thickness would be A) recovering the 
results of Boger (2000) as reported by Duwig (2002). 

The parameter a enters naturally the reactive-diffusive balance equation and is 
used here to characterize the subgrid flame thickness. Table I shows the num- 
bers a that correspond to several LES combustion models. If one is assuming a 
bi-modal pdf we have an infinitely thin flame corresponding to the Bray-Moss- 
Libby model (Bray et al. 1989). In this case a is infinitely large. However, to 
ensure a proper flame propagation speed, Boger (2000) used the KPP theorem 
to modify the BML-LES approach introducing an additional diffusion term. It 
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is worth noticing that this term has no physical meaning but is rather small. 
A more popular approach is to use the analogy with the momentum transport 
and model the diffusion with a Smagorinsky like expression. Here that non- 
dimensional number a is not related at all to the flame structure but rather to 
the momentum transport constant Cs (so-called Smagorinsky constant) and the 
turbulent Schmidt number Sc^. Colin et al. (2000) used a thickening technique 
to be able to resolve the flame on the LES grid keeping the propagation veloc- 
ity constant. Thickening increases the diffusion and results in a decrease of the 
parameter a. 

Table 1 shows that these combustion models cover a broad range of values of 
the parameter a. On one hand it is not surprising as the turbulent diffusion 
term is often modelled with less efforts than the filtered reaction rate and used 
to stabilize the numerical methods. On the other hand, the effect of the sub- 
grid flame thickness on the flame dynamics is still not fully understood but 
preliminary results presented in this paper are assessing the importance of the 
subgrid flame thickness modelling in the context of LES. These results will be 
introduced and presented in the following. 



Table 1. Values of the non-dimensional number a for different combustion models. 



Model 


a 


typical value 


BML 


infinity 




BML-KPP (Boger, 2000) 




22 


Smagorinski-type 


Sct/Cs 


1-3 


Thickened Flame (Colin et al., 2000) 


A/(F5l) 


0.05-0.2 


Present formulation 


N{5l) 


2-3 



4. Numerical methods and presentation of the test case 

The present flamelet formulation has been implemented into a Cartesian finite 
difference LES code solving the incompressible Navier-Stokes equations with 
variable density. The code is third-order accurate for the convective terms 
Kawamura et al. (1984) and fourth-order accurate for the diffusion term. 
Within a time step, the defect correction technique is used to solve the flow 
field. A third order finite difference scheme is used for time integration. More 
details can be found in Gullbrand et al. (2001). The Cartesian finite differ- 
ences techniques are fast, easily coded and accurate. These advantages make 
them suitable for LES of reacting flows. For the Navier-Stokes equations, the 
implicit model (so-called IMM, in Gullbrand et al. (2001)) is used as subgrid 
scale model. No explicit modelling of the subgrid scale turbulent transport 
is done but the truncation error of the scheme acts as a subgrid scale model. 
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Reacting flows in an Alstom AEV gas turbine burner have been studied. The 
geometry, corresponding to an experimental rig, contains a premixing pipe, 
of diameter Dp and length 1.2Dp, discharging into a rectangular box. The 
dimensions in x,y and z direction are: 4Dp*3.8Dp*3.8Dp, respectively. Ex- 
perimental mean velocity profiles are used for inlet boundary conditions. The 
Reynolds number at the inlet is 150000 and the swirl number 0.52. The grid 
used for this study has about 1.8 M cells (Duwig, 2003). Three computations 
have been carried out using different values of the a parameter; namely 1, 4 
and a variable value; i.e. f -I- with a/, = A and ar = t4t~- 

The last relation aims at accounting for the thickening of the flamelet in the 
extended flamelet regime (Duwig, 2003) and leads in our case to a ~ 2.3. It is 
worth noticing that no turbulence is imposed explicitly at the inlet; both turbu- 
lence and the large scale structures related to unsteady vortex-breakdown are 
developing naturally in the flame region. Flame stabilization by swirl is highly 
sensitive to very small perturbations. This effect is observable by introduc- 
ing small variations in the inlet velocity profile, or by any other geometrical 
disturbances. 

5. Results and interpretation 

Figure 2 shows the mean temperature profile in the three cases. The flame is 
anchored by the vortex-breakdown and anchored at the stagnation point. In 
all three cases, the stagnation point is located at the premixing pipe exit. The 
effect of the number a on the flame brush is significant, low values of a lead to 
a thicker flame brush. Moreover, the flame opening angle also decreases with 
decreasing a. 






Figure 2. Axial cut of the mean temperature (K), left: a=4, center: variable a, right: a=l. 



Figure 3 shows the pdf of the velocities and temperature at a point in the flame 
brush. The case a =4 leads to high thin peaks showing low fluctuations. The 
two other cases have wider Probability Density Function (PDF) showing more 
turbulent fluctuations. An explanation for the result is that the flame front 
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affects the large eddies. The steeper the flame front, the less it will be sensitive 
to the large eddies and it will tend to damp them out. On the other hand, 
decreasing a makes the flame thicker and more sensitive to the large eddies. 
The fluctuations are affecting the flame front motion which implies increasing 
the flame brush thickness. 




Figure 3. Probability density function ID downstream the premixing pipe exit, ID from the 
axis, left: axial velocity, center: tangential velocity, right: temperature (K). 



The previous interpretation is supported by the frequency analysis presented in 
figure 4. It is clearly seen that the large values of a are damping turbulence in 
the flame brush (y=D) but the characteristic high frequency at Strouhal number 
St ~ 1.8 is captured in all cases. This frequency corresponds to the spiral 
mode of the vortex core (Duwig, 2003). The case a =l does not show a single 
characteristic frequency but a wide range of characteristic frequencies around 
St ~ 1. These high frequencies correspond to rather small eddies which are 
more likely to be damped by a thin flame front. The cases of variable a and a 
= 1 are more similar in the medium frequency range (St<0.1). 




0.01 0.10 1 DO 10 00 0 01 0.10 1.00 10.00 ® ^ ® 



Figure 4. Fourier transform of the axial (up) and tangential (down) component of the velocity, 
ID downstream the premixing pipe exit, on the axis (y=0) and ID from the axis (y=D) vs the 
Strouhal number St, left: a var, center: a = 4, right: a = 1 . 
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The present results suggest that Thickened Flame technique or Smagorinsky 
type closure (low number a techniques) would overpredict the turbulence in the 
St~ 1 range as well as the flame brush thickness. On the other hand, BML type 
models would simulate a flame less sensitive to turbulence and underpredict 
the flame motion. 

6. Summary 

The effect of the subgrid flame thickness on the flame dynamics in the LES 
framework has been analyzed. The analysis introduced a non-dimensional 
number a comparing the integral reaction rate and the diffusion. The values 
of this number was computed for different LES combustion models and dif- 
fered significantly depending on the model. Using a flamelet formulation, the 
influence of the subgrid flame thickness has been tested numerically on a swirl 
stabilized flame for three values of the parameter a. Results were presented 
with mean temperature fields, one point PDE and frequency analysis. The 
variations of the model single parameter lead to completely different flame dy- 
namics showing the importance of subgrid flame thickness modelling in the 
LES framework. 
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Abstract Large Eddy Simulation (LES) of turbulent premixed combustion close to Lean 
Blow Out (LBO) in a gas turbine engine has been performed. Combustion 
near LBO is shown to occur in the broken reaction zone regime where classi- 
cal flamelet assumption breaks down. A subgrid combustion model based on the 
linear-eddy mixing (LEM) model is implemented to simulate premixed com- 
bustion over a wide range of operational conditions, including combustion near 
LBO. Pollutant {CO and NO) formation is predicted using transport models and 
compared with data over a range of operating conditions. It is shown that inclu- 
sion of unburned hydrocarbons (UHC) due to local quenching is very important 
in the prediction of CO emission. 

Keywords; Linear-Eddy-Mixing, combustion regimes, pollutants 

1. Introduction 

Current design studies of next generation gas turbine engines are focusing on 
the prediction of combustion dynamics and emissions {CO, NO, UHC) as a 
function of the operating conditions. Of particular interest is flame stabilization 
and emission near Lean Blow Out (LBO). LBO is a catastrophic phenomenon 
that occurs when the fuel-air mixture is very lean and the operating conditions 
are close to the lean flammability limit. Exponential increase in CO occurs 
near LBO and is followed by global extinction. Predicting the performance 
of gas turbine engine near LBO is now a major research effort. Although 
LBO occurs in both liquid-fueled and premixed systems, this paper focuses 
primarily on premixed combustion. 
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LES modeling based on the thin flame approach (e.g., G-equation) has been 
proved successful in the flamelet and thin-reaction-zone (TRZ) regimes for 
prediction of flame structure and heat release (Kim and Menon, 2000; Pitsch 
and Duchamp De Lageneste, 2002). However, as the operating condition ap- 
proaches the LBO limit, the flame loses its flamelet-type structure and falls into 
the broken-reaction-zone (BRZ) regime where local quenching and re-ignition 
occurs (Meneveau and Poinsot, 1991). Figure 1 is a diagram for turbulent pre- 
mixed combustion (Pitsch and Duchamp De Lageneste, 2002) in which the 
typical operating regimes for both laboratory and industrial devices are shown. 
As shown, typical lean combustion in full-scale gas turbine engines occurs at 
the extreme limit of TRZ (in contrast, all laboratory flames are well within the 
flamelet applicable regime), and, as the condition becomes leaner, the combus- 
tion mode moves into the BRZ regime. Thus, in order to address combustion in 
a typical gas turbine, a simulation model that can handle combustion over the 
entire operational regime (TRZ-BRZ) is needed. The present effort focuses on 
a subgrid combustion model that can handle this wide range without requiring 
any ad hoc adjustable parameters. 
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Figure 1. Premixed combustion regimes and locations of typical flames: B-type (Bedat and 
Cheng, 1995), F-type (Mansour et al., 1998), General Electric LM-6000 (Kim and Menon, 
2000) (LI) and the current DOE-HAT combustor (Dl for <F>0.6 and D2 for $<0.5). Here, If 
is the flame thickness, u the sub-grid velocity fluctuations, Sl the laminar flame speed and A 
is the grid size. 



In this paper, the implementation of the linear-eddy mixing (LEM) model ( 
Kerstein, 1991a; Menon and Kerstein, 1992) as a subgrid model in LES is 
demonstrated with a particular focus on its application to combustion near 
the LBO limit. Past stand-alone studies have shown that the LEM model 
can handle combustion under a wide range of conditions (Smith and Menon, 
1996; Sankaran and Menon, 2000) and thus, is considered a natural candidate 
for the present application. LES of premixed combustion in a DOE-HAT com- 
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bustor simulated earlier using a thin-flame model (Eggenspieler and Menon, 
2003b) is revisited here using the LEM subgrid methodology. 

2. LES-LEM Methodology and Resolution of Scales 

In LES using the LEM subgrid model (called LES-LEM hereafter) both large 
scale and sub-grid processes are simulated concurrently, but separately. Thus, 
the compressible LES equations for mass, momentum and energy are solved 
using a finite-volume scheme that is fourth-order accurate in space and second- 
order in time. A localized dynamic subgrid kinetic energy model (Kim et al., 
1999) is employed for the subgrid closure of the subgrid stresses and the heat 
flux. Earlier (Kim et al., 1999; Kim and Menon, 2000; Stone and Menon, 
2002; Eggenspieler and Menon, 2003b), this LES solver was used to study 
premixed combustion in gas turbines using the thin-flame LES model (called 
GLES hereafter). In the present effort, the thin-flame model is replaced by a 
subgrid multi-scalar LEM model in LES-LEM. LES-LEM has also been ap- 
plied to various applications (Chakravarthy and Menon, 2000; Sankaran et al., 
2003) and validated against high-Re data. 

The details are avoided here, for brevity. However, some features of the LES- 
LEM approach are worth highlighting. In LES-LEM, all small-scale processes, 
such as subgrid turbulent mixing, multi-scalar diffusion, finite-rate kinetics and 
heat release are simulated locally in each LES cell in a high-resolution ID 
domain, while the large-scale advection of scalar by the LES velocity fields 
is implemented via a 3D Lagrangian technique that advects the subgrid scalar 
fields. Full conservation of mass is maintained at every time step. Reaction 
kinetics and molecular diffusion can be simulated exactly (i.e., without any 
LES closure) within the subgrid in this LES-LEM approach. 

The concurrent subgrid and supergrid processes in LES-LEM evolve at their 
respective time scale and the resolution is chosen such that all the important 
length scales are resolved. Using the DOE-HAT combustor operating close 
to LBO as an example. Fig. 2 (a) shows that the flame thickness is resolved 
at the LES level (Ales') and that the reaction zone {5rr) is resolved at the 
LEM level. The effect of a typical subgrid eddy (A Eddy) (which is of the order 
of Srr) is explicitly included in the subgrid stirring model in LEM (Kerstein, 
1991a). 

The time-scales are also reasonably well resolved. The reaction-diffusion 
equations evolve at the characteristic time step which is a minimum of the 
diffusion time step, ^tdiff and the chemical time step Atchem- In the current 
study, Atdiff — Atchern^ and a direct integration (using SVODE) is used to 
evolve the finite-rate kinetics. The different time scales involved in this sim- 
ulation are in Fig. 2 (b). The ratio of LES time (AtLEs) to the stirring time 
(Atstir) Step is shown in Figs. 3 (a) and (b). Here, AtsUr is the time interval 
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between two successive small-scale stirring events. The stirring time decreases 
with increase in u' and as a result, a large number of stirring events occur in 
regions of high u' (e.g., shear layer). If combustion also occurs in these high u' 
regions, the flame structure can be significantly perturbed by subgrid turbulent 
fluctuations, even leading to local quenching. 

The stirring events model the effect of turbulent eddies on the scalar field using 
a mapping procedure (Kerstein, 1991b). The eddy size is randomly chosen 
using a known PDF /(/) (Sankaran and Menon, 2000) of eddy sizes 1. The 

expected eddy size {E{1) = f{l)ldl) is an important parameter in LES- 

LEM. The variation of {IfIE{1))^, where If is the flame thickness, for an 
equivalence ratio ($) of 0.41 shows that, close to the dump plane where the 
flame is located (Fig. 3a), {IfIE{1))‘^ reaches 100, the stirring frequency is 
high and flame quenching is expected. At 12 mm from the dump plane (Fig. 
3b), {If/E{1))‘^ slightly decreases but AtsUr increases much more and thus, 
the probability of flame quenching via aerodynamic stretch is reduced. 
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Figure 2. Length and time scale resolution for $=0.41 in the DOE-HAT. 



Finally, the Karlovitz number at the flame front {Kap) variation for different 
equivalence ratio is shown in Figs. 4(a-c) at various axial locations. Ka is large 
in regions of high turbulence (i.e., shear layers) and when $ is decreased. Thus, 
as LBO is approached, combustion is in the BRZ regime in a significant region 
of the combustor. The current LES -LEM approach can simulate combustion in 
both the flamelet and the BRZ regime without requiring an ad hoc adjustments, 
and therefore, offers an approach to study LBO. 

3. Flame Propagation and Emission Prediction 

In the GLES approach, the G-equation model is used to locate the flame front 
and thus, to obtain the proper heat release without simulating a multi-species 
flow. Although very cost effective, GLES requires a model for the turbulent 
flame speed, St = St{u\Sl), to close the GLES equation. A flame speed 
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(a) D = 1.5 mm (b) D = 12 mm 

Figure 3. Radial variation of the local instantaneous / A tsUrring, sub-grid velocity 

fluctuations u and (If/E{1))^ for <l> = 0.41. Here, R is the combustion chamber radius and D 
is the axial distance from the dump plane. The region delimited by vertical lines and denoted 
FI. represents the location of the flame. Legend: — : A IlesI^ tsUr, - - : u', 




(a) D = 1 .5 mm (b) D = \2 mm (c) D = 22 mm 

Figure 4. Radial profiles of the flame front Karlovitz number Kap for different equivalence 
ratio. KaF=KciH where H=\ in the flame region and H=0 otherwise. Legend: -: 4>=0.53, - 
-: 4>=0.44, $=0.41). 



model (which has been calibrated in high $ flamelet 

combustion for a fixed range of u' /S l) was used earlier (Kim and Menon, 
2000). As the mixture becomes lean, Sp decreases and so u' j S l can become 
very large making this type of flame speed model invalid. As a result, the 
typical flame length predicted by this type of model is likely to be nonphysical. 
Furthermore, as combustion moves from TRZ to the BRZ regime, the flamelet 
assumption also breaks down. In contrast, in the LES-LEM approach, when a 
finite-rate mechanism is employed inside the LEM, the turbulent flame speed 
and the flame length (if they exist) can be predicted rather than modeled (as 
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in GLES). In the BRZ regime, LES-LEM allows the prediction of the heat 
release effect within the subgrid without requiring any flame speed model or 
thin-flame assumption. 

Table I shows typical turbulent flame lengths predicted by LES-LEM and 
GLES under varying conditions. Here, for St,i ■ l3 = 20.0, (u' /Sl) max = 
16.56 and for St, 2 • (3 = 10.0, {u' /SL)max = 10.0. It is seen that the flame 
length can be adjusted significantly in the GLES approach, whereas the LES- 
LEM prediction is without any adjustment in the model. Since the operating 
conditions vary over a wide range of u' / S'/, in a real gas turbine combustor, ad 
hoc adjustment of the St model is inappropriate. 



$ 


LES-LEM 


GLES 5t,i 


GLES St, 2 


0.53 


3.5 


1.5 


- 


0.45 


6.5 


3.0 


- 


0.41 


7.5 


3.5 


> 10.0 



Table L Flame length (in cm) for different equivalence ratio and different combustion model. 



The accuracy and computational cost of LES-LEM, however, does depend on 
the chemistry model employed. However, parallel optimization and improved 
kinetics modeling can address these issues. For example, the LES-LEM with 
five species but with no finite-rate kinetics is only 10 percent more expensive 
than GLES while LES-LEM with direct integration is 7 times more expensive. 
Techniques that have been shown to speed up chemistry evaluation, such as 
ISAT (Sankaran and Menon, 2000) and Artificial Neural Network (Menon, 
2001) are currently being implemented. 

In the present study, we compare the ability of GLES and LES-LEM to capture 
flame dynamics and heat release for a range of $, then evaluate their ability to 
predict CO and NO emission. Modeled transport equations for CO and NO 
are solved in the LES grid for both GLES and LES-LEM in exactly the same 
manner (Held et al., 2001; Eggenspieler and Menon, 2003a). CO prediction 
requires additional modeling for local quenching and the effect of U HC. Here, 
the steady-state Intermittent Turbulence Net Flame Stretch (ITNFS) model ( 
Meneveau and Poinsot, 1991) is employed without any change. 

Figures 5a and b show respectively, CO and NO emission predictions in the 
DOE-HAT combustor. For $>0.45, CO emission is close to its equilibrium 
value while for $<0.45, UHC production due to flame quenching must be 
taken into account. The NO emission prediction is reasonable considering the 
models employed here. Although, the current predictions are limited by the 
global mechanism and the models employed, it can be seen that LES-LEM 
does a reasonable job at all the simulated conditions. The GLES also appears 
to do an adequate job as well, but the aforementioned issues regarding the 
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limitation of the flame speed model in the BRZ regime are still valid in these 
calculations. In fact past studies (Eggenspieler and Menon, 2003a) show that 
the St model parameters can be adjusted at low $ to get a better agreement 
(even without inclusion of effect). However, such ad hoc changes cannot 
be employed in LES of real systems. 

For $<0.5, the ITNFS model indicates that 2 to 4 percent of the flame 
quenches. The LES-LEM approach is able to capture the effect of turbulent 
structures smaller than the flame thickness, and thus, aerodynamic quench- 
ing can be simulated provided that a proper chemical mechanism capable of 
extinction and re-ignition is employed. Future simulations will address this 
particular issue using ISAT/ANN approach. 




(a) CO\ — ; Experiments, •: LES-LEM, □: (b) NO\ — : Experiments, •: LES-LEM as 

GLES without UHC, o; GLES well as GLES 



Figure 5. Prediction of CO and NO emission near LBO. Data for DOE-HAT at 38.1 cm 
downstream of the dump plane (Bhargava et al., 2000). 



4. Conclusion 

It is demonstrated in this study that combustion near LBO occurs in a regime 
where the classical flamelet assumption breaks down and this necessitates the 
need for an alternate method. The LES-LEM is developed and it is shown 
that it can be used over a wide range of operating conditions without requiring 
any model adjustments. Pollutant (CO and NO) emission is predicted using 
modeled equations and compared with data over a range of operating condi- 
tions. It is shown that inclusion of unbumed hydrocarbons (UHC) due to local 
quenching is very important in the prediction of CO emission. Future studies 
will address pollutant emission near LBO by using a more realistic reaction 
mechanism within the LEM. 
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Abstract The influence of the transport model used for the simulation of a turbulent non- 
premixed flame is investigated using Direct Numerical Simulations (DNS) of hy- 
drogen/air flames, with a complete kinetic-chemical scheme and three different 
models for the evaluation of diffusion velocities. The results are post-processed 
in order to extract local flame structures in terms of profiles in the space of the 
mixture fraction. The differences induced by the use of the different transport 
models are discussed. 

Keywords: Direct Simulation, Non-premixed Flames, Turbulent Combustion 

1. Introduction 

Turbulent non-premixed flames are encountered in many practical configura- 
tions such as direct injection Diesel engines, or gas turbine combustion cham- 
bers. They correspond to situations where the reactants, fuel and oxidizer, are 
not initially mixed and originate from two separate streams and thus rely on 
complex physical phenomena that are strongly coupled: turbulence, mixing of 
the reactants and chemical kinetics involving a large number of species and 
reactions. The Direct Numerical Simulation of turbulent non-premixed com- 
bustion is an ideally suited tool for the investigation of such flames (Vervisch 
and Poinsot, 1998; Vervisch, 2000), that is a good help for the assessment of 
the importance of various physical mechanisms and for the development and 
improvement of RANS- or LES- turbulent combustion models (Veynante and 
Vervisch, 2002). In the first DNS studies of non-premixed turbulent flames, 
the combustion chemistry was approximated by a single-step model (Vervisch 
and Poinsot, 1998). But, the growing need for accurate predictions of pollutant 
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species now leads to the necessity of a correct description of multi-component 
chemical systems and noticeable progress can only be achieved by taking into 
account to some extent detailed reaction schemes (Hilbert et al., 2003). Com- 
pared to non-reactive simulations, the simulation of reactive flows requires ad- 
ditional balance equations to be solved (one for energy and one for each chemi- 
cal species considered) and physical models for the chemistry source terms and 
for transport properties (Thevenin et al., 1997; Poinsot and Veynante, 2001). 
Detailed chemical kinetics of any practical fuel are thus nowadays still difficult 
to use in DNS. 

In the present study. Direct Numerical Simulations of H 2 /N 2 /Air turbulent non- 
premixed flames have been performed incorporating detailed models for chem- 
istry and transport; the choice of hydrogen is motivated by the fact that this 
kinetic is well known and easily described by a small enough reaction scheme, 
thus allowing ’’reasonable" CPU times for the simulations. The effort is then 
intended towards the investigation of the effect of the transport model on flame 
structures while keeping the same chemistry. 

In this paper, the numerical code and physical models are first described, and 
the configuration is presented. Typical results are shown, that put into evidence 
the necessity of an adequate post-processing methodology to extract physically 
meaningful information. Results are then presented and discussed in terms of 
local flame structures in the mixing space. 

2. Numerics 

The DNS code employed in this work, called parcomb, has been described 
in detail in previous publications (Thevenin et al., 1996) and already used for 
flame structure analysis and model development (Hilbert et al., 2002). It solves 
the full compressible Navier-Stokes equations. The flow solver is coupled with 
libraries for chemistry and transport, that allow to take into account detailed 
multi-step reaction schemes, an accurate description of thermodynamic co- 
efficients (determined using 5fth-order polynomial fits of experimental mea- 
surements), and different levels of modelling for the description of diffusion 
velocities. The initiation of a pseudo-turbulent velocity field is performed in 
the associated Fourier space, via a von Karman spectrum with Pao correction, 
in the form given by Hinze (Hinze, 1975). The phases of the turbulent ve- 
locity components are considered to be uncorrelated and are therefore given 
by a random-number generator. In this study, a chemical scheme involving 8 
species (H 2 , O 2 , H 2 O, H, O, OH, HO 2 , H 2 O 2 ) plus nitrogen and 37 irreversible 
elementary reactions (Maas and Warnatz, 1988) is used to describe combustion 
of H 2 in Air and three models are considered for the expression of the diffusion 
velocities of the species and briefly described now. The differences mainly lie 
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in the way the diffusion coefficients are calculated. Precise formulations and 
more details can be found elsewhere (Hilbert et al., 2003). 

The Lewis number is non-dimensional and compares the species diffusivity to 
the heat conductivity. It is defined as: 



Le^ — 



A 

pCJpDi 



( 1 ) 



with A the thermal conductivity of the mixture, p the density, Cp the specific 
heat capacity at constant pressure and Di the diffusion coefficient of the species 
i into the mixture. Based on this definition, the unity Lewis number approach 
assumes that all the species Lewis numbers are constant and equal to one, 
i.e. that all species have the same diffusion coefficient as heat. In this case, 
differential diffusion between species is obviously not accounted for, but this 
assumption is very useful in simple cases, especially when only two reacting 
species are considered, because it allows to derive theoretical solutions for 
simplified flame structures (Burke and Schumann, 1928; Williams, 1985). 

For the second case, a constant value of the Lewis number is given for each in- 
dividual species in the flow. In this case, differential diffusion, i.e. the fact that 
lighter species can diffuse faster than heavier ones in the mixture, is accounted 
for. The diffusion coefficient is deduced from the thermal conductivity. The 
values retained here for the Lewis numbers are : Le //2 = 0.30, Leo 2 = LIO, 
L^H20 = 0.83, Le// = 0.18, Leo — 0.70, Leoi/ = 0.73, Le//02 ~ 1.10, 
Le/f202 ~ 1.12, Le7V2 ~ 0.92. 

The third case corresponds to the use of a mixture-averaged diffusion coeffi- 
cient, in the form given by Hirschfelder (Hirschfelder et al., 1954). This model 
is sometimes denoted as "zero-th order approximation" as it corresponds to 
keep only the diagonal terms of the complete diffusion matrix (Ern and Gio- 
vangigli, 1994) and is the one also used in the package TRANSPORT (Kee 
et al., 1983) from Sandia. The main difference with the preceding model 
is that, in this case, the species diffusion coefficient is directly dependent on 
the local composition, pressure and temperature. Note that for the two last 
approaches, mass conservation is not automatically ensured and that a correc- 
tion velocity has to be used to overcome this problem (Poinsot and Veynante, 
2001; Hilbert et al., 2003). 

Three similar simulations have been run with parcomb, where the only differ- 
ence was the transport model, with the three different levels described above. 
For each calculation, a laminar non-premixed flame of hydrogen diluted in ni- 
trogen and air is first ignited in a one dimensional configuration with parcomb. 
The initial conditions correspond to Yh 2 = = 0.0291 and T = 300 K on 

the fuel side, Yb 2 — — 0.233 and T = 300 K on the oxidizer side. An 

appropriate nitrogen complement is added everywhere. With these values, the 
global mixture ratio f equals 1.0. A uniform grid spacing of 25 pm is used in 
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Figure 1. Typical turbulent 2D DNS results: instantaneous fields of temperature, mass frac- 
tions of intermediate species OH and of minor species H 2 O 2 obtained with the detailed transport 
model. 



both directions, resulting in a 401 x 401 grid mesh for a 1 cm x 1 cm two- 
dimensional domain. After the initialisation of the ID laminar flame, result- 
ing profiles are uniformly extended in the ^—direction and a pseudo-turbulent 
velocity field is imposed on top of it. In the x— direction, both boundaries 
are considered as non-reflecting outflow boundaries with pressure relaxation, 
while periodicity is assumed along the ^—direction. The same random num- 
bers have been used three times, so that the initial synthetic turbulent veloc- 
ity field is exactly the same in each case. It corresponds to a RMS velocity 
u' = 2.19 m/s and an integral turbulent length-scale A = 1.0 mm, resulting 
in a turbulent Reynolds number Ret — 139, associated with an eddy turn-over 
time tc — (yIv! — 0.45 ms. 

3. Typical results 

As time evolves during the simulation, turbulence is slowly decaying and in- 
teracts with the initially-flat profiles. Turbulence wrinkles the flame front and 
either thickens or enlarges it, depending on the local conditions. On the other 
hand, the heat released by the chemical activity in the vicinity of the flame 
front modifies the local properties of the turbulence through viscous damping. 
Turbulent results are analysed after two characteristic eddy-turn over times, i.e. 
0.90 ms after the 2D restart of the simulation. A Linux PC with a 2Ghz proces- 
sor and 1Gb RAM was used for the simulations. The resulting computing time 
was about 70 hours for each of the three turbulent simulations. Typical results 
are displayed in Fig. 1 . These simulations deliver a huge amount of data to 
post-process (Thevenin and Baron, 1999). 
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4. Post-processing and discussion 

The physical description of turbulent non-premixed combustion often relies 
on the introduction of a conserved scalar, denoted as the mixture fraction that 
takes value 0 on the oxidizer side and 1 on the fuel side, and allows a formal 
decoupling between turbulent mixing on one hand and a description of the lo- 
cal flame structure in the mixing space (or Z-space) on the other hand. Local 
turbulent flame structures can then be considered to be dependent on the action 
of the turbulent field on the flame front, expressed via the scalar dissipation rate 
X (Veynante and Vervisch, 2002). In simplified cases, analytical relations may 
be obtained, but the use of detailed chemistry and transport modify the classi- 
cal assumptions. A better understanding of the local turbulent flame structures 
(in terms of profiles in the mixture fraction space) when multi-step chemistry 
and differential diffusion are accounted for is thus a key element for the devel- 
opment of turbulent combustion models. 

When taking into account multiple species and differential diffusion, it is not 
possible to give a unique definition for the mixture fraction Z (Hilbert and 
Thevenin, 2001). The following definition is used here (Bilger, 1988): 

^ ^ - Zo)IWq 

II2Z^IWh + Z^/Wo 

where W denotes molar weight, Zj the mass fraction of element j in the mix- 
ture, and oc initial compositions on respectively oxidizer and fuel sides. With 
this definition, the stoichiometric conditions correspond here to Z = Zst = 
0.5. The definition of the scalar dissipation rate x, is also not straightforward 
because of the non-unicity of the value of the diffusion coefficient when con- 
sidering differential diffusion (Hilbert et al., 2002). The expression retained 
here is based on the heat diffusion coefficient A, to allow comparisons between 
the different simulations: 

X = 2-L|vzp (3) 

pUp 

where p is the density and Cp the mean specific heat. Physically, x is the 
inverse of a diffusion time and characterises the speed at which the reactants 
move towards each other on a molecular level, and is therefore often retained 
as a characteristic parameter to quantify the effects of finite rate chemistry and 
the departure from equilibrium. 

The post-processing of turbulent results is performed as follows: the flame 
front is first identified to the isoline of mixture fraction corresponding to the 
stoichiometric conditions Z = Zst- On each of the points along this curve one 
can define a cut line: the starting point is the considered point and every fol- 
lowing point is determined by following the local gradients of mixture fraction. 
The advancement step is chosen to be constant. The value of the scalar dissi- 
pation rate at the stoichiometry, and profiles of species mass fractions, heat 
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Figure 2. Typical local flame structures: temperature (top), heat release (middle) and H mass 
fraction (bottom) 



release, mixture fraction and temperature along the cuts across the Z-isolevels 
are extracted from the 2D DNS results, using specific routines developed with 
the commercial software Matlab, to allow automatic post-processing. 

Typical results are presented on Fig. 2 in the form of local flame structures ob- 
tained through the post-processing methodology described above, correspond- 
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ing to different values of the scalar dissipation rate. The flame structures ob- 
tained with the constant non-unity Lewis numbers and the mixture-averaged 
diffusion velocities are very similar. In this case, the Lewis number approach 
yields a good approximation of detailed transport, contrarily to what could be 
observed previously in other configurations (Hilbert and Thevenin, 2002). As 
expected , the maximum flame temperature decreases (Fig. 2(a) to 2(c)) and the 
heat released (Fig. 2(d) to 2(f)) increases with increasing values of the dissi- 
pation rate. It also appears clearly that differential diffusion plays a significant 
role on local flame structure. The obtained profiles are symmetric relatively 
to the stoichiometric conditions Z = Zst — 0.5 when unity Lewis numbers 
are considered (which is consistent with theoretical approaches), but no more 
when differential diffusion is accounted for. In this case, the fact that the light- 
est species are carried faster towards the reaction zone completely changes the 
burning rate repartition (Fig. 2(d) to 2(f)). The reaction is enhanced in the 
Z < Zst domain because of the highest presence of H (Fig. 2(g) to 2(i)) and 
H 2 (not shown). 

5. Conclusions 

A turbulent non-premixed H 2 /Air flame has been simulated using direct numer- 
ical simulations with a complete chemical scheme and three different levels of 
modelling of the diffusion velocities: unity Lewis numbers for all species, con- 
stant non-unity Lewis numbers and multicomponent diffusion velocities with 
Hirschfelder’s formulation. The comparison of the flame structures obtained 
with the different models was performed and discussed. More work is needed 
to increase our understanding of non-premixed flame structures, in particular 
these results will be checked in the future in 3D simulations (Thevenin et al., 
2002). 
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Abstract Transient inflow-conditions have a great effect on the LES/DNS of isothermal 
jets. Non-premixed jet-flames are even more sensitive to the inflow-conditions, 
since they influence mixing, stabilization and combustion at the nozzle. In this 
work, an LES and a steady flamelet model are used to compute the flow- and 
species fields. The turbulence-properties on the inflow are varied and their influ- 
ence is investigated. The main-focus of this paper is to point out the importance 
of realistic transient inflow-conditions - in particular for reactive flows. 

Keywords: LES, Inflow-Data, Artificial Turbulence, Non-Premixed Combustion, Flamelets 

1. Introduction 

It is well accepted that instable flows strongly depend on small perturbations. 
For example, the break-up point of turbulent jets is strongly influenced by the 
fluctuations found at the nozzle. In most simulations, the nozzle plane will be 
located on the inflow-boundary of the computational domain, so that the tur- 
bulence in the nozzle must be described by proper boundary conditions. For 
Reynolds Averaged Navier Stokes Simulations (RANS) this is obvious and can 
easily be accomplished. (For example, with the A: — e-model, the turbulent ki- 
netic energy and the lengthscale must be set.) With Large Eddy Simulation 
(LES) or Direct Numerical Simulation (DNS), this is more complicated since 
the turbulent flow from the nozzle must be represented by transient boundary 
conditions on the inflow-plane. The strong effects of these transient boundary- 
conditions on LES/DNS have already been pointed out for plane jets [6, 11], 
two-phase-flow jets [6] and a flow with mixing behind an obstacle [5]. How- 
ever, non-premixed flames may be even more sensitive to the inflow-conditions 
which determine mixing and combustion at the nozzle - and thus flame stabi- 
lization. To investigate their effect, a new inflow-generator for arbitrary ge- 
ometries is applied to a well investigated jet-flame and the integral lengthscale 

367 

R. Friedrich et al. (eds.). Direct and Large-Eddy Simulation V, 367 - 374 . 

© 2004 Kluwer Academic Publishers. 




368 



DIRECT AND LARGE-EDDY SIMULATION V 



L is varied. This allows to discuss the influence of this inflow-parameter and 
will underline the importance of realistic inflow-conditions for LES and DNS. 
In the first section of this paper, the theory of large eddy simulation and 
flamelet modeling are revisited, the numerical procedure is sketched and the 
new inflow-data generator is presented. Next, the experimental and numerical 
setups are shown before the results are discussed in section three. 

2. Simulation 

The accurate transport equation for a given quantity $ comprises the whole 
spectrum of lengthscales. To only describe the large-scale features of $, a 
spatial low-pass filter is applied. The resulting filtered equations des cribe the 
transport of the filtered fields. The difference between the filtered field t) 
and the original field t) is the fine-structure f). This work applies 

a top-hat filter that is based on the computational cell. With the finite vol- 
ume approach, this Schumann-filter [12] simplifies the numerical procedure: 
Schumann-filtering is performed implicitly by approximating the values at the 
center of a cell with the mean value for the whole cell. Filtering the govern- 
ing equations yields unknown correlations with the density g. Defining 
$ = g^/~g, these equations are solved for Favre-filtered quantities $ 7 ^ $. 



2.0.1 Modeling of transport. The temporal development of the flame’s 
large-scale features is computed by solving the modeled transport equations 
(1, 2, 3) for the (Favre-) filtered density p, velocity Ui and mixture fraction /, 
where incompressibility (dpi dp = 0 but dp/df 7 ^ 0 ) is assumed. 



d d d 

{-QUi) + — {mu,) = 



dt 



dxj 



dxj 
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duj dui 
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3 dx 
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+ TTrisfuj) - 1 £• ( — + Z 1 ^ 



dt 



dxj 



dxj 



(Jt a J dx 



(2) 



(3) 



The filtered continuity equation (1) is similar to the original equation. The mo- 
mentum equation ( 2 ) includes the filtered pressure p and the gravitation ppi. 
The subgrid-contribution to the momentum flux is modeled by the eddy viscos- 
ity ut and the trace of the subgrid-stress tensor r^|^. This term can be discarded 
when a pressure parameter P = p — is introduced, which is deter- 

mined by the pressure correction scheme. In the equation (3) for the filtered 
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mixture fraction /, the subgrid-fluxes are modeled from the eddy-diffusivity 
which is determined from a turbulent Schmidt-number of at = 0.45 
[10]. The Smagorinsky model (4) [13] yields the turbulent viscosity that is 
required in eqs. (2) and (3). Its parameter Cg is provided by the dynamic 
Germano procedure [4] and the lengthscale A is equated with the filter width. 



= (C',A)2 



1 / dujf 

2 \ dxi dxj ) 



(4) 



2.0.2 Modeling of combustion. This work uses the mixture fraction ap- 

proach to determine the chemical state. The mixture fraction / is the local ratio 
of mass from the fuel-stream to the overall mass. Thus, / = 0 describes pure 
oxidizer, f — I pure fuel. For 0 < / < 1, a mixture of oxidizer, fuel, prod- 
ucts and intermediate species exists. Here, Bilger’s definition of / is applied 
[1]. From the mixture-fraction /, the species mass-fractions Xa, are computed 
with the steady flamelet equation (5). Here, Sx,, denotes the chemical source- 
terms provided by a reaction mechanism. The scalar rate of dissipation x is a 
function of the coefficient of diffusion {i^/a) and the mixture fraction field /. 



X Xxa ^ 
Q 2 Qp 


(5) 


= f 'I 


(6) 


a \ oxj oxj J 



With the mixture-fraction approach and equations (5) and (6), the species con- 
centrations Xa, the temperature, the density and the viscosity are a function of 
the mixture-fraction / and the scalar rate of dissipation x only. 

In LES, only the filtered mixture fraction / and scalar rate of dissipation x 
are known. However, any dependent quantity $ (e. g. Xa, g) is a non-linear 
function of / and x. so that the subgrid-distribution of / and x nrmst be con- 
sidered. The subgrid-distribution of the mixture fraction is assumed to be de- 
scribed by a /3-PDF, which is a function of the subgrid- variance /"^. The 
subgrid-distribution of the scalar rate of dissipation, is assumed to follow a 
Dirac-function 6 here. Thus, all dependent scalars can be computed from 
(/,X, /"^). This dependency is pre-integrated and tabulated, so that 4> can 
be determined by linear interpolation from the table. For the density, this table 
must be resolved very well to allow a stable and accurate LES. 

The subgrid-variance is modeled as the resolved variance in a test-filter 
cell of twice the volume of the normal cell. This model has been suggested and 
applied by Forkel [3] and shows very good numerical properties. The filtered 
scalar rate of dissipation x is estimated using the model by de Bruyn Kops et 
al. [2], who rely on the eddy-viscosity approach (eq. (7)). 
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X = 2 



V v+ 
a at 



dxj dxj 



(7) 



2.1 Numerical procedure 

Following Forkel etal. [3], the conservation equations for mass g (1), momen- 
tum 'gui (2) and mixture gf (3) were transformed to cylindrical coordinates 
(x, r, 0) and discretized by finite volumes. An explicit three-step low-storage 
Runge-Kutta scheme advances the solution from time-step n to n+1. For the 
scalars, each Runge-Kutta sub-step m features a prediction- and a correction- 
step to match the density computed from the chemical state and the density 
resulting from transport. Since only conserved scalars ( g and gf) are trans- 
ported, the scheme was implemented in a fully conservative way and called 
“Echt Konservativer Transport” (EKT, fully conservative transport). 

Diffusive fluxes of scalars and momentum were discretized by second order 
central schemes. For the convective fluxes of momentum, second order central 
schemes minimize numerical dissipation. However, the convection of g and 
gf was discretized by a TVD scheme, which ensures boundedness and inhibits 
numerical oscillations without introducing too much numerical diffusion. 



2.2 Generating Inflow-Data 

To describe the turbulence entering the solution domain, an inexpensive pro- 
cedure is sought that reproduces the statistical properties of the flow. Such a 
procedure was suggested and tested by Klein [6] and has already been used 
by Kempf et al. [5]. This procedure creates a fluctuating signal Ui in 3D, 
which corresponds to a prescribed spectrum or an integral lengthscale L. This 
signal is then scaled to result in a velocity field representing the appropriate 
Reynolds-Stress-Tensor. 

The signal-generation is based on a random-field, which does not have a turbu- 
lent spectrum or lengthscale yet. However, by convolution with an appropriate 
filter, all modes can be filtered to result in a field Ui with a turbulence-like 
spectrum and the proper lengthscales. Assuming that the two-point correla- 
tion function is a Gaussian, Klein [6] deduced a relation between the filter- 
coefficients and the integral lengthscale L. 

Subsequently, the turbulent velocity fields Ui must be computed from the scalar 
fields Ui. Therefor, the scalar fields Ui are conditioned to a mean value of 
(Ui) =0 and to correlations of (UiUf) — 5ij. Then, the velocity field is con- 
structed from the given Reynolds-Stress-Tensor Rij according to the relation 
Ui = {ui) + aij Uj. The tensor aij (eq. 8) is given by Lund et al. [8]. 
Following this procedure, a pseudo turbulent velocity field Ui is created. Slices 
of this are extracted and applied as inflow-data to the LES. It must be stressed 
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that the pseudo-turbulent velocity field does not satisfy the continuity equa- 
tion, since it is based on statistical properties only. However, this procedure 
generates turbulence-like structures at a negligible computational cost. 



Oij — 



p 0.5 
Till 

R21/0.H 



0 

(i?22 - 

(i?32 - a2ia3i)/a22 



0 

0 

{R33 — ^31 ~ ^['32) 



( 8 ) 



The former procedure relies on digital filters. Since these filters are defined in 
logical coordinates, the method will only provide the proper lengthscales on an 
equidistant Cartesian grid. However, instead of low-pass filtering the random 
field, a diffusion-process can be applied as well. Since diffusion is a process 
in physical space, this method works on any grid. It will be described in the 
following section. 




Figure 1. Plot of signal fields Uj of different integral lengthscale L . The plots show a 50 mm 
X 50 mm domain in the x — r plane. The signals are scaled to cr = 1. The original random field 
is shown in (a). The integral lengthscales L of the following plots (b), (c) and (d) are 0.5 mm, 
1 mm and 3 mm. 

To Start with, a random signal-field Uj is created and normalized by the vari- 
ance a. Such a random field (in 2D) is shown in fig. l.a. In the next step, 
diffusion according to 



dt dxj 

is applied to the random fields. This diffusion process removes the smallest 
structures and leaves the large structures unchanged, similar to a low-pass filter 
(so called “diffusion-filters” behave like diffusion on grids of cuboid cells). 
Hence, the typical lengthscale L in the field is increased by diffusion. Little 
diffusion leads to small lengthscales (fig. I.b), while strong diffusion results 
in large lengthscales (fig. l.d). Since diffusion reduces the amplitude of the 
random-fields Uj, they must be normalized again. 

Finally, the signal fields Uj must be transformed to velocity fields, following 
the Lund-procedure as described in the previous section. 



V 



dxj 



( 9 ) 
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The inherent elegance of this approach is that every (Navier-Stokes) CFD code 
features modules for momentum diffusion. Hence, the correlated fluctuation 
fields can easily be generated from such codes. This just requires to add noise 
to the mean velocities and run the CFD-code with no convection or pressure 
correction, which will yield the proper fluctuating signals Ui. As well, this 
approach can be used to generate turbulent initial conditions, which can be 
very useful to speed up the convergence towards statistically constant fields. 

3. Experimental and Numerical Setup 

The "EKT Standardbrenner" [9] consists of a long fuel-pipe feeding the flame. 
Its diameter 79 is 8 mm and its length ensures fully developed turbulence. It 
ejects fuel at a bulk-velocity of 36.3 m/s, corresponding to a Reynolds number 
of Re = 16, 000. Coaxial to the pipe, a wind-tunnel generates a laminar coflow 
(0.2 m/s), which feeds LDV particles and reduces environmental influence on 
the flame. In Tacke’s hydrogen diluted Flame (HD) [14], the fuel consists of 
23 % voL of hydrogen and 77 % vol. of nitrogen. The jet velocity is close to 
the experimentally determined blow-off limit of 38.5 m/s, so that a significant 
amount of non-equilibrium chemistry occurs. 

To model this flame, a cylindrical grid discretizes a computational domain of 
30.5 D in diameter and 22.5 D in length. This is resolved by 257 x 40 x 32 
cells in axial, radial and circumferential direction, which is well sufficient for 
pointing out the influence of the inflow-boundary condition. On the inflow 
plane, the laminar coflow velocities and the transient velocities for the fully 
developed pipe-flow were enforced. The lengthscale L of the jet- turbulence 
was varied. The mixture fraction was set to 1 within the nozzle and 0 outside. 
For pressure, a zero gradient condition was applied. On the outflow plane, 
von Neumann conditions describe all quantities and on the annular surface, 
pressure and mixture fraction were set at zero. To allow for entrainment, the 
velocities are determined by solving a simplified momentum equation there. 
This leads to a typical CPU time of 100 hours on a PC (SPECfp2000 1000). 

4. Results 

Eour simulations of flame HD were performed for different inflow lengthscales 
L. All other parameters remained fixed to values obtained by Lawn [7]. The 
lengthscale L was determined from a simplified mixing-length approach L = 
C based on the wall-distance = 79/2 — r. The leading constant 
C is varied and its influence is discussed for C G {0.2,0.33,0.66, 1.0}. Eor 
reference, another simulation was performed where only noise was applied to 
the inflow-cells, leading to fluctuations on the smallest resolved lengthscale. 
Figure 2. a shows the decay of the mean axial velocity along the centerline. 
For C — 0.33, the best prediction of the experimental data-points is obtained. 
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whereas with the bigger lengthscales, the spreading of the jet is over-estimated. 
For the means of mixture-fraction (fig. 2.c) and temperature (fig. 2.e), the same 
trend is observed. Furthermore, figs. 2.c and 2.e portend that the main dif- 
ference between the results is a shift of the break-up point - as expected for 
non-reactive jets. This is consistent with the theory that perturbations just trig- 
ger the break-up, but further downstream, the jet develops independently from 
the inflow-conditions. For none-reactive jets, a self-similar flow would be ob- 
served, which can not be the case with combustion. 
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Figure 2. Development of means and fluctuations along the centerline. Large lengthscale 
fluctuation triggers jet-break up. For the caption, please refer to fig. 2.e. 



Apart from the means, figure 2 shows the fluctuations of velocity, mixture- 
fraction, density and temperature as well. Here again, inspection reveals that 
the profiles are shifted upstream with increasing lengthscale. However, the 
maximum fluctuation-level of velocity and density is affected by the inflow- 
lengthscale as well: When the jet-breaks up closer to the nozzle, stronger fluc- 
tuation occurs. Especially the density (fig. 2.f), shows the sudden break-up. 
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A very interesting behavior is observed for the velocity fluctuation with “noise” 
inflow-condition (fig. 2.b): Almost all fluctuations are dissipated at the nozzle 
and only little turbulent kinetic energy enters the computational domain. This 
is due to the too short lengthscales imposed with noise. 

Overall, a very reasonable prediction was obtained for the setting C = 0.33. 
For smaller values, the jet breaks up too late, for higher values, it will break 
up too close to the nozzle. Only a reasonable setting of the inflow-lengthscale 
allows for the proper prediction of the flow. 

5. Conclusions 

A grid-independent approach for generating transient, pseudo-turbulent inflow 
data for LES has been applied to jet-flames. A study, where the lengthscales 
were varied, shows the great effect the inflow-perturbations take on the break 
up of reactive jets. Without setting these proper lengthscales, reasonable results 
can hardly be expected - especially for reactive flows. 
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Abstract Mixing and combustion of buoyant reacting flows from rectangular, square and 
round sources are investigated using Direct Numerical Simulation (DNS). The 
full Navier-Stokes equations and the finite-rate Arrhenius-type chemical reac- 
tions are simulated by high-order methods. Axis switching is observed in the 
rectangular plume of aspect ratio 3 but not in the case of aspect ratio 2. A new 
explanation of the aspect ratio effect is proposed, which is confirmed by the 
higher level of vorticity and entrainment rate along the major axis as compared 
with those along the minor axis. Finally, the DNS data are used to validate two 
newly constructed subgrid-scale (SGS) models for the highly non-linear radia- 
tive heat transfer source. 

Keywords: Direct Numerical Simulation, Buoyancy, Mixing, Combustion, Radiation, 

Subgrid-Scale Modelling 



1. Introduction 

Non-circular jets are known to enhance entrainment and mixing as compared 
with circular jets (Gutmark & Grinstein, 1999). A potential application is in the 
control of turbulent diffusion flames, in which enhanced mixing could lead to 
higher combustion efficiency and lower level of pollutant emission. Past stud- 
ies have been mostly concerned with momentum-driven, non-buoyant flames 
targeted at industrial applications. However, many important natural and man- 
made phenomena such as fires and aircraft engine exhaust involve low-speed, 
buoyancy-driven reacting plumes. The presence of buoyancy effects leads to 
extremely complicated couplings among flow instabilities, vortex dynamics, 
entrainment, mixing, turbulence, chemical reactions and even radiation. These 
phenomena are inherently unsteady, transient, and have a wide range of time 
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and length scales. Such multi-scale interactions present difficulties for experi- 
ment and the Reynolds Averaged Navier-Stokes (RANS) numerical approach. 
Large Eddy Simulation (LES) is a promising predictive tool for such appli- 
cations (e.g. Zhou et al., 2002), but subgrid-scale (SGS) models for mixing, 
chemical reactions and especially radiation have not been well developed. In 
the meantime. Direct Numerical Simulation (DNS) has played an increasingly 
important role in providing fundamental insight and in forming active and pas- 
sive control strategies for turbulence (Moin & Mahesh, 1998) and combustion 
(Docquier & Candel, 2002). 

Recently, a series of fully three-dimensional (3D) DNS of transitional and tur- 
bulent reacting plumes have been performed to investigate (Jiang & Luo, 2001, 
2003; Luo & Jiang, 2002): (a) mechanisms of combustion-induced buoyancy; 
(b) Froude number effects; (c) large-scale vortex dynamics and entrainment; 
(d) small-scale mixing and combustion; (e) effects of wall confinement; (f) ef- 
fects of plume source configurations; (g) initial and boundary conditions, etc. 
The present work extends the simulation to a rectangular reacting plume of 
aspect ratio 3 and investigates the phenomenon of axis switching. Combined 
with the earlier results, effects of plume source configurations on mixing and 
combustion are scrutinized. The DNS data are then used to assess two SGS 
models that are newly constructed for radiative heat loss. 



Cases 


Heat value 


Grid points 


Computational box 


Aspect ratio 


Rect-AS2 


1650 


108 X 216 X 288 


3x6x8 


2 


Rect-AS3 


1250 


256 X 256 X 384 


8 X 8 X 12 


3 


Square 


1250 


192 X 192 X 288 


5 X 5 X 7.5 


1 


Round 


1250 


192 X 192 X 288 


5 X 5 X 7.5 





Tab/e 1. Main simulation parameters. Other conditions are provided in the text. 



2. Numerical Details 

A general formulation was used in an in-house DNS code, DSTAR, which 
solved the 3D time-dependent compressible Navier-Stokes equations for flow 
and the species transport equations for combustion. As a result, the full cou- 
pling between turbulence and combustion through the fluctuating density and 
pressure was preserved, without invoking the Boussinesq simplification. A 
one-step global reaction was simulated, which was controlled by finite-rate 
Arrhenius chemistry. These governing equations were solved using high-order 
numerical schemes and high fidelity numerical boundary conditions. A series 
of simulations were performed of buoyant diffusion flames from round, square 
and rectangular sources. Table 1 shows the different cases and the main simu- 
lation parameters. The Froude number is 1.5. Other common parameters were 
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Figure 1. Left: A mechanism for aspect ratio effects: the self-induced vorticity along the 
major axis (cuy) is larger than that along the minor axis (uJx)’ Right: Vorticity extrema history 
of the buoyant reacting plume from a rectangular source of aspect ratio 3 (Rect-AS3). ( 

UJx', ~ ~ — ^z)- 



described in Jiang & Luo (2003). The grids used were able to resolve all scales 
involved. To facilitate comparison, the different cases used a common length 
scale for non-dimensionalization. The diameter of the round source was cho- 
sen, which had a non-dimensional value 1 . The side lengths of the square and 
rectangular sources were chosen, so that their areas were equal to that of the 
round source. 

3. Aspect Ratio Effects and Axis Switching 

The Biot-Savart instability (Saffman, 1992) was identified as a mechanism for 
the enhanced vorticity level and entrainment rate of non-circular plumes com- 
pared with the circular ones (Gutmark & Grinstein, 1999; Luo & Jiang, 2002). 
According to the theory, the vortex-ring deformation rate, measured by the 
self-induced velocity Wd, is proportional to Clog{l/a)b, where C is the local 
azimuthal curvature of a thin inviscid vortex tube, a its local cross-section, and 
b the binormal to the plane containing the tube. The Biot-Savart theory pre- 
dicts that a round, uniform ring would convect with a uniform speed without 
any change in shape whereas a vortex tube with comers will convect faster 
at corners than at other locations leading to vortex deformation and enhanced 
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vorticity level. However, it has been observed that entrainment and mixing are 
better in rectangular plumes than in square plumes. 

Such aspect ratio effects were treated as a mechanism rather than a phe- 
nomenon in the existing literature (e.g. Gutmark & Grinstein, 1999). In 
Fig. 1, the aspect ratio effects are explained as follows: Consider a rectan- 
gular plume at the base as a vortex tube “ring”. Biot-Savart instability will 
induce vertical velocity Wi around the perimeter, whose local magnitude is 
directly proportional to the local azimuthal curvature. From a local point of 
view, the azimuthal curvature at any 90° comers must be the same, so that Wi 
of rectangular and square jets at the comers must be the same under identical 
conditions. At the midpoints along the sides between the comers, Wi — 0, 
since the local curvature is zero. Hence Ux ^ dwjdy W^z,max/^y and 
ojy ^ dwjdx ^ FFi,max/^a:- Since Ly > Lx, we have Ux < (Xy, i.e. vorticity 
along the major axis {y) should be larger than that along the minor axis (x). 
This is indeed seen in case Rect-AS3 in Fig. 1 as well as in case Rect-AS2. In 
the case Square, however, vorticity components along both axes are the same 
and slightly smaller than Ux of the rectangular cases. Therefore, the overall 
entrainment and mixing in rectangular plumes are better than in square ones. 
Furthermore, as Ly increases relative to Lx (i.e. increasing the aspect ratio), 
the above trends will become stronger, leading to better overall entrainment 
in high-aspect-ratio jets/plumes. That is proved by comparing the vorticity 
extrema of cases Rect-AS3 (Fig. 1) and Rect-AS2 (not shown). 

As entrainment along the major axis is stronger due to larger uoy, it tends to 
make a rectangular jet more square or round. As the trend continues, it may 
“overshoot” to render the originally minor axis the major axis and vice versa. 
That is when axis switching occurs. The vortex stmctures represented by the 
pressure iso-surfaces in case Rect-AS3 are shown in Fig. 2. Close to the base, 
the vortical stmctures are mainly aligned along the major axis, due to the initial 
configuration and the dominance of Uy. But at about 2 : = 6, there is an axis 
switching as far as the vortex alignment is concerned. Further in the far field, 
A-type vortices appear, which are more aligned with the vertical axis 2: rather 
than X and y, and are likely to be dominated by The axis switching is 
demonstrated in Fig. 3 through the vertical vorticity fields at two heights. 
Such axis switching was not observed in case Rect-AS2. 

4. SGS Models for Radiation Source 

One of the key applications of DNS is for model assessment and validation. In 
LES, modelling of subgrid-scale phenomena has almost no reliable guidance 
except DNS data. In reacting flows, the chemical reaction rate, radiation and 
soot formation are all highly non-linear processes, whose modelling is a great 
challenge. While some previous efforts have been devoted to SGS modelling 
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Figure 3. Contours of the vertical vorticity component tOz at heights (a) 2 = 5 and (b) 2 = 6 
at time t = 7.5 of case Rect-AS3, showing axis switching. 
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of the chemical reaction rate, there have been relatively few studies involving 
radiation and soot, which play key roles in many important applications such 
as fire dynamics. 

The radiative transfer equation (RTE) describes the energy conservation of a 
ray of radiation traveling through a medium, attenuated by absorption and out- 
scattering but enhanced by emission and in-scattering. Both gases (such as 
H 2 O and CO 2 ) and soot contribute to radiative heat transfer, and their relative 
dominance depends on the fuel and the spatial location. In most simulations, 
gray, optically thin gases and small-size particles are assumed, which reduces 
the RTE to: 

= + ( 1 ) 

where I is the radiative intensity in the s-direction, asB the Stefan-Boltzmann 
constant. The Planck mean absorption coefficients of gases, ag and soot, ag 
are, in general, complex functions, but can be reasonably approximated by : 
ag = ApCxp{—T / Ep) and ag = kpfyT, where Ap, Ep and kp are assumed to 
be constants, and fy is the soot volume fraction. In LES, Eq. (1) can be solved 
by various approximation models such as the flux methods, discrete ordinance 
methods or discrete transfer methods in analogy to their treatment in RANS. 
In each case, it involves filtering and modelling the highly non-linear radiation 
source. There have been no attempts to model the RTE source, although Des- 
Jardin and Frankel (1999) approximated it by directly substituting the filtered 
variables into the term, effectively ignoring any turbulence-radiation interac- 
tions. However, following the scale similarity argument (Bardina et al., 1984; 
DesJardin and Frankel, 1999) and denoting the radiation source term in Eq. (1) 
as a scale similarity filtered radiation model (SSFRM) and a scale similar- 
ity resolved radiation model (SSRRM) can be constructed as follows: 

( 4 + 1 ) = Snijn.fjy) 

\ ) SSFRM 

+ CfR SR{In^fJy)-SR{In^fJ,) (2) 

(in+l) = SRiln^fJy) 

V / SSRRM 

+ SR{In.fJy)-SR{In.fJ,) (3) 

where In and 7^+1 are the SGS radiative energy intensity entering and leaving 
a radiation control volume. The overline and tilde indicate spatial and Favre fil- 
tering, respectively. The model constants Crr and Crr are to be determined. 
Figure 4 shows the performance of the two models against the DNS data. By 
ignoring the effects of gas radiation and soot volume fraction, Sr is directly 
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proportional to T^. Both models show qualitative correlation with the filtered 
DNS data, with Cfr = 1 and Crr — 1. Model SSRRM also shows quanti- 
tative agreement with the filtered DNS, but model SSFRM under-predicts the 
peak values. However, when the filter width A is reduced to 4 times the grid 
spacing, both models show almost perfect agreement with the filtered DNS 
data, qualitatively and quantitatively. 

5. Conclusions 

Dynamics of buoyant reacting plumes from rectangular, square and round 
sources were well reproduced by a high-order DNS methodology. Mixing 
and combustion were enhanced by the presence of corners in the non-circular 
plumes as compared with the circular one. Increasing the aspect ratio would 
augment such effects, and lead to axis switching. A mechanism for the aspect 
ratio effect was provided based on an extension of the Biot-Savart instability, 
and backed by the present DNS data. 

Two new SGS models for radiative heat transfer were constructed on the ba- 
sis of scale similarity. The scale similarity filtered radiation model (SSFRM) 
and the scale similarity resolved radiation model (SSRRM) showed excellent 
qualitative and quantitative agreement with filtered DNS data when a small 
filter width was used. When a large filter width was used, model SSFRM 
out-performed model SSRRM, quantitatively. These models require further 
assessment in a posteriori tests to establish their validity and generality. 
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Abstract A supersonic boundary layer at Moo = 2, with inflow displacement-thickness 
Reynolds number Re^* = 3775, is subjected to an impinging oblique shock. 
The spatially developing boundary layer is generated using an idealized unsteady 
analytic inflow profile that emulates the dynamical features of wall-bounded tur- 
bulence; this approach has the advantage of creating a self-contained simulation 
with deterministic inflow conditions that prompt the realistic transfer of energy 
from the mean flow to the turbulence, and thereby a realistic fully developed 
turbulent boundary layer in a fairly short downstream distance. The impinging 
shock induces a small separation bubble and significant intrinsic compressibility 
effects unrelated to mean property variations. 

Keywords: DNS, turbulent compressible flows, shock/boundary-layer interaction 

1. Introduction 

In view of its technical importance, the challenge it poses for turbulence mod- 
els, and its link in the chain of canonical flows amenable to DNS, we consider 
the interaction of an oblique-shock reflection and a turbulent boundary layer. 
In contrast to other shock/boundary-layer flows, such as the compression ramp 
and the bump, here the shock is created not by a change in curvature of the sur- 
face below the boundary layer, but by a change of direction (typically due to an 
external body) in the freestream flow. Provided the upstream Mach number is 
large enough, the impinging shock both causes the boundary layer to separate, 
and raises the possibility that intrinsic compressibility effects (those associated 
with dilatational fluctuations rather than spatial variations of mean properties) 
must be taken into account. These features point to the relevance and richness 
of this flow, and motivate the present study. 

Other recent shock/boundary-layer DNS include the turbulent Mach 3 com- 
pression ramp by Adams (2000), and Lawal & Sandham’s (2001) transitional 
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transonic flow over a Delery bump. DNS of a turbulent transonic boundary 
layer over a cireular-arc bump was performed by Yao & Sandham (2002), who 
developed a method of preseribing analytic turbulent inflow perturbations, a 
version of whieh we employ below. An LES of the turbulent impinging-shock 
flow considered here has been done by Gamier, Sagaut & Deville (2002). A 
two-dimensional DNS of separation induced by an oblique shoek impinging 
upon a supersonic laminar boundary layer was carried out by Wasistho (1997). 

2. Approach 

The fully compressible unsteady Navier-Stokes equations are solved using an 
entropy splitting technique to partition the inviscid flux derivatives into con- 
servative and nonconservative parts. This produces solutions that possess non- 
linear stability properties, such that certain energy bounds are satisfied (Harten 
1983, Gerritsen & Olsson 1998). Details are given in Li (2003). A Laplaeian 
formulation of the viscous and heat conduciton terms is employed to avoid 
odd-even decoupling associated with central-differenee sehemes. Fourth-order 
central differencing is used in the spanwise direction and the interior points in 
the streamwise and wall-normal directions. For the boundary points, a Car- 
penter et al (1999) scheme is employed. An explicit low-storage third-order 
Runge-Kutta method is used to time advance the conservative variables. The 
resulting code has proved to be stable and robust in terms of grid resolution 
and domain size (Sandham, Li & Yee 2002). 

2.1 Inflow conditions 

An inverse van Driest transform is used as the basis for the mean streamwise 
velocity, incorporating both density effects and a Reynolds-number correction. 
Utilizing the Crocco-Busemann temperature-velocity relation, with wall tem- 
perature equal to the adiabatic wall value, we calculate the mean temperature 
and (invoking the dPjdy — 0 boundary-layer assumption) set the mean den- 
sity to its inverse via the ideal-gas law. We assume the initial mean velocities 
in the wall-normal and spanwise directions are zero. These mean inflow quan- 
tities are imposed as initial conditions throughout the domain. 

It has become increasingly evident that turbulent flows contain deterministic 
features: near-wall streaks are spaeed in the spanwise direction in a surpris- 
ingly regular way. Moreover, the streaks interact with other parts of the flow 
through a sequence of events - lift up, oscillation, and break-up - in a quasi- 
periodic manner (Luchik & Tiederman 1987; McComb 1990). In light of these 
findings, we follow the approach developed by Yao & Sandham (2002) for 
their turbulent-bump simulation, by prescribing inflow disturbances according 
to ‘synthetic’ forms of both the inner- and outer-layer turbulence structures ob- 
served in canonical boundary layers. The major difference between their and 
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our approach is our use of the van Driest profile to define the mean velocity 
and the local density scaling for the fluctuations (see below). Distinct inner- 
and outer-layer perturbations with appropriate spanwise phase information are 
employed. The inner-layer perturbations (j = 1) emulate lifted streaks that 
peak at = 12. The outer-layer peak perturbation locations (j = 2,3,4) 
are chosen at i/max/^vD = 2.0, 3.0 and 4.0, where is the kinematic dis- 
placement thickness of the van Driest profile (which due to density variations 
differs from the kinematic displacement thickness 6* of the actual mean in- 
flow velocity U). In addition, in order to make the outer region more realistic, 
a fourth outer-motion mode (j — 5) is added at y/5*D = 3. The coeffi- 
cients Cij set the magnitude of the perturbations that peak at (j = 1) or 
Vmsix (j ~ 2, . . . , 5); ujj is the forcing frequency, (3j and fj are respectively 
the spanwise wave-number and phase shift. The inner-layer forcing frequency 
is based on the assumption that the average time between bursts in wall 
units is about 153, the time required for the disturbance to pass through the 
L+ 1530 domain once at a convective velocity of 10. Parameter val- 
ues are listed in table 1 . We consider density effects and Mach number depen- 
dence by employing a semi-local scaling of the velocity fluctuations, which has 
been demonstrated by Huang et al (1995) and Guarini et al (2000) to collapse 
results for Mach numbers up to 2.5. The streamwise (i = 1) and wall-normal 
{% — 2) disturbances, are thus 

u'i = '^CijUeA^j\y)e~^:i sin{LOjtj) cos{PjZj + (pj), ( 1 ) 



where the bracket superscript (i) on Aj{y) indicates an exponent, and 



Ajiy) 



J = i 

y/ iyvaax)j J ~ 2, . . . , 5. 



The temporal and spanwise dependence is respectively given by 



= 



tRes*^^/up j = 1 
t J=2,3,4, 5, 

zRes^^/up j = 1 
z j = 2,3,4,5, 



where j is the disturbance index in the wall-normal direction (1 for the inner- 
region and the others for the outer region), is the edge velocity in wall units, 
and = 1000. The semi-local variable ^**(y) is defined in terms of the 

wall shear stress and the y-local mean density (p) an d mean d ynamic vis- 
cosity (p), such that p** = {p)yutf / (p), where i/,** = {p ) . This inflow 

condition defines eight streaks across the domain in the spanwise direction 
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Table 1. Inflow parameters. 
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with the distance between each of about 150 wall units. When density effects 
are taken into account, the streamwise u' and wall-normal v' perturbations are 
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u 




I I. 

ut \Tu_, 



( 2 ) 



where is the wall temperature. The disturbance in the spanwise direction, 
m', is derived from the two-dimensional divergence-free condition dw' jdz = 
-dv' jdy. A random perturbation, /', with a maximum amplitude of 4% of the 
free-stream velocity, is used to break any remaining symmetries in the inflow 

condition, with /' = c^r — 0.5jF(i/), where r is a random number, 0 < r < 1 , 
c = O.OSup and 



F{y) = { 



(i/*V(yiax)i)^ 

e-((y-^o)/5^„)' 



1 1 



< (yriax)l 

y > <^o 
Otherwise, 



and do is the inflow boundary-layer thickness of the inflow profile U{y). The 
dependent variables at the inflow plane are thus defined as 

pu = p{y)(u{y) -Yu' + f'^ (3) 



pv = p{y) (v' -f /'j , (4) 

pw = p{y) (w' -Y /') , (5) 

Et = p{y)CyT{y) -Y 5 ({puf -)- {pvf 4 - {pwf^ /p{y), (6) 

where CyT is the internal energy. 
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2.2 Parameters 

DNS of a turbulent compressible zero-pressure-gradient (ZPG) isothermal- 
wall boundary layer both without and with an impinging shock are per- 
formed at freestream Mach number Mqo = 2 and inflow Reynolds number 
based on the kinematic displacement thickness of the van Driest profile of 
= 1000; the Reynolds number based on actual displacement thickness 
at the inlet is Re^. = 3775. A Prandtl number of Pr = 0.70 and temperature- 
dependent viscosity p, ~ with Q, = 0.67 are assumed. 

The rectangular domain size in the streamwise and spanwise directions are 
respectively Lx = 2005*^ = 16<5o and Lz = 245*^ = 1.9<5o (the in- 
flow boundary-layer thickness for Moo = 2 is 5o = 12. 75*^). We choose 
Ly/Sf^ = 30, such that Ly/6o = 2.4. The spanwise domain Lz/Sq is big- 
ger here than the 0.84 used in Maeder, Adams & Kleiser (2001), which they 
confirmed as acceptable by examining two-point correlations. The grid num- 
bers in the streamwise Nx, wall-normal Ny, and spanwise Nz directions are 
Nx X Ny X Nz = 512 X 130 x 96. This choice, which was based on ear- 
lier experience with DNS of fully developed compressible wall-bounded tur- 
bulence (cf. Li 2003), is supported by the agreement of the resulting second- 
order statistics with those from incompressible DNS (figure 2), and the ability 
to capture steep gradients across the shock (figure 3). The grid is uniform in 
the streamwise x and spanwise 2 directions but stretched in the wall-normal 
y direction with a mapping function y/^vo = sinh(6y77j)/ sinh(6j;), where 
rjj = Ly{j — l)/{Ny — 1) with by = 4.0. The streamwise and spanwise grid 
spacing are Aa:+ = {p)utAx/{p) = 19 and Az+ = {p)utAz/{p) = 12. 
In terms of the van Driest profile, there are six points in the sub-layer region 
(y+ < 10), compared to ten points below = 9 for Spalart (1988). 
Characteristic and a combined Dirichlet-characteristic conditions are applied 
to the outflow and upper boundary respectively, to minimize reflected waves 
(Li 2003). The flow is periodic in the spanwise direction. 

The simulation was performed on a Cray T3E-1200E parallel computer. It 
started with a small domain of Lx/<^vd ^ ^ -^z/'^vd = 50 x 30 x 24, 

with a Nx X Ny X Nz grid of 128 x 130 x 96 run on 16 processor elements 
(PEs) for 100 non-dimensional time units {5’^^/ue) to allow the flow to reach 
steady state. Time (and spanwise) averages, denoted here by angle brackets (), 
were gathered over another 100 time units to allow validation of the code. The 
domain was then doubled in the x direction by filling the 50 < x/5y^ < 100 
region with instantaneous values of the dependent variables in the y-z plane at 
X = 505*0, ^nd continuing on a 256 x 130 x 96 grid with 32PEs for another 
100 time units - enough for the freestream flow to pass through the entire 
domain once. Finally, the instantaneous x = 1005^0 field was extrapolated 
throughout the full Lx = 2005vo domain with NxXNyxNz = 512 x 130 x 96. 
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Figure 1. Instantaneous streamwise velocity contours at various streamwise locations. Coor- 
dinates y and 2; normalized by 



The simulation was continued to allow the time- and spanwise-averaged final 
results to be gathered over a period of 200 and 230 S*^^/ue respectively, for the 
shock-free and impinging-shock cases. 

3. Results 

3.1 Shock-free flow 

The synthetic inflow conditions are applied to the zero-pressure gradient 
shock-free boundary layer at Moo = 2, with inflow = 3775. The instan- 
taneous streamwise velocity contours in figures 1 show how the flow develops 
in the streamwise direction. We note that the superimposed random fluctua- 
tions lead to breaking of the spanwise symmetry in the analytic streak/bursting 
motions at the inflow, such that the flow quickly approaches a realistic fully 
developed turbulent flow (see also figure 4a). The spatial development is also 
illustrated in figure 2, where normal-stress profiles at x/6y^ = 80, 120, 160 
and 200 are compared with each other and the incompressible ZPG boundary 
layer of Spalart (solid symbols). They agree increasingly well with x with 
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Figure 2 Root-mean- 
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the Spalart data, when the semi-local scaling is used. This implies that for 
X > 1005* the turbulence has to a large extent recovered from any unphysi- 
cal characteristics of the inflow, which in turn demonstrates that the modified 
Yao & Sandham van Driest/synthetic streak approach provides a reasonable 
compromise for spatial DNS between the convenience of purely artificial (non- 
deterministic) inflow conditions and the heavy cost and complexity of a sepa- 
rate precursor simulation. We chose x/6*^ = 110 as the location at which the 
oblique shock is triggered at the upper boundary of the domain. As we shall see 
below, this produces a shock/boundary-layer interaction near x/Sy^^ = 140, 
where for the shock-free flow the momentum-thickness Reynolds number is 
Re^ = 922, the shape factor is if = 1.54 and the local skin friction is 
Cf = 0.00258. 

3.2 Oblique-shock/boundary-layer interaction 

A 34° oblique shock is created at the upper boundary by imposing for x > 110 
a negative vertical velocity 14 of — 0.082ue (which deflects the outer flow 
downwards by 4.7°) and increasing the density and pressure by appropriate 
factors (1.201 and 1.293 respectively). The inviscid theoretical (dotted curve) 
and actual (dashed) freestream pressure distributions are shown in figure 3; 
note the step increase in Cp at x/d*^ = 110. Inviscid theory predicts that a 
regular reflection will occur at x/5*^^ = 154.5 (indicated by the vertical line 
in figure 3a), with reflection angle of 32.7°, such that the reflection shock exits 
the domain at x/6*^ = 200 just below the upper boundary at y/6*^ = 30; 
the theoretical pressure downstream of the reflection shock is 1.653 times the 
value upstream of the incident shock (corresponding to Cp = 0.23; cf. fig- 
ure 3a). The small jump in the actual freestream Cp near x/5y^ — 40 is due 
to a Mach wave created at the inflow, where the purely horizontal mean flow 
(with 1/ = 0) first enters the domain. The much larger deviation from the in- 
viscid Cp occurring near x/5y^ = 160 is the signature of the reflection shock 
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Figure 3. Top to bottom: a) Mean pressure coefficient Cp\ , inviscid idealization at 

y = 30; , actual profile at y = 30; , actual profile at ^ = 0. Vertical line denotes 

location of shock/surface reflection for inviscid flow, b) Mean pressure contours, c) Instanta- 
neous spanwise vorticity (shaded) and dilatation (white curves) contours, d) Mean skin friction 
Cf. Coordinates x and y normalized by ()vd- 



leaving the domain: the boundary layer causes a steeper reflection shock (at 
approximately 40° to the surface, rather than the 32.7° inviscid prediction) and 
shifts it upstream (cf. the mean pressure contours in figure 3b). The utility 
of the integral upper-boundary condition, which filters outgoing characteris- 
tic waves (and thus modifies the Dirichlet condition on pressure), is apparent 
from the absence of any spurious reflections where the upper boundary inter- 
sects the reflection shock. The solid curve in figure 3a reveals how the the 
mean pressure along the surface is affected by the boundary layer. The change 
in character from the supersonic outer flow to the subsonic region adjacent to 
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Figure 4. Instantaneous contours of du/dy at j/ = 0: a) du/dy > 0. b) du/dy < 0. 
c) du/dy = 0. Coordinates x and 2 normalized by (5 vd. 



the surface (the boundary of which is indicated by the sonic line (solid curve) 
in figure 3b), is illustrated by the smearing of the infinite (step-function) outer- 
layer pressure gradient, such that near the surface the adverse pressure gradient 
begins well upstream of the inviscid reflection point at x/5*^^ = 154.5. The 
impinging shock considered here is strong enough to induce a small region of 
mean recirculation (figure 3d). The structure of the instantaneous separation 
is shown in figure 4. The lack of strong spanwise coherence of the = 0 
contours (figure 4c) implies the spanwise domain is sufficiently large. It also 
displays the qualitative difference between the mean and instantaneous struc- 
ture of the separation bubble. The interaction of the impinging shock and the 
boundary-layer vorticity, and its role in any low-frequency unsteadiness of the 
bubble and ensuing development of the downstream flow (cf. figure 3c), will 
be addressed in future work. 

The explicit compressibility terms in the turbulent kinetic energy budget asso- 
ciated with the incident and reflection shocks are quite large. For example, at 
x/5y^ — 140 the peak dilatational dissipation (not shown) is at least an order 
of magnitude larger than any of the incompressible terms at this location. 

4. Closing remarks 

The synthetic-streak/van Driest inflow conditions allow us to efficiently cap- 
ture the interaction of an impinging oblique shock and a spatially develop- 
ing Moo = 2 turbulent boundary layer with a self-contained DNS. In future 
studies we plan to use these results as a benchmark for testing common turbu- 
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lence models and modelling concepts, and developing a deeper understanding 
of high-speed turbulent boundary layers. 
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Abstract Large eddy simulations (LES) are performed to study spatially evolving com- 
pressible mixing layers at different convective Mach numbers. Two subgrid 
models are investigated: the dynamic Smagorinsky model and the dynamic 
mixed model. Simulations at the low convective Mach number of 0.16 are first 
performed. The predictions of the mean field and of the Reynolds stresses are in 
good agreement with experimental results. Then, the convective Mach number is 
increased and simulations are performed at the higher convective Mach numbers 
of 0.5 and 0.84. The decrease of the growth rate and of the turbulence intensities 
with the convective Mach number is predicted. Results on the decrease of the 
production and of the transport terms are then presented. 



1. Introduction 

Compressible turbulent mixing layers play a critical role in many industrial do- 
mains such as in aeronautics and in combustion and propulsion research. The 
more important compressibility effect is the reduction of the spreading rate of 
a compressible mixing layer compared to the same low Mach number mixing 
layer [1],[2],[3]. The convective Mach number introduced by Bogdanoff, 
measures the intrinsic compressibility of a mixing layer. Lot of experiments 
also predict an influence of the compressibility on the turbulence statistics and 
on the Reynolds stresses [2], [4], [5]. 

Numerically, most of the simulations have been performed for temporal evolv- 
ing mixing layers. DNS of temporal evolving mixing layers at different con- 
vective Mach numbers have been performed by Pantano et al [6]. The com- 
pressible effects such as the reduction of the spreading rate and the turbulence 
intensities are predicted by this study. Direct numerical simulations of time 
evolving annular mixing layer have been done by Freund [7]. Different sub- 
grid models have been compared by Vreman [9], [10] in the case of temporal 
evolving mixing layers. 
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Few simulations exist for spatially evolving mixing layers. This kind of sim- 
ulations requires refined meshes and the construction of inflow boundary con- 
ditions. DNS of supersonic mixing layers have been performed by Kourta [8] 
to study the flow structures. A LES of a spatially evolving mixing layer has 
been performed by Doris at the convective Mach number of 0.64 [11]. But this 
convective Mach number is not high enough to obtain a significant reduction 
of the spreading rate. 

Several attempts have been performed to try to understand the mechanisms 
responsible for the decrease of the spreading rate. However Vreman [10] and 
Pantano et al [6] showed that the reduction of the turbulence kinetic energy 
and of the spreading rate were directly linked to the reduction of the turbulence 
production and of the fluctuating pressure. 

My goal is to perform LES of spatially evolving mixing layers and to see if the 
LES is able to predict compressibility effects, such as the reduced growth rate, 
the reduction of the Reynolds stress and of the production. Two subgrid models 
( the dynamic Smagorinsky model and the dynamic mixed model) have been 
implemented in a DNS code. This code has already been successfully used to 
simulate the plane jet [12] and I now propose to use it for the mixing layers 
computations. A low convective Mach number mixing layer is first simulated 
(Me = 0.16). Then, mixing layers at higher convective Mach numbers (Me — 
0.5 and Me — 0.85) are presented. Results are compared to experimental 
results and to the DNS results of Pantano et al. [6]. 

2. Computational models 

The flow is governed by the Navier-Stokes equations in their compressible 
form, representing mass conservation, momentum conservation and energy 
conservation. The Navier-Stokes equations in the LES approach are filtered. 
In this paper, the top-hat filter with a filter width A is used. 

The filtered equations were described previously in Le Ribault [12]. The 
subgrid stress tensor qij = u^j — UiUj is modeled, either by the dynamic 
Smagorinsky model, either by the mixed model. Those two models were de- 
scribed previously in [12] and for brevity, are not detailed in this paper. The 
filtered compressible flows equations and there modeling with the two subgrid 
models were also detailed in Vrenam [9]. The subgrid terms providing for the 
non-linearity of the viscous terms are neglected. 

In the pressure equation, additional subgrid terms also appear: 



and 



TijdUj — TijdUj 



dp duk ^ dp _duk 

dxk dxk dxk dxk 



( 1 ) 



( 2 ) 
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The first term is neglected. The pressure terms can be rewritten as: 
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( 3 ) 



We introduce the notations: Uk = puk — pukp and b = p^^ — P^^- 
These terms are modeled together through a dynamic Smagorinsky type model: 



9 . 9 
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Prtdxk \p 



with 

PT = 2CdA2|5^| 

Prt is a turbulent Prandlt number which is dynamically computed. 



( 4 ) 

( 5 ) 



3, Numerical method 

Since the numerical method has already been largely described by Le Rib- 
ault [12], only its principal characteristics are recalled here. For the velocity, 
spatial derivatives are computed using a non uniform fourth-order compact 
scheme based on the uniform scheme of Lele [13]. In order to ensure long- 
time nonlinear stability, a fourth-order non uniform compact filter is applied to 
the field at each iteration. A fourth-order Runge Kutta scheme is used for the 
time integration of the convective terms. 

On the out-flow, the upper and lower side-wall boundaries, non-reflecting con- 
ditions, based on the characteristic equations are used. At the inflow boundary, 
the time variation of the incoming characteristic variables are specified while 
the equation for the outgoing characteristic variable is solved using internal 
biased derivatives. Moreover, to isolate the interior of the domain from the 
effects of the boundary conditions, a buffer zone is used on the non-reflecting 
boundaries. 

At the inflow, an hyperbolic tangent profile is used for the longitudinal mean 
velocity. A broad-band forcing representative of isotropic turbulence is added 
and a lateral shape is applied such that the fluctuation intensity peaks in the 
middle of the shear layer. 



4 . The mixing layers parameters 

Mixing layers at the convective Mach numbers of 0.16, 0.5 and 0.85 are sim- 
ulated. For the three mixing layers, the velocity ratio U 2 /U 1 is equal to 0.47. 
The momentum thickness at the inflow is equal to 0.05. The Reynolds 
number, based on the momentum thickness 6q^ and the velocity difference, 
is equal to Re = p6oqAU//j. = 300. The sizes of the grids are also non- 
dimensionalized by the inflow momentum thickness. Table 1 summarizes the 
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dimensions of the computational domains and the number of grid points for 
the three cases. 

Tab/e 1 Simulation parameters 



Me 


L x T y X Lz 


NxX Ny X Nz 


0.16 


800 X 144 X 160 


185 X 119 X 50 


0.5 


1000 X 144 X 80 


227 X 119 X 50 


0.85 


1200 X 144 X 80 


294 X 119 X 50 



The grids have been kept as uniform as possible. Preliminary computations 
have been performed on different grids to check the accuracy of the results. 
These computations particularly show the importance to take an important 
number of nodes in the transversal direction 2. In the y direction, the grid 
is very fine in the center of the mixing layer, then a slight stretching is used 
until the buffer zone. Only one filter size A = 2/i, where h is the local grid 
spacing, is used. 



5. Low convective Mach number mixing layer 

The purpose of this section is to validate the LES results for the low convective 
Mach number mixing layer by comparing the results with experimental data. 
The convective Mach number is equal to Me = 0.16. At such convective Mach 
number, the physical characteristics of the mixing layer are similar to those of 
an incompressible mixing layer. After an initial transient, the mixing layer 
thickness grows linearly. 

The spreading rate and the parameter S: 



Ui - U 2 dS 

0.5(C/i + f/2) ^ 



( 6 ) 



are then constant [14]. In this formula the mixing layer thickness is evaluated 
as: 

= yo.9(a^) - yo.i(a^) (7) 

where yo .9 is the coordinate where U = U 2 + 0.9 AU and ^ 0.1 is the coordinate 
where U — U 2 + 0.1 AC/. The range of experimental reported values for the 
parameter S is from S ^ 0.06 to S ^ 0.11 [14]. 

The parameter S predicted by the dynamic Smagorinsky model is equal to 
0.091 and the value predicted by the dynamic mixed model is equal to 0.1. 
The spreading rate predicted by our computations is then in good agreement 
with the experimental values. Based on the momentum thickness, the dynamic 
Smagorinsky model predicts a growth rate equal to 0.014, while the dynamic 
model predicts a growth rate equal to 0.0142. 

After an initial transient, the profiles of the mean flow and of the turbulent 
intensities reach self-similar profiles. The LES results are compared with the 
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Figure la: Comparison of the mean 
streamwise velocity obtained with the 
two subgrid models - Me = 0.16 



Figure lb: Comparison of rms 
streamwise velocity obtained with the 
two subgrid models - Me — 0.16 



experimental results of Bell & Mehta [15] and Spencer & Jones [16]. All the 
LES profiles have been plotted at the same section x/Sq^ = 700. Fig. la com- 
pares the similarity profiles of the mean streamwise velocity obtained by the 
two subgrid models. The coordinate is non-dimensionalized by the vorticity 
thickness 6^^. Good agreement is obtained. 

Fig. lb compares the similarity profiles of streamwise turbulence intensity. The 
peak intensities and the self-similar shape agree well with experiments. Table 2 
summarizes more precisely the peak turbulence intensities for the two subgrid 
models, the DNS of Pantano & Sarkar [6] and the experimental results. The 
peak turbulence intensities were determinated at the section x/6q^ = 700. 

Table 2 Comparison of peak turbulent intensities in experiments, in DNS and in LES 





Bell &; Mehta 


Spencer Sz Jones 


DNS [61 


dyn. Smag. 


dyn. mixed 


rms(u) 


0.18 


0.19 


0.17 


0.195 


0.18 


rms(v) 


0.14 


0.125 


0.134 


0.15 


0.135 


rms(w) 


0.145 


0.13 


0.145 


0.16 


0.16 


y/uV 


0.10 


0.12 


0.103 


0.13 


0.115 



The dynamic mixed model predicts slightly lower values than the dynamic 
Smagorinsky model as already observed in the case of the jet. The dynamic 
mixed model predictions are slightly closer to experimental results. The fluctu- 
ations are strongly three-dimensional with streamwise> spanwise > transverse 
intensity. This tendencies also appear in experiments and in DNS results. 

6. Compressible mixing layers 

Shear layer thickness growth rates from different experiments are plotted along 
with the DNS results and our LES results in Fig. 2. 







402 



DIRECT AND LARGE-EDDY SIMULATION V 







LingKy i-ElHrlmDnUI cum 


* 




SmBTV)r a GHIol JlWH 
T , Barra ft Bonnot i 1990^ 


1 




A Hethlie 


* ' 




ClomofiftA liungal (19S6^ 






nHonftDImouUl cinih 




# * 


■fiPHS 




■ 


■ LESSWft^dm. 






• ityn. mtiod 




O 








0-. 


0 


ijft 1 a 

Mr 



i 




Figure 2 : Dependence of shear layer growth rate on Me 
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Figure 3b: Dependence of peak 
transverse velocity on A/c 



The spreading rates are non-dimensionalized by the low Mach number mixing 
layer spreading rates. The spreading rate of the mixing layers decreases with 
the convective Mach number in agreement with experimental results. This 
reduction is however weaker than the reduction predicted by experimental re- 
sults. 

The figure 3 presents the dependence of the peak streamwise and transverse 
velocities on Me. The results of the two turbulence models are compared to 
DNS and experimental results. 

All the Reynolds stress components slightly decrease with the convective Mach 
number. But this decrease is more important on the components rms(v) and 
rms(w). The dynamic mixed model predicts values slightly closer to experi- 
mental results than the dynamic Smagorinsky model but the difference between 
the two models predictions is weak. 

Sarkar [6] and Vreman [10] established the link between the diminution of 
the production and the spreading rate of mixing layers. Figure 4 shows the 
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Figure 4 :Turbulent production, total dissipation and transport term for different Me - 
Dynamic Smagorinsky model 

comparison of the turbulent production, total dissipation and transport term in 
the turbulent kinetic energy equation for the three different convective Mach 
numbers. 

Results are presented for the dynamic Smagorinsky model. They are plotted 
at the sections x/5q^ = 700 for Me = 0.16, x/5q^^ = 900 for Me = 0.5 and 
^/^6>() = 1100 for Me = 0.86. We can see an important decrease of the pro- 
duction and of the transport terms in function of the convective Mach number. 
The total dissipation (molecular dissipation plus subgrid dissipation) remains 
relatively unchanged. This agrees with the DNS results that show decreased 
turbulent production and transport terms with convective Mach number. 

7. Conclusions 

In this paper a posteriori tests of LES in the cases of spatially developing com- 
pressible mixing layers have been presented. Two different subgrid stress mod- 
els are compared: the dynamic Smagorinsky model and the dynamic mixed 
model. Simulations at the low convective Mach number of 0.16 are first per- 
formed. Then, the convective Mach number is increased and simulations are 
performed at the higher convective Mach numbers of 0.5 and 0.84 more typical 
of compressible mixing layers. The quality of the LES models is determined 
by comparison with experiments. 

Predictions of the two models are first compared in the case of the low Mach 
number mixing layer. Concerning the overall prediction of the mean field and 
the Reynolds stress, the two models are both in good agreement with exper- 
imental and DNS results. Self-similarity profiles are obtained for the mean 
velocity and the rms intensities. The peak values predicted by the dynamic 
mixed model are slightly closer to experimental results. 

Then simulations of compressible mixing layers are performed. The decrease 
of the growth rate and of the turbulence intensities with the convective Mach 
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number is predicted. The decrease of the growth rate is however slightly 
weaker than the experimental one. The prediction of the dynamic mixed model 
for the turbulence intensities are also slightly closer to experimental results. 
The decrease of the production and the transport terms is also predicted. 
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Abstract Direct numerical simulations of isothermal channel flow, with Mach numbers 
ranging from M — 0.3 to M = 3 and Reynolds numbers ranging from 
Rcr = 180 to Rct = 560 have been performed. Their statistical analysis 
shows that changes in the turbulent stress peak values are linked to the changes 
in the corresponding pressure strain components. The strong attenuation of the 
pressure strain correlations relative to their incompressible values, is shown to 
be due to decreasing velocity derivative fluctuations for X 2 < 35, as well as to 
the decreased mean density with respect to its wall value. 

Keywords: compressible channel flow, variable property variation, Reynolds stress 

anisotropy, pressure-strain 

1. Introduction 

The investigation of compressible turbulent channel flow provides the possi- 
bility of studying compressibility effects in wall-bounded flows, without the 
occurrence of other complicating phenomena like flow separation or shocks. 
(Coleman et al., 1995), performed the first DNS of compressible channel flow 
between cooled isothermal walls at Mach numbers of M = 1.5 and M = 3. 
They found the dominant compressibility effects to be caused by strong mean 
property variations and reported the validity of the Van-Driest transformation. 
(Huang et al., 1995), investigating the same database, showed that the di- 
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latational dissipation, as well as the pressure-dilatation provided only negli- 
gible contributions. They introduced a semi-local scaling for the turbulence 
intensities, which accounted for some aspects of the mean property variation. 
(Lechner et al., 2001), simulated compressible channel flow at a Mach num- 
ber of 1.5 and reported an increase in the normal Reynolds stress anisotropies 
whereas the shear stress anistropy was reduced compared to the incompressible 
channel flow simulation of (Moser et al., 1999). (Foysi et al., 2003b), inves- 
tigated compressible isothermal channel flow for Mach numbers of M = 0.3 
up to M = 3, and discussed outer and inner scalings for the turbulent stresses 
and pressure-strain-tensor. Their simulations showed clearly a reduction of the 
pressure-strain components in the compressible case with respect to incom- 
pressible channel flow simulations. However, so far no satisfactory explanation 
has been given, for the observed changes in the Reynolds stress anisotropies 
and the reduction in the pressure-strain correlations. 

The objective of this work is to study in more detail the changes of the turbulent 
stresses due to compressibility and to give an explanation for their behaviour. 



Table 1. Flow and computational parameters 



Case 


M 


Re 


Rer 


Lxi 

h 


h 


Lx3 

h 


Tu,(K) 


M0.3 


0.3 


2820 


181 


9.6 


2 


6 


298 


MLS 


1.5 


3000 


221 


47T 


2 


47t/3 


500 


M2.5 


2.5 


5000 


455 


27T 


2 


27t/3 


500 


M3.0 


3.0 


6000 


560 


27T 


2 


27t/3 


500 



Table 2. Flow and computational parameters (cont.) 



Case 


Nxi 


Nx2 


Nx3 






Axo 

max 


Ax+ 


M0.3 


192 


129 


160 


9.12 


1.02 


4.21 


6.84 


M1.5 


192 


151 


128 


14.46 


0.84 


5.02 


7.23 


M2.5 


256 


201 


128 


11.16 


1.17 


7.46 


7.44 


M3.0 


256 


221 


128 


13.37 


0.89 


9.38 


8.91 



2. DNS parameters and description of the numerical 
method 

The Navier-Stokes equations are solved in a nonconservative pressure-veloc- 
ity-entropy formulation, casting the hyperbolic part of the equations in charac- 
teristic form ((Sesterhenn, 2001)). The hyperbolic part is then discretized via 
5th-order compact upwind schemes ((Adams and Shariff, 1996)) and the vis- 
cous and heat conduction terms using 6th-order compact schemes developed 
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by (Lele, 1992). Time integration is performed based on a third-order ‘low- 
storage’ Runge-Kutta method, proposed by (Williamson, 1980). A uniform 
body force is added to the momentum equation, replacing the mean stream- 
wise pressure gradient and allowing for periodic boundary conditions in this 
direction. Periodicity in spanwise direction is assumed as well. The Prandtl 
number is 0.7 and the viscosity is chosen to be proportional to the 0.7th power 
of the temperature. Tables 1 and 2 show the parameters used in the simulations, 
where the global Mach and Reynolds numbers are defined as M == Uav I Cw and 
Re = pwUavh/ piw^ respectively. Here, h denotes the channel half width, pm 
the bulk density pm — Uav is defined as Uav = ^Qudx 2 /h and 

the viscosity and speed of sound are calculated for constant wall temperature 
Tyj. The friction Reynolds number is defined as Re^ = pujUrh / with the 
friction velocity Ur = \/tuj/Pw being a result of the simulation. The grid res- 
olution for the different flow cases has been verified by looking at the energy 
spectra of the flow variables. The resolution is therefore sufficient to resolve 
the near wall region. The influence of the domain size has been investigated by 
looking at the two-point correlations. An additional simulation of case M3.0 
using twice the domain size in the homogeneous directions has been performed 
to check the validity of the results. Furthermore cases Ml. 5 and M3.0 have 
been compared with the data of (Coleman et al., 1995). 

3. Outer scaling 

(Coleman et al., 1995), showed that is the proper outer scaling for the tur- 
bulent shear stress (see figure la). In (Foysi et al., 2003b), it was observed that 
this scaling holds for all other turbulent stress components, too (see as an exam- 
ple figure lb). In addition to that they derived an outer scaling for the terms in 
the Reynolds stress budget, TyjUav/h, which was used before by (Huang et al., 
1995) for scaling the turbulent kinetic energy budget. As can be seen from 
figure 2, this scaling collapses the profiles of the pressure strain correlation in 
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Figure 2. Outer scaling of 11, normalized by TwUav/h: a) Iln b) II33 




the outer layer for all Reynolds and Mach numbers. In the near wall region, on 
the other hand, large deviations in the peak values are observed, necessitating 
an inner scaling, which reduces the differences between the compressible and 
incompressible cases. 

4. Inner scaling 

(Huang et al., 1995) had suggested a semi-local scaling, using local values of 
density and viscosity to get: 

K = \^TwIp, X2 = X2pullJl. ( 1 ) 

Although Figures 3a and 3b, showing the streamwise and spanwise turbulent 
stresses, indicate that the peak position is nearly the same for all cases, there is 
still a considerable difference between the amplitudes of these quantities for the 
compressible and incompressible cases near the wall. The streamwise turbu- 
lent stress peaks concerning the compressible cases are increased, whereas the 
spanwise turbulent stress peaks are decreased compared to the corresponding 
incompressible ones. In order to better understand the mechanism underlying 
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Figure 4. Inner scaling of the production (a) and dissipation (b) in the -budget 




where the individual terms describe production Pn, turbulent and viscous dif- 
fusion TDii, VDii, mass flux variation Mu, pressure-rate-of-strain corre- 
lation fill and turbulent dissipation DSu. The two dominant terms in this 
equation, the production and dissipation terms, are plotted in Figures 4a and 
4b, respectively. The profiles are normalized by r^/p, a scaling that emerges 
naturally from the combination of the integrated mean momentum equation 
and the logarithmic law for the Van-Driest transformed velocity, to obtain 
Pii (X r^/p(l/x 2 — away from the viscous sublayer. This inner scaling 
seems to work well for all Reynolds and Mach numbers, in collapsing the pro- 
files of the turbulent production and dissipation terms for the compressible and 
incompressible cases, with only small deviations in the region X 2 < 10, origi- 
nating from the viscosity variation. But a look at the pressure strain correlation 
fill (11^^ = p's[j = p'{du'lldxj + du'' jdxi) 12 ) in Figure 5a, which is a sink 
term in the streamwise turbulent stress budget, reveals a large attenuation of 
the compressible curves compared to the incompressible ones, thus forming a 
major contribution to the change in the turbulent stress mentioned above. The 
reduction of Ilgg, shown in figure 5b (a source term in the spanwise turbulent 
stress budget) explains in a similar fashion the observed reduction of pPsg. 



4.1 Pressure strain correlation 

4.1.1 Correlation coefficient. The reason for the observed reduction 
in amplitude of the pressure strain correlation, is first examined by looking at 
the correlation coefficient ^ij = Hij / {{du'- / dxj}rms Prms) of flu and 1122 , 
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Figure 5. Inner scaling of the pressure strain correlation Il^^ : a) lln b) II33. 




Figure 6. Correlation coefficient of Wij\ a) b) ^33 





Figure 7. Rms of the^treamwise velocity derivatives, normalized by a) du^jdxi b) 

du'sldxs. 



shown in figure 6. By comparing cases M0.3 and Ml. 5 one sees a reduction of 
(^11 in the compressible case compared to the incompressible case, for X 2 < 35, 
indicating an increasing decorrelation with increasing Mach number. Fig- 
ure 8 indicates furthermore a strong attenuation of the pressure fluctuations in 
the compressible cases, compared to the corresponding incompressible ones. 
We will show later that the attenuation of Prms is associated with a reduc- 
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Figure 8. (a) Rms of the pressure, normalized by Tw (b) Comparision of Iln computed by 

(4) with the DNS. 



tion of ~p with respect to its wall value. Accordingly, there is a reduction of 
ri33. ^33, unlike ^n, exhibits only minor changes whereas the velocity deriva- 
tive fluctuations {duydxz}rms show the same decrease in the compressible 
cases as {dui/dxi}rms- Thus, all components of Hij decrease, indicating 
decreased redistribution of energy. 

4.1.2 Greens function analysis. The behaviour of the pressure fluctu- 
ations and their influence on the pressure strain correlation can be examined 
by looking at the Green’s function solution G(xi, X2, x'2, X3) of the Poisson 
equation for the pressure fluctuations (for details see (Foysi et al., 2003a)) 

VV = -p(Ui'u/' - Ui''Uj”),ij - 2pui^2u'h + cr'j - 2p 2 {u 2 "u/' 

- U2”Uj"). - p^22{uf - “ [p'ui'uj" 

- p'ui"uj")^.-Dttp'=:pf'. (3) 

The operator Du = du + ‘^iujdjt + uiUjdij usually leads to a convected wave 
equation; here we neglect p' and justify this a posteriori. The pressure strain 
term can then be written as (y = (X2//1 — 1)) 

ri-ij{y) = J ^ p(y') G * X 3 - y')s[- dy' + B's'-- (4) 

with G the homogeneous Green’s function for dp' jdy = 0 at the wall, and 
B' denoting an additional contribution from the boundary. Figure 8b shows a 
good agreement of this calculation with the DNS data. To elucidate the vari- 
able density effect, the density variation is replaced by its corresponding wall 
value, shown as circles in Figure 8b. One clearly sees that the magnitude of 
the pressure strain term now increases showing good agreement for x\ > 35 
with the quasi-incompressible case. The deviation near the wall is probably 
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associated with the decrease of the correlation coefficient, and the velocity 
derivative fluctuations as discussed earlier. 

5. Summary and conclusions 

DNS of supersonic channel flow has been used to investigate and explain the 
behaviour of the turbulent stresses in compressible wall-bounded flows. By 
looking at the streamwise turbulent stress balance scaled with the semi-local 
quantity /Ji, the compressible counterpart to pu^ / v, the pressure strain com- 
ponents are identified to be the main reason, for increasing the streamwise 
turbulent stress peaks and decreasing the wall-normal and spanwise turbulent 
stress peak values compared to incompressible flow. This can be explained, 
for the most part, by the decrease of the density p relative to p^j. Very near the 
wall, there is an additional decrease due to a reduction in the strain rate and its 
correlation with the pressure. 
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Abstract The noise emanating from high-speed jets consists of jet mixing noise and shock- 
associated noise with its tonal and broadband components. This paper summa- 
rizes well-known features of high-speed jet flows and their relationship to the 
noise radiated by the jet. Open issues on which different opinions exist are also 
noted. In this context key findings from numerical simulations of jet flows, and 
model problems related to jet flows are highlighted. The mechanism responsible 
for the generation of strong screech noise is discussed, and the role of large- 
scale structures in jet mixing noise and broadband shock-associated noise are 
stressed. Implications of a new analytical model of shock-cell noise generation 
are discussed, and in particular the scaling of shock-associated noise from heated 
jets. 



1. Introduction 

The prediction and reduction of jet noise has been a major theme of aeroacous- 
tics research for over 50 years. More stringent community noise regulations re- 
quire further reductions in jet noise along with other engine-noise components. 
Technical reviews of jet noise are available [1], [2], [3], [4]. The proceedings of 
Jet Noise Workshop [5] provides a recent perspective. Key features of jet noise 
are noted in this paper along with the current understanding of the underlying 
noise source mechanisms. Examples from recent work on high-fidelity numer- 
ical simulations are given and the progress towards physics-based prediction 
methods is summarized. 

2. Representation of jet turbulence 

Jet flows contain both quasi-organized large-scale motions reminiscent of in- 
stability wave disturbances or wave-packets, and more irregular turbulent mo- 
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tions. Yet such a decomposition is not formally used in current jet noise theory. 
Methods such as the wavelet decomposition [6] and proper orthogonal decom- 
position[7] are being applied to jet flows and their noise, but at present the 
available information is limited [8], [9], [10], [11]. This type of decomposition 
is yet to be used in a comprehensive method for noise prediction. One of the 
following two extreme views^ is commonly adopted for the jet flow: 

■ A) all fluctuations represent turbulence; no explicit representation of the 
organized wave-packets [13], [14], [15], [16], [17] is used, 

■ B) all large-scale motions or Targe-scale turbulence structures' cor- 
respond to instability waves [18], [19], [20], [22], [21]; turbulence is 
assumed to only contain ‘fine-scale’ components [23]. 

Viewpoint-A is purely statistical and leads to a representation of turbulence- 
associated noise sources in terms of space-time correlations. Lighthill [24], 
[25], [26] adopted this view. Statistical representations of acoustic sources 
have been sought in many studies [27], [28], [29] including recent work [30], 

[31] . Many studies take into account the effect the jet mean-flow has on the 
radiated noise, a feature shared by Tam’s fine-scale noise model [23], also see 

[32] . Although a statistical representation does not rule out the presence of 
orderly structure in jet turbulence, this information is not explicitly reflected in 
current models. 

Viewpoint-B treats the dynamics of large-scales as instability wave-packets^ . 
This requires the mean-flow to be specified, or predicted. RANS equations, 
sometimes with adjusted model coefficients, are often used. Integral methods 
are used to represent the non-linear interactions between the wave-packet and 
other ‘background’ disturbances, including finer-scale turbulence [39], [21], 
[40]. It is arguable if an accurate prediction of instability wave-packets can be 
managed efficiently within the framework of a small set of interacting modes, 
sueh as the non-linear disturbance equations NLDE [41] or nonlinear parab- 
olized stability equations NPSE [42]. Recently using PSE [93] identified the 
potential importance of supersonically-convected entropic non-uniformities in 
the core of a heated jet (called ‘core-modes’) to the noise radiation. NPSE has 
also shown remarkable accuracy in strongly nonlinear two-dimensional shear 
layers[43]. DNS data from a supersonic turbulent jet [44] also reveals the 
importance of nonlinearity for modal amplitude prediction. Noise radiation 
predictions using NPSE are under development. 



'With notable exceptions of Liu[35] and Michalke [12] and references therein. 

^The large-scale eddy- structure in jets has been linked to the linearized instability characteristics of the 
mean-flow [21], [33]. A flow disturbance at a fixed frequency initially grows in amplitude and subsequently 
decays due to mean flow spreading and nonlinear interactions, giving rise to a wave-packet with a carrier 
wavenumber and modulation amplitude which change slowly along the jet [34]. This modulation results in 
noise radiation from subsonically convected ‘instability wave’ disturbances [35], [36], [37], [38]. 
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Tam et. al. [45] show that far-held jet noise spectra are well described by two 
empirical spectra, one attributed to large-scales and the other to hne-scales. 
There is, however, no experimental evidence of a scale-gap between large and 
hne-scales in turbulent jets. Jet turbulence is intrinsically a multi-scale phe- 
nomena. Hence the predictions of the noise radiated by the large-scales need 
to be combined with the noise radiated by turbulence at other scales, interme- 
diate and hne-scales. 

Lighthill’s theory provides an estimate for the jet mixing noise. At 90° from 
the jet axis this theory gives 
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where Ma = Uj/Coo is the ‘acoustic Mach number’ of the jet, /, L and u' 
are representative scales for the peak frequency, correlation length, and turbu- 
lent velocity scale. Traditionally the prefactor in {} is taken to be a constant, 
yielding the famous Uj law for OASPL. Unfortunately, independent estimates 
of all factors in (1) as a function of jet operating conditions are not available. 
Reasons for depature from the Uj scaling thus remain ambiguous. Consider 
the noise of heated jets [57]: at low jet speed heating increases OASPL but the 
opposite is observed at higher speeds, and the shape of the noise spectra are 
also affected. However, Tam et. al. [45] show that the noise spectra at 90° 
fit the empirical fine-scale spectrum in heated supersonic jets. Does this imply 
that a correlation such as (1) may still hold ? An empirical fit to OASPL, is 
also given in [45] and the trend of data falling on different straight lines on a 
log-log plot for different Tr /Too (Tr is the reservoir stagnation temperature) is 
stressed. This trend in the data can also imply a change in the prefactor in (1) 
as Tr/Too is varied, but there is insufficient data to draw a conclusion. 

Even though (1) does not account for many physical effects which are impor- 
tant in the jet flow, such as refraction of high-frequency sound by the flow 
and the coherent nature of low-frequency disturbances, it has served as a use- 
ful guide towards less noisy propulsive jets. Besides lowering the mixed-flow 
jet velocity which gives dramatic noise reduction, other methods which alter 
jet eddy-structures by geometrical changes to the nozzle (such as with chevron, 
tabs, mixer lobes), or micro-jets and other actuators to reduce turbulence inten- 
sity near the end of the potential core have shown noise reduction benefits. But 
it is oversimplistic to characterize the entire jet flow field with a single length 
scale /, and time scale 1//, as implied in (1). Empirical models have been 
derived which use two or three separate scales for different regions of the jet, 
but these may not have the sensitivity needed for significant design changes. 
Manipulation/control of jet mixing to achieve less noisy flow at full-scale (in 
EPNL) is an art. 
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Figure L Contours of dilatation (outside the jet) overlaid on contours of ||o;|| (in the jet) from 
LES of a Mj =0.9 jet by Bodony & Lele [49] 



It is well known that scaling such as (1), along with the attendent ‘Doppler 
factors’, is inadequate for the overall noise level in the jet-noise peak direction, 
say at 30 to 50° from the jet axis. The spectral shape is significantly different 

[45] , and OASPL varies more rapidly than Lighthill’s scaling [45], The 
frequency of the peak noise is curiously independent of the jet speed Vj and 
fD,IC^ const is observed [58], [57], [45]. At present there is no com- 
prehensive theory^ to predict the most dominant noise radiation from a jet. A 
predictive decomposition of jet turbulence which enables improved noise pre- 
dictions over all observer angles remains an open topic for new research. 

A computational alternative to the methods based on specific decompositions 
is to lump all large-scale disturbances together and model only the unresolved- 
scales. This sidesteps the issue of wave-packet/irregular turbulence decompo- 
sition and is the general approach of large-eddy simulation (LES). Significant 
progress in the use of LES for jet noise predictions has been made recently 

[46] , [47], [48] , [49] (see figure 1 as an illustration) and new insights on 



^For supersonically convecting eddy-structures, Mach wave radiation is dominant along a preferential di- 
rection. This mechanism permits a linearized theory which is quite successful [37], see [59], [60], [61], [62] 
and has stimulated low noise configurations for dual-stream jets [63]. 
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Figure 2. OASPL directivity at a distance of 60ro from the jet exit. Original calculation, — 
and New calculation, from Bodony & Lele [49]; [51], o; [52], □; [53], — A — 



noise generation in turbulent jets are expected from such studies in the next 
few years. Due to computer resource limitations (see [50]) current jet LES 
studies use inlet conditions of an artificially thickened shear-layer. This can 
adversely impact the natural development of azimuthal variations in the jet and 
the radiated noise levels, as shown in figure 2, 3, unless special care is taken 
[49]. Efforts to include the nozzle geometry in the calculations are also being 
pursued and require careful development and validation. Theoretical/modeling 
guidance towards less noisy designs remains an aim of on-going studies. 

3. Jet screech and shock-associated noise 

Imperfectly-expanded jets produce additional noise due to the interaction of the 
jet turbulence, particularly its large-scales, with the shock-cell structure exist- 
ing within the jet. Its tonal components called jet screech, requires a feedback 
loop [64]. Tam’s review [4] discusses the present physical understanding of 
these noise components. At the nozzle lip embryonic shear-layer disturbances 
are generated, which convect and amplify in the developing shear-layers. Their 
interaction with the second/third shock-cell generates acoustic waves which 
travel upstream to the nozzle lip and close the loop. The phase criterion for 
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calculation, 
[56], >. 



and new calculation, from Bodony & Lele [49]; [46], — v [55], A; 



constructive reinforcement over the feedback loop provides a formula for the 
frequency of screech tones with good agreement with data (see [65]). How- 
ever, predictions of screech amplitude, its directivity and the nonlinear staging 
phenomena are not available [4]. Developing methods for noise predictions in 
flows involving a resonance, including jet screech and cavity flows, is an area 
of active research. 

Shock-associated noise is typically most intense in the direction upstream to 
the jet and exhibits spectral bumps with peak frequency increasing with the 
inlet angle x- Harper Bourne & Fisher’s pioneering study [74] explained these 
features using a phased-array of simple noise sources located at the end of each 
shock-cell each phased according to the convective time delay for a turbulent 
eddy to pass over each shock-cell. The Lagrangian correlation time limits 
the spatial coherence of the noise sources. Tam and Tanna [75] noted that a 
phased-array of simple sources predicts noise radiation at harmonically related 
tones which are not observed, and proposed a distributed-source model for the 
shock-cell noise generation. In their model the turbulent motions are regarded 
as stochastic instability waves (viewpoint B). Its non-linear interaction with 
the wave-guide modes (respresenting the shock-cell structure) radiates sound. 
This interaction implies flow disturbances with upstream-directed supersonic 
phase speed and results in upstream-directed Mach waves. Specific frequencies 
radiate preferentially at particular angles from the inlet axis. This basic model 
was given a firm mathematical foundation in later work by Tam [22], who 
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also gave a semi-empirical formula for predicting the shock-cell noise, and 
showed its effectiveness with detailed comparisons to the narrow band shock- 
cell noise measurements by Norum and Seiner [78] and others. This semi- 
empirical model has been refined further [76], [77] and represents the present 
state-of-the-art in shock-cell noise prediction. 

Despite its success some significant limitations exist in using this model. The 
noise prediction is based on an assumed spatio-temporal distribution of near- 
field pressure disturbances which are supposed to result from a nonlinear in- 
teraction between the large-scale instability waves of the jet and its shock-cell 
structure. The former is modeled with a Gaussian wavepacket shape and the 
latter is an empirical modification of the Prandtl-Pack solution. In this sense 
Tam’s prediction is based on a model of the near-field pressure fluctuation; it 
does not model the sound sources. As a result, further extensions of this semi- 
empirical formula^, to account for co-annular or other nozzle configurations 
are difficult, and the semi-empirical near-field pressure model leaves unsettled 
questions about the scaling of shock-cell noise. 

In principle LES can be used to study the noise-generation mechanisms in an 
imperfectly-expanded jet, but this is computationally demanding. Besides rep- 
resenting the multi-scale jet turbulence, the shock-cell structure which involves 
steep gradients in the early jet, would also need to be accurately captured. Such 
a calculation is yet to be attempted, but detailed study of related model prob- 
lems [79], [80] has provided insights into improving shock-cell noise predic- 
tion methods. 

4. Sound generation in jet screech 

Shen & Tam [66] used a hybrid method to study jet-screech. They solve the 
jet ‘mean’ flow using the unsteady RANS approach. The k-e equations, with 
coefficients for jet flows, were solved in the turbulent flow region and the (ax- 
isymmetric) Euler equations are solved in the exterior region. The nozzle ge- 
ometry is retained with a multiple block mesh with the highest resolution in the 
near-nozzle region. The calculations which use DRP scheme aim to predict the 
amplitude and directivity of screech tones. This type of URANS approach can 
be justified when the spatial and temporal scales La, Ta, of the dominant acous- 
tic waves and their ‘source processes’ satisfy La » L, and Ta» r, where 
L and r are respresentative spatial and temporal scales of the turbulence. The 
former condition is easily satisfied but the latter holds only marginally for the 
observed screech tones. URANS has also been used in other resonant acoustics 
phenomena such as supersonic cavity tones [67]. In recent work Tam et. al. 



noted already by Tam (1987, 1990), the spectral peaks predicted by the formula for small inlet angles 
are too narrow. 
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have extended this approach to non-axisymmetric modes and shown that the 
mode-switching phenonema observed in screech from circular jets is repro- 
duced. This raises expectations that a simple dynamical systems model could 
predict jet screech behavior, also see [68], 




(a) (b) 



Figure 4. A snapshot of results from screech model problem, a) DNS result; b) Geometrical 
acoustics result. Solid lines show contours of dilatation whose sign is marked. Also overlaid 
are contours of vorticity at the same instant. From Suzuki & Lele (2003) 



A similar suggestion that the sound generation process in jet screech can be 
modeled with simpler models has emerged from DNS studies. Manning & 
Lele [70] studied an isolated screech-noise source region in a shear layer. 
Inflow boundary conditions are used to specify instability-wave eigenmodes 
which grow downstream and form large-scale vortices. Boundary conditions 
are also used to independently specify a compression wave which is stationary 
in the supersonic stream. The interaction of the vortices with the compression- 
expansion wave generates sound. Upstream boundary conditions are designed 
to ‘absorb’ the upstream travelling sound and thus suppress the re-excitation 
of the shear-layer. Other critical boundary conditions are a ‘quiet’ treatment 
of the outflow zone so that large-scale vortices and sound travel out of the do- 
main without a significant reflection. The numerical boundary conditions are 
quite challenging and require a careful validation [69]. The snapshots from 
DNS [70] illustrate the sound generation process. As the large-scale shear- 
layer vortices convect past the interaction location, the tip of the compression 
wave oscillates significantly. During the time when the so-called braid region 
passes over the compression wave tip, a part of this wave is observed to leak 
across the shear-layer towards the ambient region initiating a sharp cylindri- 
cal compression wave. Refraction of this wave back into the supersonic flow 
can also be observed. This is an upstream travelling Mach wave within the 
supersonic flow. 
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The DNS data [70] show that the radiated sound pressure level is proportional 
to the ‘local’ pressure rise in the shock-cell structure at the noise-source lo- 
cation. This is consistent with the experimental data on broadband shock- 
associated noise [74], [75] which show a proportional scaling. This propor- 
tional scaling draws attention to a ‘linear’ mechanism of sound-generation. 
The linear scaling is further verified by a separate calculation using the lin- 
earized Euler equations (LEE) about the non-linear unsteady flow of the shear 
layer. Primary features of the radiated signal observed in DNS agree very well 
with the LEE calculation. The radiated sound level is, however, not neces- 
sarily proportional to the amplitude of the unsteady disturbances in the shear 
layer. An amplitude threshold is observed below which the radiated sound is 
proportionally weak, but above it strong radiation occurs. As the shear-layer 
disturbances grow, they form distinct vortices (clumps of vorticity) and braid 
regions between them. Using Stuart’s solution [71] (which contains an ampli- 
tude parameter A which controls vorticity clumping ) of the (incompressible) 
Euler equation as a baseflow, it was found that a vortex-laden mixing layer also 
shows the same thresholding behavior as the full DNS. 

The model of geometrical acoustics to track ray trajectories and wavefronts 
through the unsteady baseflows of the vortex-laden mixing layer offers an ex- 
planation [70] of the DNS results. The initial ray direction corresponds to the 
stationary Mach waves in the supersonic stream. For small A all rays are re- 
flected back towards the supersonic flow, but as A increases a small window 
of rays penetrate across the mixing layer; the onset of transmission occuring 
around A ^ 0.54. The size of the ray bundle which is transmitted above 
this threshold grows initially but saturates at high A; this limits the maximum 
transmission across the mixing layer as observed in full DNS. In more recent 
studies Suzuki & Lele [72] have provided a mathematical justification of the 
ray-acoustics limit for the jet-screech problem. They show that the problem of 
propagation of a weak shock, with a steep gradient, in a vortex-laden mixing 
layer is analogous to the ray-tracing approach of high-frequency geometrical 
acoustics. Taking this approach to the next order, they also show that the am- 
plitude of the radiated sound can be satisfactorily predicted. An example of 
this is shown in figure 4. The prediction of the radiated shock front agrees 
closely with the DNS observation. Recent measurements [73] in a screeching 
jet have provided an unprecedented detail of the unsteady jet flow during the 
screech cycle. These data support the notion that vorticity clumping in the jet 
shear layer plays a major role in determining the screech amplitude. 

5. Broadband shock-cell noise generation 

Recent numerical simulations have also given new insights into the broadband 
shock-cell noise generation. Consider the schematic of an underexpanded jet in 
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Figure 5. A schematic representation of the shock cell structure in a moderately under- 
expanded jet. Solid lines drawn within the jet represent compression waves, similar dashed 
lines are expansion waves. Shock-cell shear-layer interaction locations are labeled. 



figure 5. The shock-cell structure in early parts of a jet comprises of relatively 
steep compression waves or shocks. The turbulent eddies in the early jet have 
a short life time, thus each interaction with the shock-cell structure behaves 
as an isolated source region. Lui & Lele [79] have conducted DNS studies of 
noise generation from such an ‘isolated noise source’. Figure 6 shows a visu- 
alization of the noise radiation from the interaction of a turbulent shear layer 
with an isolated shock-cell. The cylindrical waves originating from the inter- 
action region are attributed to this interaction. This radiation is approximately 
omni-directional with an apparent origin somewhat downstream of the interac- 
tion site. A detailed study of the noise-generation [80] shows that the observed 
sound is generated closer to the supersonic edge of the shear-layer and travels 
downstream before radiating into the ambient. This explains the downstream 
shift in the apparent source. The magnitude of the radiated pressure was found 
to scale with the imposed pressure change in the incident compression wave, 
a scaling observed in experiments. Interestingly, the spectral peak of the radi- 
ated noise corresponds closely with the spectral peak of the turbulence in the 
shear-layer at the interaction location. This can be observed in figure 7 (a)-(b) 
which shows the frequency spectrum of TKE near the interaction location and 
the (noise) pressure spectrum at an upstream observer point, respectively. This 
coincidence is significant since the elevated spectral level of shock-cell noise 
typically extends to frequencies much higher than the mixing-noise peak at 
X = 90°. First few shock-cell shear-layer interactions, see figure 5, can po- 
tentially generate noise at these high frequencies. A theoretical model which 
captures many features of the DNS results has also been developed recently 
[81]. This model provides analytical predictions for the noise radiation from 
the interaction of shear-layer disturbances with an isolated shock-cell. Its for- 
mulation draws from previous theoretical work by Kerschen & Cain [82] and 
Tam [22]. The noise source terms associated with the shock shear-layer inter- 
action are reformulated using generalized functions and the result is simplified 
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by appeal to observations from DNS. The radiated noise depends on the local 
shock and turbulence properties; the model shows the streamwise (turbulent) 
velocity fluctuation, and the local (shockcell) pressure amplitude Ap to 
be controlling variables. Such a model can provide useful extensions of the 
existing shock-cell noise prediction methods, and efforts along these lines are 
underway. 




Figure 6. Visualization from DNS of the interaction of a compression wave with a turbulent 
shear layer. Contours of vorticity magnitude show the shear layer and the compression wave 
and its reflection are observed in the pressure contours (triangle shape). Contours of dilatation 
in gray-scale show the sound field. The noise generated by the interaction of turbulence with 
the compression wave appears as weak cylindrical waves. Mi = 1.2, M 2 = 0.0, Ap/pi = 0.2 
Figure 3 from Lui & Lele, 2002. 



Lui & Lele’s DNS provides data on space-time correlations relevant to shock- 
cell noise prediction. Such data have guided the development of a statistical 
shock-cell noise model. It is common in shock-cell noise literature to asso- 
ciate the radiated noise amplitude with the shock-cell pressure amplitude Ap. 
The new model [81] provides a mathematical basis/explanation of this scal- 
ing. It also explains why shock-cell noise is independent of the jet velocity 
(for a given pressure ratio). This remarkable property of heated jets appears 
to be without a rational explanation in the published literature! The expla- 
nation found is very simple [81]. The shock-cell noise sources, for example 
the unsteady stress-fields due to the interaction, are proportional to the local 
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(mean) jet density and are bilinear in the turbulence velocity uf ^ and shock- 

cell-associated velocity disturbance ^ . For small amplitude disturbances the 
latter (Mach waves) is proportional to Ap but is also inversely proportional to 
the local (mean) jet density. If the local turbulence intensity uf’ /Uj is insensi- 
tive to the jet temperature, the radiated shock-cell noise is proportional to Ap 
and independent of Uj and Tj, etc. This simple scaling property is shared by 
a more complete shock-cell noise model which accounts for the spatially ex- 
tensive noise-sources. This simple scaling can be contrasted with the emipir- 
ically determined amplitude factor in Tam’s formula [76] which shows good 
agreement with data but with no explanation offered for the specific empirical 
function used. 





(a) /5u;o/A(/ (b) 

Figure 7. (a) Frequency spectrum of m' near the interaction location and (b) spectrum of 

the radiated noise (pressure) measured at approximately 45° from the upstream direction. Both 
spectra are pre-multipied by the frequency /. From Lui & Lele (2003) 

Using the insights from the DNS, new physics-based noise prediction ap- 
proaches for shock-cell noise are being developed. These include extensions of 
the semi-empirical approach of Tam, and predictions based on (numerically) 
solving the instability wave shock-cell interaction problem. These approaches 
capture the noise radiated by the complete jet and preliminary results are very 
encouraging. 

5.1 Sound generation in a near-sonic jet 

DNS and LES studies of a turbulent jet and its noise radiation have recently 
been reported. Freund [53], [54], [83] have reported results from DNS of near- 
sonic and supersonic low Reynolds number jets. The overall features of the 
flow, such as the mean flow profiles, the rate of spreading of the jet, turbu- 
lence profiles, and overall SPL and its directivity are in remarkable agreement 
with the available experimental data [51] (at low Reynolds numbers). Also re- 
ported was an analysis of the noise-sources based on Lighthill’s formulation, 
such as the spatial distribution of sound-source-strength and its frequency- 
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wavenumber dependence. It is intriguing that the source-distribution responsi- 
ble for the dominant noise radiation from this turbulent jet has a very sim- 
ple wave-packet structure. At present it is not known whether this simple 
source structure would persist if the early shear-layers of the jet were also 
turbulent, but this is a distinct possibility. There is experimental evidence for 
wave-packet-like source distributions. Laufer and Yen [86] and Crow [87] in- 
terpreted their jet noise measurements in terms of a line-antenna model of the 
jet. Crighton [85] analyzed the noise radiation from the jet’s orderly structure 
in terms of a wave-packet model, and this idea has been exploited by Fuchs 
and Michalke [88]. Crighton and Huerre [38] developed the model problem 
of radiation from a wave-packet further and characterized its radiation as ‘su- 
perdirective’. Colonius et al. [84] also found that the noise radiation from 
organized vortex-pairings could be represented as a ‘superdirective’ radiation 
from a wave-packet. Further analysis of the data gathered from such DNS/LES 
studies of jets would be forthcoming in future and this will provide a fertile 
ground for developing new source approximations, and for developing hybrid 
methods for computations and noise predictions. An interesting use of jet DNS 
data is reported by Freund et. al [89]. The time dependent data was filtered 
to remove the scales containing most of the turbulent kinetic energy via spatial 
filtering and the dynamics of the very-large-scales were studied. This severe 
filtering did not affect the dominant low-frequency noise radiation from the 
jet confirming the importance of very-large scales to noise radiation. Further 
processing of the data is continuing. 

Development of LES for aeroacoustic predictions is a very active area of on- 
going work. Appropriate treatment of turbulent inflow, SGS models, and noise 
models for the scales not captured in LES are being pursued. Comments on 
the current status of LES for jet noise were made earlier. Control of numerical 
errors is very critical in such calculations. Constantinescu & Lele [48] con- 
ducted the LES of a near-sonic jet using high-order compact finite difference 
schemes. They devised a special treatment of the governing equations near the 
cylindrical co-ordinate singularity [90]. They also note that, as the Reynolds 
number of the jet is increased a problem associated with energy-pile up near 
the grid-scales is encountered. This is attributed to aliasing errors from non- 
linear terms; the sub-grid model alone is not sufficient to prevent energy pile 
up. A spatial filtering of the solution, with an eighth-order compact filter [91], 
is applied every 200 time steps. This procedure is adopted in further work 
[49]. A recent study of jet LES by Bogey & Bailly [92] relies entirely on high 
wave number filtering as a surrogate SGS model with striking results on jet 
turbulence and noise. 




428 



DIRECT AND LARGE-EDDY SIMULATION V 



Acknowledgments 

The author is grateful to the organizers of the DLES5 Conference for their 
invitation to present this talk. A talk similar in content was presented at the 
ASME/JSME Fluids Engineering Conference at Honolulu in July 2003. Partial 
support for this work from Boeing and the Aeroacoustics Research Consortium 
via the Ohio Aerospace Institute is gratefully acknowledged. The author is 
deeply thankful to Prof. J. Freund, Dr. T. Manning, Dr. T. Suzuki, Dr. C. Lui 
and Mr. D. Bodony for their permission to reproduce results from collaborative 
work. 

References 

[1] Lilley, G. M. in Vol 1, NASAR. P. 1258, 1991. 

[2] Tam, C. K. W. in Vol 1, NASA R. P. 1258, 1991. 

[3] Goldstein, M. E. in Vol 1, NASA R. P. 1258, 1991. 

[4] Tam, C. K. W„ Ann. Rev. Fluid Mech., 1995, 27, p. 17-43. 

[5] Proceedings of the Jet Noise Workshop, NASA/CP 2001-21 1 152, Nov. 2001. 

[6] Farge, M. Ann. Rev. Fluid Mech., 1992, 24 , p. 395-457. 

[7] Berkooz, G., Holmes, P. and Lumley, J. L. Ann. Rev. Fluid Mech., 1993, 25, p. 539-575. 

[8] Freund, J. B. and Colonius, T. 2002, AIAA-2002-0072. 

[9] Citriniti, J. H. and George, W. K., J. Fluid Mech., 418 , 2000, p. 137-166. 

[10] Arndt, R. E. A., Long, D. F. and Glauser, M. N., J. Fluid Mech., 340 , 1997, p. 1-33. 

[11] Gordeyev, S. V. and Thomas, F. O., J. Fluid Mech., 414 , 2000, p. 145-194. 

[12] Michalke, A. and Fuchs, H. V., J. Fluid Mech., 70 , 1975, p. 179-205. 

[13] Davies, P. O. A. L., Fisher, M. J. and Barratt, M. J. , J. Fluid Mech., 15, 1963, p. 337-367, 
and Corrigendum J. Fluid Mech., 15, 1963, p. 559. 

[14] Bradshaw, P, Ferriss, D. H. and Johnson, R. R, J. Fluid Mech., 19 , 1964, p. 591-624. 

[15] Zaman, K. B. M. Q., J. Sound Vib., 106 , 1986, p. 1-6. 

[16] Hussein, H. J., Capp, S. P. and George, W. K., J. Fluid Mech., 258, 1994, p. 31-75. 

[17] Panchapakesan, N. R. and Lumley. J. L., J. Fluid Mech., 246, 1993, p. 197-223. 

[18] Plaschko, R, Phys. Fluids, 24 , 1981, p. 187-193. 

[19] Plaschko, R, Phys. Fluids, 26, 1983, p. 2368-2372. 

[20] Tam, C. K. W. and Chen, K. C. , J. Fluid Mech., 92 , 1979, p. 303-326. 

[21] Morris, R. J., Giridharan, M.G. and Lilley, G. M., Proc. Royal Soc. London, Ser. A, 
431,1990, p.213-243., also Vishwanathan, K. and Morris, P. }.,AIAA J., 30 , 1992, p.l529- 
1536. 

[22] Tam, C. K. W., J. Sound Vib., 116 , 1987, p. 265-302. 

[23] Tam, C. K. W. and Auriault, L. AIAA J. 1999, 37 , p. 145-153. 

[24] Lighthill, ].,Proc. Roy. Soc. A., 1952, 211 , p. 564-587. 

[25] Lighthill, M. J., Proc. Roy. Soc. A., 1962, 267 , p. 147-182. 

[26] Lighthill, M. J., AIAA J., 1963, 1, p. 1507-1517. 




High-speed jet noise 



429 



[27] Ffowcs Williams, J. E., Phil Trans. Roy. Soc. A., 1963, 255, 469-503. 

[28] Lilley, G. M. AGARD CP 131, Noise Mechanisms, 1974. 

[29] Goldstein, M. E., Aeroacoustics, 1976, McGraw Hill. 

[30] Bailly, C., Lafon, P, Candel, S., AlAA 7., 35, 1997, p. 1688-1696. 

[31] Khavran, A. , AIAA 7, 1999, 37, p. 832-841. 

[32] Morris, P. J. and Farrasat, F, 2002, AIAA 7, 40, p. 671-680. 

[33] Gaster, M., Kit, E. and Wygnanski, I., 7 Fluid Mech., 150, 1985, p. 23-39. 

[34] Crighton, D. G. and Gaster, M., 7. Fluid Mech., 77, 1976, p. 397-413. 

[35] Liu, J. T. C., 7. Fluid Mech., 62, 1974, p. 437-464. 

[36] Tam, C. K. W. and Morris, P. J., 7 Fluid Mech., 98, 1980, p. 349-381. 

[37] Tam, C. K. W. and Burton, D. E., 7. Fluid Mech., 138, 1984, p. 273-295. 

[38] Crighton, D. G. and Huerre, P, 7 Fluid Meek, 220, 1990, p. 255-268. 

[39] Mankbadi, R. and Liu, J. T. C., Phil Trans. Royal Soc. A, 298, 541-602. 

[40] Tam, C. K. W. and Morris, P. J., 7. Sound Vib., 102, 1985, p. 1 19-151. 

[41] Morris, P. J., Long, L. N., Scheidegger, T. E., Wang, Q. and Pilon, A. R., AIAA-98-2290. 

[42] Yen, C. and Messersmith, N. 1999. AIAA 99-1859. 

[43] Day, M., Mansour, N. and Reynolds, W. C., 7. Fluid Meek, 446, 2001, p. 375-408. 

[44] Mohseni, K., Colonius, T. and Freund, J. B., Phys. Fluids, 14, 2002, p. 3593-3600. 

[45] Tam, C. K. W., Golebiowski, M. and Seiner, J. M. AIAA 96-1716. 

[46] Bogey, C., Bailly, C. and D. Juve. AIAA/CEAS-2000-2009. 

[47] Zhao, W., Frankel, S. and Mongeau, L. AIAA 2000-2078. 

[48] Constantinescu, G. S. and S. K. Lele, AIAA Paper, 2001-0376, Reno. 

[49] Bodony, D. J. and Lele S. K., 2002, submitted to Theor. Comput. Fluid Dyn. 

[50] Freund, J. B. and S. K. Lele. 2003. in High Speed Jet Flows Editors: G. Raman, D. 
Mclaughlin, P. Morris, Taylor & Francis. 

[51] Stromberg, J. L., Me Laughlin, D. K. and Troutt, T. R. 1980. 7 Sound Vib., 72, 159-176. 

[52] Mollo-Christensen, E., Kolpin, M. A. and Martucelli, J. R. 1964. 7. Fluid Meek, 18, 285- 
301. 

[53] Freund, J. B., 7 Fluid Meek, 438, 2001, p. 277-305. 

[54] Freund, J.B. AIAA 2002-2423. 

[55] Lau, J. C., Morris, P. J. and Fisher, M. J. 1979. 7. Fluid Meek, 93, 1-27. 

[56] Zaman, K. B. M. Q. 1986. 7. Sound Vib., 106, p. 1-16. 

[57] Tanna, H. K. 1977. 7. Sound Vib., 50, p. 405-428. 

[58] Ahuja, K. K. 1974 7. Sound Vib., 29, p. 155-168. 

[59] Troutt, T. R. and McLaughlin, D. K., 7. Fluid Meek, 116, 1982, p.123-156. 

[60] Tam, C. K. W., Chen, P. and Seiner, J. M., AIAA 7, 30, 1992, p.1747-1752. 

[61] Seiner, J. M., Bhat, T. R. S. and Ponton, M. K.^/AA 7, 32, 1994, p.2345-2350. 

[62] Mankbadi, R. , Hixon, R., Shih, S. H., Povinelli, L. A., AIAA 7, 36, 1998, p. 140-147. 

[63] Papamoschou, D. and Debiasi, M. AIAA 7, 39, p. 380-387. 

[64] Powell, A. Proc. Phys. Soc. London 66, 1953, p. 1039-1056. 




430 



DIRECT AND LARGE-EDDY SIMULATION V 



[65] Raman, G., Prog. Aerospace ScL, 34 , 1998, p. 45-106. 

[66] Shen, H. and Tam, C. K. W. , AIAA /, 36, 1998, p. 1801-1809. 

[67] Zhang X., Rona A. and Lilley, G. M. CEAS/AIAA Aeroacoustics Conference, Vol 1, 1 995, 
p. 285-292. 

[68] Walker, S. and Thomas, F. O., Phys. Fluids, 9 , 1997, p. 2562-2579. 

[69] Manning, T. and S. K. Lele. AIAA paper, 98-0282, Reno. 

[70] Manning, T. A. and S. K. Lele. AIAA Paper, 2000-2081. 

[71] Stuart, J. T., J. Fluid Mech., 29 , 1967, p. 417-440. 

[72] Suzuki, T. and Lele, S. K. J. Fluid Mech., 490 , 2003, p. 139-167. 

[73] Alkislar, M. B., Krothapalli, A. and Lourenco, L. M. 2003. to appear in J. Fluid Mech. 

[74] Harper-Bourne, M. and Fisher, M. J. AGARD CP 131, Noise Mechanisms, 1974. 

[75] Tam, C. K. W. and Tanna, H. K., J. Sound Vib., 81, 1982, p. 337-358. 

[76] Tam, C. K. W. , J. Sound Vib., 140 , 1990, p. 55-7 1 . 

[77] Tam, C. K. W. AIAA J., 30 , 1992, p. 2395-2401. 

[78] Norum, T. D. and Seiner, J. M., NASA TM 84521, 1982. 

[79] Lui, C. and Lele, S. K., AIAA-2002-0074, Reno, 2002. 

[80] Lui, C. and Lele, S. K. AlAA-2003-3315, Hilton Head. 

[81] Lele, S. K. 2003. submitted to Phys. Fluids. 

[82] Kerschen, E. J. and Cain, A. 1995. AIAA Paper 95-0507. 

[83] Freund, J. B., Lele, S. K. and Moin, P, AIAA J., 38 , 2000, p. 2023-2031. 

[84] Colonius, T, S. K. Lele, and P. Moin, J. Fluid Mech., 330, 1997, pp. 375-409. 

[85] Crighton, D. G. Progr. Aerospace ScL, 16 , 1975, p. 129-146. 

[86] Laufer J. and Yen T. C., J. Fluid Mech., 134 , 1983, p. 1-31. 

[87] Crow, S. C., Bull. Am. Phys. Soc., 1972. 

[88] Fuchs, H. V. and Michalke, A. Progr. Aerospace Sci., 14 , 1973, p. 229 

[89] Freund, J. B., Bodony, D. J. and Lele, S. K. 2002. in Proc. CTR Summer Program 2002. 

[90] Constantinescu, G. and Lele, S. K., J. Comput. Phys., 183 , 2002, p. 165-186. 

[91] Visbal, M. R., and Gaitonde, D. V. 1998. AIAA 98-0131, Reno. 

[92] Bogey, C. and Bailly, C. 2002. in Proceedings of CEAS Workshop ‘From CFD to CAA. 

[93] Bertolotti, F. P. and Colonius, T, AIAA 2003-1062, Reno. 




FLOW PATTERNS AND SOUND GENERATION IN 
LOW SPEED CAVITIES 



E. J. Avital^ and R.E. Musafir^ 

^Engineering, Queen Mary, University of London, Mile End Rd, London El 4NS, UK 
^ Universidade Eederal do Rio de Janeiro, COPPE, CP68503, 21945-970, Brazil 
e.avital@qmul.ac.uk, rem@serv.com.ufrj.br 



Abstract Incompressible LES was coupled with the Lighthill -Curie acoustic analogy ex- 
pressed in two forms in order to investigate flow patterns and sound generation 
in open cavities of basic configurations. Previously experimentally observed 
flow patterns were reproduced. High RMS levels of the transverse velocity were 
found at the corners of the rear wall with the side walls. Eliminating these cor- 
ners by using an elliptic cylindrical cavity configuration reduced considerably 
the RMS levels. Inflow disturbance was found necessary to kick a cavity tone 
within the time scale of the simulations. The two acoustic predictions showed 
good agreement and that the dipole noise emitted by the elliptical cavity was 
lower than in the corresponding box configuration. 

Keywords: low speed open cavity, cavity tone, dipole noise 



1. Introduction 

Open cavities can be found in a wide spectrum of engineering problems rang- 
ing from aircraft to cars and sea vessels. Once the cavity is opened to the out- 
side flow it can exhibit strong flow oscillations due to a feedback mechanism 
between the rear and the front walls. These oscillations can cause an increase 
in the drag, structural fatigue and generate undesired noise. Much attention 
has been given to the high speed cavity due to its application to the aircraft in- 
dustry and particularly to the bomb bay configuration, e.g. Avital (2001). Less 
attention has been given to the low speed case and its sound generation mech- 
anism, although it has implications to the automobile industry and underwater 
vessels. This study will concentrate on the very low Mach number case, which 
is appropriate for underwater applications. 

Flow patterns in 2D rectangular water cavities were studied experimentally 
by Rockweel and Knisley (1979). They observed the generation of vortical 
structures in the shear layer and described three possible scenarios of the shear 
layer impinging over the rear wall. Complete clipping occurred when the vor- 
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tical structure swept back into the cavity, partial clipping took place when part 
of the structure managed to escape the cavity and ’escape’ occurred when the 
entire structure was swept away from the cavity. All these events were ob- 
served to occur alternately. Water cavity tones were studied experimentally by 
Burroughs and Stinebring (1994). They defined a cavity tone as the shear flow 
tone amplified by the feedback mechanism inside the cavity at frequencies that 
enhanced the shear layer instability at the front wall. It was found that the 
frequencies of the tones varied almost linearly with the flow speed and at low 
speed only one tone existed. Increasing the flow velocity caused the appear- 
ance of a second tone with a lower frequency. The appearance of the lower 
frequency tone was also associated with a jump in the frequency of the higher 
frequency tone. 

Howe (1997) analyzed analytically the occurrence of cavity tones at the zero 
Mach number limit. The shear layer over the cavity was modelled as a vortex 
sheet and its fluctuations were taken as the sound source. A linear analysis 
led to an elaborate eigenvalue problem for the tones’ frequencies. Numerical 
solutions of that problem led to good agreements with experimental data of a 
subsonic case extrapolated to the zero Mach number. 

In terms of computational studies, most were done for compressible flows. 
This approach is not appropriate for very low Mach numbers since there is a 
very large difference between the length scales of the flow field and the sound 
field. Furthermore, the radiated acoustic energy is a small fraction of the hy- 
drodynamic energy. Thus, an indirect approach was chosen where the flow 
field was simulated using the LES method and the emitted sound was calcu- 
lated using acoustic models. The formulation of this approach is given in the 
next section, followed by hydrodynamic and acoustic results for various 3D 
cavity configurations. 

2. Mathematical and Numerical Formulation 

The cavity acts as a compact source in the very low Mach number case and 
thus as explained above a hybrid method was chosen where the flow and sound 
fields were calculated by different techniques. The flow field was assumed to 
be incompressible and was simulated using our 3D structured finite volume 
Lithium code that had already been used to simulate flows around slender and 
bluff bodies, e.g. Motallebi et al. (2002) and Avital & Musafir (2003). The 
flow was simulated using the LES technique, where the subgrid stress (SGS) 
was modelled using the eddy viscosity model. To ease the computational bur- 
den of simulating the various cavity configurations the Smagorinsky model was 
used with damping functions near walls. Avital (2001) found that when com- 
pared with the dynamic model for subsonic cavity flow, there was no noticeable 
effect on the modes’ frequencies and only a moderate effect on the amplitudes 
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of secondary modes. A test simulation for a basic box cavity configuration 
showed that the effect of the dynamic model was not significant either for the 
current cavity tone behaviour. 

Further ease in the computational effort was sought by using the moderately 
upwind third order Quick scheme for the convection terms. Mittel and Moin 
(1997) found that this could affect the high frequency spectrum for vortex shed- 
ding from a cylinder. However, the cavity tones were expected to be of low fre- 
quency (Burroughs and Stinebring, 1994). The LES simulations of Kawamura 
et al. (2002) that also used a non dynamic eddy viscosity model and the Quick 
scheme, confirmed this observation by achieving good agreement with experi- 
mental data of low frequency fluctuations. The diffusion terms were calculated 
using a second order central scheme while the time marching was achieved us- 
ing a third-order Runge-Kutta (RK) scheme and the projection method. 

The 3D cavity was taken as embedded inside a flat plate, see for example Fig- 
ures 1 . As in Avital (2001) a single spatial grid was used where the shape of the 
cavity was captured using the ghost points method. The values of the veloc- 
ity and pressure on these points were determined using no-slip wall conditions 
and the projection method boundary condition for the pressure. A gentle grid 
mapping was applied to cluster grid points in the cavity region. This introduces 
commutation errors but when applied where required, grid mapping increases 
the overall numerical accuracy (Avital and Luo, 1999). No gradient boundary 
conditions were imposed at the upper side of the computational domain and 
free slip wall conditions were used at the spanwise sides. A simple convection 
outflow condition was used at the outflow and the inflow streamwise veloc- 
ity was specified using the power law profile {y/Sy^^ as in Avital (2001). A 
passive scalar was also simulated for flow illustration and checking numerical 
resolution. 

In the zero Mach number limit the compact cavity acts as a dipole and 
quadrupole contribution is neglected. Using Curie’s theory one gets that the 
sound pressure fluctuations p ’ are 

” = "Sai; J — ; — 

5 

where x is the location of the listener, y is the location of the source, r = 
!« — y|, p is the hydrodynamic pressure given by the LES solver, S is the 
surface area of the cavity’s contour and exterior, and the index j denotes the 
direction normal to the integration surface. The compact cavity acts as a dipole 
in the streamwise and spanwise direction and does not have a component in the 
stream-normal direction (Howe, 1997). It can be shown that due to the exterior 
flat plate, the far field pressure in the compact limit is given by 
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Figure 1. Contours of instantaneous (a) axial velocity with 15 levels from -0.3 to 0.95 and (b) 
passive scalar with 15 levels from 0.05 to 0.95 in the mid plane of the box cavity of w/d = 1 



= 2T^^\x\i J (2) 

F walls 

Swaiis Stands for the surface area of the cavity’s walls, j is 1 or 3 and the com- 
ponents of the integral in (2) will be referred as the streamwise and spanwise 
dipoles according to j, 

Howe (1997) expressed the far field sound using the hydrodynamic velocity 
measured at the cavity’s top plane, 

yj-^{y^t-^/co)dyidy3, (3) 

s 

where j is 1 or 3, yi is the streamwise direction, ys is the spanwise direction 
and S is now the surface area of the cavity’s top plane. The origin of the y 
co-ordinates is located at the centre of that plane. The calculation of (2) and 
(3) can be carried out by recording the appropriate hydrodynamic values from 
the LES, followed by second order time differentiation and surface integration. 

3. Results 

Simulations were carried out for 3D cavity configurations, a box with width to 
depth ratio ip/d = 1, a wider box of w/d = 2 and a cylindrical cavity with an 
ellipse shape in the streamwise-spanwise plane and maximum width to depth 
ratio of 1. The last configuration will be called an elliptical cavity for short. 
All cavities had length to depth ratio of l/d = 4. The computational box was 
lOd long in the streamwise direction, 2d in the spanwise direction and Id in the 
transverse direction. Symmetry assumption was used at the cavity’s mid plane, 
which will be noted as 2 : = 0 . Avital (2001) found that the symmetry assump- 
tion could have a suppressing effect on secondary modes in the compressible 
case, but this effect diminished as Red was increased from a few thousands. 
Red in the current simulation was 5000. The symmetry assumption also makes 
the spanwise dipole zero as also taken by Howe (1997). This can be justified 
by arguing that the streamwise drag is dominant, however further study should 
be carried out over this point as outlined in the summary section. 

The ratio of the cavity’s depth to the inflow boundary layer’s momentum thick- 
ness was taken as 0 !/© = 35. A random inflow disturbance of 10% was applied 
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Figure 2. Instantaneous transverse velocity contours in the cavity’s top plane, showing 15 
contour levels between -0.25 to 0.15, where negative values are noted by dotted lines. Figure 
2(a) is for the narrow box cavity, and 2(b) is for the elliptical cavity, both with vjjd — \ and 
z = 0 is a plane of symmetry 




Figure 3. RMS transverse velocity contours in the cavity’s top plane, for (a) the box cavity 
ofw/d = 1 with 20 levels between l.e-3 to 0.03, (b) the box cavity oiw/d = 2 with 40 levels 
between l.e-3 to 0.06, and (c) the elliptical cavity of w/d — 1 with 10 levels between l.e-3 to 
0.015. 2 ; = 0 is a plane of symmetry 



in the streamwise velocity, where for comparison purposes one simulation was 
carried out without the inflow disturbance for the narrow box cavity configu- 
ration. Thus if not mentioned, the following results are for the cases with the 
inflow disturbance. These results were produced using a grid of (151,101,31) 
points and a clustering ratio of 2 to 1 near the walls in the xy plane. This was 
found to be sufficient to capture the large scale structures. 

Typical contour plots of the instantaneous streamwise velocity and passive 
scalar for the box cavity of w/d = 1 are given in Figure 1. The shear layer 
is seen to widen considerably over the cavity, which is typical for open cavity 
flow. Secondary flow is observed inside the cavity, where vector plots showed 
a small vortex at the aft bottom of the cavity. The passive scalar contours 
show the generation of a vortex near the forward wall, a behaviour observed 
by Rockwell & Knisley (1979) for a similar level of Red. Together the two 
figures point to a partial clipping occurring near the rear wall at that instant. 
Contours of the instantaneous transverse velocity v are given in Figures 2 for 
the upper planes of the box cavity of w/d=\ and the elliptical cavity. Both 
cavities show a similar pattern in the streamwise direction of alternating sign 
in V, pointing to spanwise vortices in the shear layer. However, there is also a 
variation in the spanwise distribution of v, showing the cavity has a significant 
3D behaviour as found in Avital (2001) for the compressible case. 

The Root Mean Square (RMS) of the transverse velocity are shown in Figures 
3. It is seen that in the narrow box cavity of Figure 3(a), the highest level of 
RMS is near the rear wall. This agrees with the observation of Rockwell & 
Knisley (1979), who reported that the highest level of the transverse velocity 
fluctuations was near the rear wall. The wider box cavity shows twice the 
maximum RMS level. In both cavities the high RMS levels are located near the 
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Figure 4. Time evolution of the streamwise dipole as expressed in (2). Figure 4(a) is for the 
nan'ow box cavity of w/d = 1 with 10% random disturbance in the streamwise velocity and 
without inflow disturbance. Figure 4(b) is for the various cavity configurations as noted, all with 
10% inflow disturbance. 



comer of the rear wall with the side wall. Therefore if this corner is eliminated 
we can expect a considerable reduction in the RMS levels and this is indeed 
what we see in the elliptical cavity of Figure 3(c). The maximum of the RMS 
levels are now half of those of the narrow box cavity and the levels near the 
front edge are even a bit higher than those near the rear edge. This has a strong 
implication for the sound generation because the sound source is proportional 
to the transverse velocity’s time derivative by (3). 

The time evolutions of the streamwise dipole as expressed in (2) are shown in 
Figures 4 for various simulation conditions. From Figure 4(a) it is seen that 
adding an inflow disturbance increases considerably the dipole amplitudes and 
without it there is no periodic behaviour in the dipole, meaning no cavity tones 
at least in the frequencies captured within the length scale shown in Figure 
4(a). This behaviour is similar to the finding of Avital (2001), who found that 
an inflow disturbance was necessary to kick the full range of the compressible 
cavity flow modes. Switching off the inflow disturbance caused the present 
cavity tone to damp. Whether this is due Reynolds number or numerical mod- 
elling effects remains a question for future work. 

As postulated from the analysis of Figure 3, the wide box cavity has the dipole 
with the highest amplitude in Figure 4(b), while the elliptical cavity produces 
the lowest amplitude. All shown dipoles show a strong periodic component at 
Sti = fL/U = 0.63 and the wide box cavity also shows some low frequency 
components that are not fully captured within the time scale of Figure 4(b). 
This value of St l demonstrates the low frequency of the simulated cavity tone 
, e.g. for U = lOm/s and L = Im / is only about 6 Hz. Substituting M = 0 in 
Rossister’s formula that is for compressible cavity flow modes (Heller & Bliss, 
1975), leads to Sti = 0.43 for the first mode. However, Rossister’s formula 
was derived for M > 0.4 and Tam &Block (1978) also got that it under- 
predicted the frequencies when used for low Mach numbers. Extrapolating 
from Figure 5 in that reference, which gives a wide range of experimental data 
of cavities tor M > 0.1, one gets St^ = 0.52 ±0.12. On the other hand Howe 
(1997) gives Sti ~ 0.7 for the first mode. 




directivity 
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Figure 5. Narrow band directivity of the cavity’s tone by (a) equation (2) and (b) equation 
(3). Both directivities are normalized by 1/(27 tco) Po was normalized to one in the LES 
and thus as well in (3) 



Narrow band directivities of the cavity tone aiStp = 0.63 are shown in Figures 
5 using equations (2) and (3). Both agree that the wide box cavity is the noisiest 
and the elliptical cavity is the quietest, and there is also excellent agreement in 
terms of absolute noise levels. 

4. Summary 

Incompressible LES was coupled with acoustic predictions based on two ex- 
pressions derived from Curie’s theory in order to investigate flow patterns and 
sound generation in open cavity. The simulations were carried out for a mod- 
erately low Reynolds number of Red = 5000 and three basic 3D cavity con- 
figurations. The simulations showed flow patterns of shear layer widening 
over the cavities, vortex generation in the shear layer, partial clipping and high 
fluctuations near the rear edge. These patterns agreed well qualitatively with 
experimental observations reported in the literature. 

The wider box cavity showed the highest RMS levels of transverse velocity, 
where the peak was located near the rear wall comers with the side walls. The 
elliptical cavity configuration that did not have such corners showed the lowest 
RMS levels of v. Inflow disturbance was found necessary to kick a cavity tone 
within the time scale of the simulations, causing a strong periodic component 
in the streamwise component. The elliptical cavity emitted the lowest noise 
level. Excellent agreement was found between the two expressions. 

Further study is planned to simulate the spanwise dipole by abandoning the 
symmetry assumption in the cavity’s midplane and to look at higher Reynolds 
numbers. The artificial roughness in the elliptical cavity’s side walls, caused 
by the use of a single rectangular grid, will be eliminated using curvilinear co- 
ordinates. Further interest will be into incorporating sub-grid effects into the 
acoustic prediction and thus capturing broadband noise. 
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Abstract In this paper we use Direct Numerical Simulation (DNS) to study the acoustic 
field generated by a round turbulent jet flowing parallel to a solid wall. The 
Reynolds and Mach number based on jet nozzle velocity and diameter are 2,500 
and 0.5 respectively. It is shown that the wall alters the direction of the emitted 
sound considerably and that the amplitude of the sound increases when com- 
pared to the sound emitted by a free jet. 

Keywords: Direct Numerical Simulation (DNS), Aeroacoustics 

1. Introduction 

The acoustic field of a free round turbulent jet at moderate Mach numbers and 
low Reynolds numbers is nowadays fairly well understood, see for instance, 
Freund (2001). However, in engineering practice, most jets have very large 
Reynolds numbers and flow into a confined space. Examples of confined jets 
are numerous: a jet flame in a combustion chamber, a fuel jet in a cylinder but 
also the jet engine of an airplane during take-off. In this case the runway acts 
as a confinement. 

In this paper we will study the flow and acoustic field of a round turbulent jet 
flowing parallel to a flat wall. This type of flow is in the literature known as 
an offset jet. Most of the literature about this subject is for two-dimensional 
jets, see for instance Lai & Lu (2000). It is a well known fact that a jet flowing 
parallel to a solid surface tends to move closer to the surface. This phenomena 
is known as the so-called Coanda effect. 

The acoustic sources in this flow, which with some simplifications can be ex- 
pressed as the Weiss function (S' • S — O • J2)/4, in which S is the strain rate 
tensor and the vorticity tensor. The value of the Weiss function will depend 
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on the distance to the wall. For small distances between jet centerline and 
the solid wall we expect a considerable increase in S and Cl and thus a larger 
acoustic emission. 

In this paper we will present some results obtained from three direct numerical 
simulations, one without a solid wall and two with a solid wall parallel to the 
jet centerline. 



2. Governing equations 

In this section we will give the governing equations for the flow and the acous- 
tic field. We have chosen for a fully compressible approach, i.e. the sound is 
calculated directly without the use of an acoustic analogy (Goldstein 1974). 
The flow is governed by the compressible continuity and momentum equa- 
tions. With help of index notation and Einstein’s summation convention these 
equations can be written as: 



^ dpuj 

dt dxi 



= 0 , 



( 1 ) 



dpUj 

dt 



d 

——pUiUj 4- 
dxj 



dp 

dxi 



d 



( 2 ) 



where U{ is the velocity of the fluid, p the density, p the pressure, and Tij the 
Newtonian stress tensor which is defined as 



' dui duj 2 duk 

^ ^ dxj dxi 3 dxk 



In this definition of the stress tensor p is the dynamic viscosity of the fluid. 
In a compressible approach an equation for the internal energy has to be used. 
Here we will use a formulation which uses the total energy, i.e. the sum of the 
internal energy pCyT, plus the kinetic energy pUiUij2. This equation reads: 



dE d , d dT d 

+ P) = + -E~^iTij 

C/t CJXi (jXi c)0Li (JX^ 



(3) 



In which E is the total energy T the temperature and k the thermal diffusivity 
of the gas. The equation of state for an ideal gas 



P = pRgT, 

with Rg as the gas constant, is used to relate the thermodynamic properties. 
The equation given above are non-dimensionalised with the radius R of the jet, 
the speed of sound Coo the ambient density poo and the ambient temperature 
c^lCp (Cp is the specific heat at constant pressure) as reference values, the 
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specific heat ratio j = Cp/Cy is taken equal to 1.4 (air). The important non- 
dimensional numbers which result from the scaling are the Reynolds and Mach 
number which are given by: 



R^ac 



PoC^OoR ^ 

Ma = 

p Cqo 



where u is a characteristic velocity scale. Here we use for u the jet exit velocity. 
The Reynolds number given above is not very significant for the present flow 
because no information about the flow is incorporated in the Reynolds number. 
Therefore, we redefine the Reynolds number as the product of the Reynolds 
and Mach number: 

Re = Rsac ■ Ma = ^ 

The Prandtl number n/ p was taken equal to unity. 



2.1 Numerical method 

In this section we will shortly describe the numerical method. The computa- 
tional grid is non-uniform in all coordinate directions. The non-uniform com- 
putational grid is mapped on a uniform mesh in the computational space. On 
this uniform mesh all the spatial derivatives in the governing equation (1), (2) 
and (3) are approximated with help of a 8th order compact finite difference 
scheme, Lele (1992). The time integration of equations (1), (2) and (3) is car- 
ried out with a fourth order explicit Runge-Kutta scheme. 



2.2 Boundary conditions 

At the inflow and outflow boundary of the domain small artificial layers are 
added to the computational domain. In these layers a local supersonic advec- 
tion velocity is added to the equations. In this way we can specify the three 
velocity components density and energy at the in and outflow. At the inflow 
the following velocity profile has been used (see for instance Michalke 1984): 



U{r) = Ma 



1 1 , 



where 5 is a measure for the thickness of the shear layer. 

At the lateral boundaries we specify characteristic boundary conditions. To 
avoid reflections at these boundaries a small sponge layer is added to the com- 
putational domain to damp spurious incoming acoustic waves. Such a sponge 
layer is also placed at the inflow and outflow boundary. At the solid wall no- 
slip conditions for the three velocity components are specified. Furthermore 
the total energy E is kept at its reference value at the wall, which corresponds 
to a wall with a fixed temperature (isothermal wall), in this case T = c^/Cp. 
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Figure 1. A sketch of the computational geometry and the surface where the information 
between the Navier-Stokes domain and the wave domain is exchanged, D is the diameter of the 
jet and H is the distance between the jet centerline and the solid wall. 



The density of the flow at the solid wall is extrapolated from the flow field with 
a 3rd order accurate extrapolation. Of course no sponge layer is used at the 
solid wall. 



2.3 Acoustic far field 



The acoustic far field could in principle be calculated with help of the Navier- 
Stokes equations. However, this would be very costly and is not necessary be- 
cause in the far field the flow is at rest. Therefore, we calculate the acoustic far 
field by solving the wave equation for the pressure perturbation p' with bound- 
ary conditions obtained from the Navier-Stokes solution. The wave equation 
for p' simply reads: 



9‘^P' 2^V_^ 

dt^ dxj 



(4) 



The boundary conditions for the pressure perturbation at large distances from 
the noise source are (radiation conditions): 



dp' dp' 

dt ^ dxi 

where the sign is chosen in such a way that waves are traveling only out of the 
computational domain. Close to the acoustic source the boundary condition for 
the wave equation is taken from the Navier-Stokes solution, i.e. p'^^^ve = p'ns- 
The wave equation is discretized with 6th order compact-finite difference for 
the spatial derivatives and with a fourth order Runge Kutta method in time (the 
same method as was used for the Navier-Stokes equations). A sketch of the 
computational domain is shown in Figure 1 . 





Direct numerical simulation of the acoustic field of a turbulent offset jet 



443 




Figure 2. The mean velocity along the centerline of the jet. Due to a lack of data fields there 
is some scatter in the mean velocity profiles. 



2.4 Results 

In this section we will present some results obtained from three different sim- 
ulations. In all the three simulations the Reynolds and Mach number are 5,000 
(based on jet radius R) and 0.5 respectively. The thickness of the shear layer 
5 was in all cases R/7.5. The only difference between the simulations is the 
distance H between the jet centerline and the wall. We took H = oo which 
corresponds to a free jet, H = 3.8R and H = 1.8R. The computational grid 
for the Navier-Stokes equations consisted of 190 x 140 x 140 points in the 
flow, spanwise and wall normal direction respectively. The grid size used in 
the present calculations are finer than were used by us before, Boersma et. al 
(1998), and should be sufficient to capture all important flow scales. The grid 
for the wave equation is larger and consisted of 300 x 240 x 240 points in the 
flow, spanwise and wall normal direction respectively. The computations have 
been performed on 10 CPU’s of an SGI-Origin 3800. Typical run times are 200 
hours for a full simulation. Unfortunately, not all statistics are fully converged 
at present. 

In Figure 2 we show the decay of the jet centerline velocity obtained from the 
three simulations. The symbols in Figure 2 denote the experimental data for a 
free jet reported by Panchapekesan & Lumley (1993). If a function h/{x — xq) 
is fitted through the data for x > 10i9, b is called the decay rate of the jet and 
xq the virtual origin of the jet, see for instance Boersma (1998). Surprisingly 
not only the decay rate b but also the virtual origin xq of the free jet are in 
very good agreement. Clearly the decay rate of the jet becomes larger when 
the distance between the jet centerline and the solid wall becomes smaller. 

In Figure 3 we show a 3D plot of the divergence of the velocity V • u overlaid 
with the vorticity magnitude. The divergence of the velocity, or dilatation, is a 
good measure for the radiated sound because in absence of mean fluid motion 
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Figure 3. The divergence of the velocity (V • Ui) overlaid with the vorticity obtained from 
the simulation with H = 3.8R. 



and using p' = c^p' we can rewrite the continuity equation as 

% = (5) 

at 

where p' is the acoustic pressure perturbation. The solid wall in the results pre- 
sented in Figure 3, is located at z = —3.8R. The figure illustrates that roughly 
5 jet diameters downstream of the jet nozzle the jet breaks up and becomes 
three dimensional, which is made visible with help of the vorticity magnitude. 
At the point where the jet becomes three dimensional also sound waves are 
generated, which are made visible with the divergence of the velocity. The 
large values of the divergence of the velocity at the sides of the computational 
domain is caused by the small sponge layer which is placed around the domain 
to damp incoming acoustic waves (see previous section). As can be seen from 
Figure 1 this region is not used for the acoustic far field calculation. From 
Figure 3 it can also be observed that the amplitude of the sound emitted in 
the direction parallel to the wall is less than the sound emitted in the direction 
perpendicular to the solid wall. 

In Figure 4 we show the dilatation obtained from the three simulations. The 
free jet radiates sound under an angle of approximately 30^ with the jet center- 
line, which is in agreement with literature angles. When the wall approaches 
the jet this angle becomes larger. This is also clear from Figure 5 in which 
we show the near and far field sound obtained for the case with H = 3.8R. 
The result for the far field shows that the sound emission is large for angles of 





The dilatation of the velocity V ■ Ui. Top left figure for H = oo, top right figure 
S.SR, lower figure for H = l.SR. (Contour levels are the same for all figures.) 
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Figure 5. The near and far field sound visualized with the divergence of the velocity (near 
field) and with dp' /dt (far field) for the case H = 3.SR. 



approximately 50^ — 70^ with the jet centerline. The amplitude of the sound 
increases also when the wall is closer to the jet centerline. 
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3. Conclusion 

In this paper we have used direct numerical simulation to calculate the sound 
field generated by a round turbulent jet which is flowing parallel to a solid 
wall. It has been found that the solid wall enhances the acoustic emission of 
the jet and also the angle under which the sound is emitted. This behavior of 
the acoustic field of the jet is also observed in real life. 

The results presented here are preliminary of nature and a better validation of 
the numerical results is required. At present we are investigating the possibility 
to build an experimental setup to perform this validation. 
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Abstract We discuss some issues concerned with zonal and seamless combinations of 
LES and URANS methods that are aimed at the simulation of flows at high 
Reynolds numbers with affordable, RANS -type grid density. The zonal method 
combines one- and two-equation RANS models in the near- wall layer with the 
conventional LES in the outer region, with the interface specified in terms of wall 
distance. In the seamless approach, a single two-equation eddy-viscosity model 
is used both as a URANS model in the near-wall region and for the subscale mo- 
tion in the outer LES region. Because the true challenge to hybrid simulation is 
in correct representation of wall-attached layers with relatively coarse grids, we 
focus on testing the methods in fully-developed channel flow at high Reynolds 
number {Rcr = 2000) with only 64^ x 32 grid points for the minimal channel 
domain. 

Keywords: Hybrid LES/RANS, zonal and seamless coupling 

!• Introduction 

Formidable grid-resolution challenges posed by LES of wall-bounded turbu- 
lent flows for high Reynolds numbers and complex geometries have triggered 
significant efforts in exploring alternative computational approaches, focused 
primarily on combining elements of LES and RANS rationales. A common 
strategy is to use a RANS-type method in the near-wall region, which is held 
to require clustering in the wall-normal direction only, as opposed to cluster- 
ing in all three directions, as demanded in LES. This results in a relatively mild 
(logarithmic) increase in the number of grid points with the Reynolds number, 
as compared to an almost quadratic dependence in LES of wall-bounded flows. 
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The well-known grid sensitivity of LES is illustrated in Fig. 1 by a dramatic 
failure to reproduce the log-law in fully developed plane channel flow with 
LES on a typical wall-normal-clustered RANS grid of 64 x 64 x 32 for a do- 
main of size 2ixh x 2h x nh (denoted as LES coarse). Acceptable solution 
quality requires more than an order of magnitude finer grid, as illustrated in 
the same figure by the well-resolved ("reference") LES with 512 x 128 x 128 
cells for a domain of size 27rh x 2/i x tt/i/ 2, satisfying the standard LES criteria 
for grid spacing. 

The primary target of hybrid approaches is to reduce the enormous discrep- 
ancy in predictive realism demonstrated in Fig. 1, whilst retaining the grid 
density typical of that used in RANS computations and whilst returning the 
principal spectral dynamics of turbulence. The research pursued by various 



-<uV>/u2 




Figure 1. Reference (5 1 2 x 1 28 x 1 28) and coarse-mesh (64 x 64 x 32) LES of fully-developed 

channel flow for Rcr = 2000, compared with experiments of Wei and Willmarth (1998). 

groups over the past few years has revealed, however, that the problem is more 
complex than originally envisaged: the two approaches differ in essence, and 
their simple merging poses serious problems in reconciling different physics. 
This is especially acute in wall-attached flows without strong forcing intro- 
duced, for example, by vortex shedding. Similar problems arise whether a 
zonal approach is adopted, in which a conventional RANS method in the near- 
wall region is coupled to a conventional LES scheme with a grid-size-based 
sub-grid-scale model in the outer flow, or whether a "seamless" methodology 
is constructed, in which the same model is applied throughout the flow with 
a continuous sub(-grid)-scale model modification. Although common RANS 
models, when applied to the near-wall layer and subjected to LES-derived per- 
turbations at the RANS-LES interface, return a velocity response quite close 
to that a wall-resolving LES would give in the layer, some dynamically impor- 
tant small-scale structures in the buffer layer are missing, leading to a failure to 
reproduce correctly even the standard log-law in equilibrium wall flows. This 
physical inconsistency seems intractable to approaches based on simple merg- 
ing, because the same form of equations are solved irrespective of their nature 
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(filtered or time-averaged), and the modifications to sub(-grid)-scale models 
reported in the literature generally fail to cure the problem. In an effort to 
compensate for the loss of small-scale motion caused by RANS-type near-wall 
modelling, Piomelli et al (2003) have recently proposed the addition of extra 
spectral forcing to the RANS region. While this has been found to be ben- 
eficial, the nature of the forcing and the generality of the technique remain 
subjects for debate and continuing study. In this paper, we investigate the char- 
acteristics of certain options for zonal modelling without spectral forcing. 

2. Alternative Strategies Reviewed 

The plausibility of combining RANS and LES in an effort to exploit their best 
respective attributes has long been recognized. Two approaches can be distin- 
guished. One entails hybrid two- (or three-) layer "zonal" methods, wherein 
conventional or modified RANS and LES schemes are applied selectively to 
particular flow sub-domains in which the schemes chosen offer decisive ad- 
vantages. The other comprises smooth "seamless" methods with a single sub- 
scale model for the whole flow, which tends to a RANS model as the wall is 
approached and to a LES sub-grid-scale model away from the wall. 

Balaras et al (1996) proposed a zonal model with a parabolic "thin-shear- 
layer" (TSL) treatment of the wall layer imbedded into the overall LES field 
and using a van Driest mixing-length RANS model. The TSL solution then 
provided the wall-shear stress as a boundary condition for the LES equations 
outside the wall layer. Cabot and Moin (2000) extended this TSL approach 
by solving, simultaneously with the LES, the parabolic momentum equations 
for the streamwise and spanwise velocity components in which the turbulent 
stress was defined in terms of eddy viscosity from a RANS-type mixing-length 
model. Davidson (2001) experimented with several versions of hybrid zonal 
approaches, using a two-equation k — u model for the RANS wall layer and 
a one-equation sub-grid-scale model for the outer LES region. Hamba (2001) 
adopted an opposite route by applying LES in the near-wall layer and solving 
one-dimensional k — e model in the outer region, but concluded that such an 
approach is less efficient than the more common strategies with RANS appli- 
cation near the wall. Other hybrid models have also been reported in the liter- 
ature. A general observation emerging from these studies is that most hybrid 
models suffer from the difficulty of reconciling the conditions on either side of 
the interface, and the related numerical solutions show visible discontinuities 
and irregularities at and around the interface. 

A different route was followed by Spalart et al (1997) in their "Detached 
Eddy Simulation" (DES). Here, the same one-equation Spalart-Allmaras (SA) 
model for eddy viscosity is used both as RANS model in the near- wall region 
and as a sub-grid-scale model in the outer-flow region. The model contains a 
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single length scale for which the wall distance is used in the RANS region and 
a characteristic grid size in the LES region. This ensures a continuous transi- 
tion from one region to the other (albeit with a grid-dependent scale-switching 
location), giving a continuous eddy-viscosity variation. This is the main rea- 
son for the relatively good representation achieved by this method in attached 
flows, although recent scrutiny (Piomelli et aL, 2003) has revealed some fun- 
damental deficiencies of the method. Spalart et al. (1997) have claimed that 
DES reproduces massively separating flows much better than URANS, but it is 
arguable that this conclusion applies only to URANS with the SA model. It is 
well known that the success of URANS depends on the type of model used, and 
more advanced models can provide successful predictions of separated flows 
of comparative quality to those achieved with LES on coarse grids, as demon- 
strated by Benhamadouche and Laurence (2003) and Laurence (2003). Indeed, 
the use of a single transport equation (SA) for the eddy viscosity is question- 
able, especially in complex configurations. Hence, in the view of the writ- 
ers, massively separated flows dominated by vigorous large-scale structures of 
a deterministic character and fairly well defined separation lines, induced by 
high-curvature geometric features, are not the best subjects for testing the mer- 
its of hybrid approaches, especially not at low-to-moderate Reynolds numbers. 
Much more challenging are incipiently or ’weakly’ separated flows which are 
strongly affected by wall-proximity processes, where no conventional RANS 
model is able to resolve, without a drastic and arbitrary reduction in the eddy 
viscosity the model would normally provide, the flow’s spectral dynamics. In 
such circumstances, introducing a LES in the outer region on a grid that would 
be too coarse for a pure LES, can be beneficial as a means of maintaining a 
credible spectral representation in the outer region. 

While zonal approaches require, self-evidently, less empiricism than RANS, 
the crucial issues and problem areas to address are the location and definition 
of the interface, the nature of the matching conditions, especially for flows in 
complex geometries, and the receptivity of the RANS region to unsteadiness 
provided at the interface from the LES solution. These are issues discussed in 
what follows below. 

3. Some Deductions from a-priori Testing 

In order to gain insight into some of the above questions, especially that of the 
receptivity of the near-wall RANS layer to LES perturbations, we performed 
a-priori tests by solving the time-dependent RANS equations with the one- 
equation model of Wolfshtein (1968) in the wall region of a plane channel 
extending to — 65. Full wall-resolved LES, performed in parallel over the 
complete channel, served to provide the instantaneous boundary conditions for 
the velocity and turbulence energy at the wall-remote boundary of the RANS 




Merging LES and RANS strategies: zonal or seamless coupling? 



455 



layer. Despite the simplicity of the RANS model (only the equation for the tur- 
bulence kinetic energy was solved, whereas the length scale was provided from 
algebraic formula in terms of the wall distance), the RANS solution revealed 
a very high level of receptivity to the unsteady LES forcing at the edge, as il- 
lustrated in Fig. 2. Thus, the two sets of instantaneous velocity profiles, one 
from the wall-resolved LES, show hardly any qualitative differences. The time 
records of velocity at = 60 also show close similarities, with broadly equal 
spans of amplitude, although the RANS record appears to lack some higher 
frequencies. A similar behaviour is observed in respect of the friction veloc- 
ity, as well as for the correlation between the wall-shear stress and velocity at 
various distances from the wall, both in terms of magnitudes and directions. 
While this can be regarded as a favourable indication that RANS is able to 




Figure 2. Above: Instantaneous velocity plots for LES (a) and a priori RANS (b) compared 
to time-mean of reference DNS. Below: Histograms of streamwise velocity at = 60 and of 
Wall-friction velocity for LES (c) and a priori RANS (d). 

reproduce turbulence features realistically, at least for larger scales (and does 
not return "pseudo turbulence", as claimed by some authors), this finding has 
some undesirable consequences and implications: because the RANS model 
provides a much larger modelled contribution to the turbulence statistics than 
LES, while the resolved RANS and LES contributions are comparable, the to- 
tal (resolved plus modelled) second moments (as well as modelled viscosities) 
in the RANS region exceed by far the corresponding total LES (or DNS) val- 
ues. This results in a discontinuity in the turbulence energy and total eddy 
viscosity, suggesting the need to impose constraints and appropriate modifica- 
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tions to the eddy viscosity, so as to ensure compatibility of two solutions on 
either side of the interface. This is the subject of the following section. 

4. Testing Hybrid Models for High-Re Channel Flows 

4.1 Scope of Study 

We present here a series of computations for fully developed channel flow 

at Rer = 2000, performed with two-equation RANS models applied within 
zonal and seamless strategies. The computational domain has the dimen- 
sions 2tt h X 2h X 7T h, where h is the half-channel width. In all cases, the 
same mesh is used - namely, 64 x 64x32 - resulting in typical grid spacing of 
Ax~^ = = 200 and Ay~^ ranging from 0.5 at the wall to 200 at the centre. 

Statistics have been assembled by averaging over a period of 12 channel con- 
vective lengths. The error in the predicted skin-friction coefficient is evaluated 
relative to the well known friction law of Dean Cf^oean = 0.073 * 

4.2 Zonal Modelling 

In an effort to address the issue of double-counting of turbulence effects in the 
RANS layer, a dynamic approach has been chosen here to adjust the turbulence 
viscosity in the RANS layer based on implications deduced from the LES so- 
lution. The interface is simply chosen to lie anywhere within the turbulent 
region. 

In an early zonal-modelling option, presented by Temmerman et al (2003), 
a one-equation turbulence-energy model is solved in both the RANS and LES 
sub-domains. The RANS and SGS models differ only in the manner in which 
the dissipation rate and eddy viscosity are defined. The two methods are 
bridged at the interface by interchanging velocities, modelled turbulence en- 
ergy and turbulent viscosity, the last subject to the continuity constraint across 
the interface: 



mod I res mod i r 

l^LES + ^LES = ^RANS + ^RANS 



( 1 ) 



where the resolved LES viscosity may be extracted from: 



7 / 

^LES 



< 'S^j > 



( 2 ) 



with the overbar identifying filtered quantities and <> denoting averaging 
over the two homogeneous directions (in fully-developed channel flow) on 
both sides of the interface. Because the resolved stresses are constrained to 
be continuous across the interface, by virtue of the velocity-exchange process, 
equations (1) and (2) imply at the interface: 



, , res , , res 

l^LES == ^RANS 



( 3 ) 
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This constraint was met by forcing the coefficient in the RANS eddy- 
viscosity model to take an interface value consistent with the condition (note 
averaging <> in homogeneous planes): 

< •'BANS >= C“n« < > TO 

The smooth transition from the RANS value = 0.09 to the interface value 
Cmu.int is effected by the empirical exponential function: 



= 0.09 + - 0.09) 



1 — exp{—y/A) 

1 - exp{-yint/ ^int) 



( 5 ) 



one of several options, where ini denotes the interface location. 

The above strategy was found by Temmerman et al. (2003) to give channel- 
flow results much closer to the reference LES than the coarse-grid LES, but 
still not fully satisfactory. Whereas the RANS model returned a favourable 
representation close to the wall, and the LES provided the correct log-law slope 
in the outer region, the region around the interface showed signs of insufficient 
level of total viscosity. Choosing different locations for the interface simply 
shifted this region along with the interface location. 

Attention was then shifted to a two-equation model for the RANS region. The 
particular model selected was that of Abe et al, (1994). The turbulent viscosity 
is now given by: 

where is a damping function which is part of the model. Hence, Cjj^^int now 
arises from equations (6) and (3) as: 



piav 
^ n,int 



^ , .mod \ 
^ ^LES ^ 

< > 



( 7 ) 



The solution of the RANS model requires the specification of boundary con- 
ditions for k and e at the RANS/LES interface. When a /c-equation-based 
sub-grid-scale model is used, this provides the sub-grid-scale energy, hence 
yielding the required boundary value for k, while s may be evaluated from 
k^/^^ /Ciy, For more complex flows, where the characteristic wall distance is 
not clearly defined, this may pose a problem, however. 

The results presented below were obtained with a dynamic sub-grid-scale 
model for LES which does not provide explicitly the sub-grid-scale energy. 
Rather, this is estimated, based on similarity arguments, from: 



ksGS = \[0- Uf + (y - Vf + (W? - Wf] (8) 



where U is the test-filtered velocity (over 2A), and U the filtered velocity. 
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Preliminary testing with the above RANS model revealed the original proposal 
for by Temmerman et al (2003) to produce excessive modelled turbulent 
viscosity in the near-wall region, up to = 25, and this was therefore modi- 
fied to the following form: 



i.0^-4+ 0.09) < 



0.09 + (C„„,- 0,09) 



The variation of (eq. 9) for three different interface locations is shown 
in Fig. 3a. They illustrate that, depending on the location of the interface, 
the implied interface can be as low as 0.01. Fig. 3b demonstrates that 
the instantaneous value varies greatly in time, reflecting the presence of high- 
frequency perturbations on the LES side. Thus, the use of an averaged value 
clearly filters out, to some degree, the transmission of perturbations to the 
RANS layer. Fig. 4 shows variations of time-averaged velocity, turbulent vis- 
cosity and turbulent shear stress (the modelled component as well as the total). 
The solutions which relate to the present considerations are those identified 
by The others will be considered below. The two-equation model 

has been found to lead to some predictive improvements in respect of the ve- 
locity relative to the one-equation model, partly because of the modifications 
to but also because two turbulence variables (here k and e) are obtained 
from their respective transport equations, and this is expected to yield a better 
response of the RANS model to external perturbations relative to the use of 
a single variable. However, the interface-zone anomaly, implying insufficient 
effective viscosity in this region, is still visible in Fig. 4a. In an attempt to 
a b 




Figure 3. Variation of (time-invariant) C;, across the flow (a), and histograms of the instanta- 
neous and homogenously-averaged at the RANS/LES interface. 



compensate for this deficiency and to introduce a more faithful spectral repre- 
sentation into the RANS layer, tests were conducted with instantaneous values 
~ Kf I imposed at the interface. As shown in Fig. 3b, the 
instantaneous interfacial is much ’noisier’ (negative values are clipped) 
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than its averaged counterpart, As is demonstrated in Fig. 4a, use of 

instead of diminishes the unphysical bump in the velocity pro- 

file around the interface. Although this option cannot generate realistic streaks 
and other missing small-scale structures that are inaccessible to URANS, it 
seems that provides some extra unsteady forcing, thus generating some 

missing high frequencies and improving the effective eddy viscosity. The ben- 
eficial effect of artificial forcing in the interface zone has also been reported by 
Piomelli et al (2003) with their ’’stochastic backscatter” generated by random 
numbers, uncorrelated in two directions, with an envelope dependent on the 
wall-distance. The present use of is similar in spirit, but much simpler. 
Returning to Fig. 4,it is observed that placing the interface closer to the wall 
results, as anticipated, in an increase of the resolved stresses and decrease in 
the eddy viscosity. However, the eddy viscosity shows a nearly discontinuous 
behaviour, with the low value at the interface resulting in an excessive veloc- 
ity gradient in this region. This anomaly becomes more and more pronounced 
with the interface moved closer to the wall. Moving the interface away from the 
wall improves the results: the variation of eddy viscosity is more gradual and 
the velocity profile is smoother. The predicted friction factor also improves, 
with an error of 9% for = 120, using diminishing to 3.3% for 

yfnt = 610 with In essence, by increasing the near-wall layer, a heavier 

burden is placed on URANS, and the role of LES in the outer region is pro- 
gressively reduced to capturing only the very large structures in the channel- 
core region and thus providing unsteady forcing to the RANS region, rather 
than returning the true and complete large-scale turbulence spectrum. This is 
illustrated in Fig. 5 which shows contours of instantaneous streamwise vor- 
ticity in a cross-flow plane. Fig. 5a, corresponding to = 120 and 
contains elements of typical streaky near-wall structures, with streak centres 
around y^ = 70. However, because of the coarse spanwise mesh spacing 
(Az~^ ^ 200), the streaks are much wider (’’super streaks”), and their distance 
is much larger (z~^ = 500) than in reality, represented by the highly-resolved 
LES result shown in Fig. 5d. The interface at y'^ = 120 cuts through the 
middle of the streaks-populated region, which also partly explains the source 
of the interface anomaly in the mean velocity. Moving the interface closer to 
the wall would lead to a greater proportion of the small-scale structures being 
captured, but reproducing faithfully the streak topology would require the grid 
to be refined substantially, especially in the spanwise direction, thus departing 
from the main motivation for the hybrid approach. 

Moving the interface further away from the wall leads to the streaky pattern 
becoming progressively indistinct, although for y^ = 280, this pattern is still 
visible, partly because here been used, as opposed to in Fig. 

5a. The streak centres are moved further from the wall to about y'^ = 100, 
but their distance remains roughly the same, determined by the mesh spacing 
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Figure 4. Zonal RANS/LES results for different interface locations, a) Mean velocity; b) 
modelled eddy viscosity (normalized with v)\ c) Total and modelled turbulent shear stress. 




Figure 5. Contours of streamwise vorticity in planes normal to the flow: a) = 120, with 
b) vlnt ~ 280, with c) yfnt = 610, with d) Fine-grid (reference) LES. 

in the spanwise direction. However, in Fig, 5b, the interface is already at the 
edge of the streak-populated region and in Fig. 5c, much beyond it. 

This, seemingly paradoxical finding that better predictions of velocity and 
second-moment turbulence statistics are obtained when the RANS/LES inter- 
face is placed further away from the wall, thus leading to a loss of the near- 
wall turbulence structure, is disconcerting on fundamental grounds, but has 
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favourable implications in respect of simulating complex flows at very high Re 
numbers. In such cases, the very thin wall boundary layers cannot be resolved 
in any event, and the interface must inevitably be placed at high y'^ values. 

4.3 Seamless Coupling with a Single RANS/LES Model 

This approach employs a single k — e model to provide the modelled eddy- 
viscosity for the unresolved motion in the complete flow. The characteristic 
length scale used for defining eddy viscosity is not directly linked to the mesh 
size, but is defined via the standard form used in two-equation modelling, here 
in terms of k and e. For practical reasons, the model of Abe et al (1994) has 
been adopted to serve as the RANS limit. This model is claimed to be robust 
and to return high-quality RANS predictions for a number of flows. The sub- 
scale model differs from its RANS parent only in respect of the coefficient Ce 2 - 
The form adopted here originates from the sub-grid-scale model of Dejoan and 
Schiestel (2001): 




where y is the near-wall distance, which in more complex flows can be replaced 
by a suitable turbulence scale. If = (AxAyAz)^/^ and /3 is an empirical 
constant, here assigned the value 4.0. Additional damping of in the viscous 
region (y^ < 30) was also introduced to compensate for resolved stress from 
unsteady RANS. 

Fig. 6 shows results obtained with the seamless model for the same conditions 
as in the previous section. The mean-velocity variation in Fig. 6a is com- 
pared with the reference LES solution, as well as with our DES result with 
the original SA model Nikitin et al (2000). The remaining plots show the 
variation of resolved, modelled and total turbulence energy (b), the turbulent 
or sub-scale viscosity (c) and the resolved and modelled turbulent shear stress 
(d). In contrast to the zonal approach, the modelled eddy viscosity is here seen 
to vary smoothly from the RANS to the LES regions. The magnitude of the 
modelled turbulent viscosity is similar to that resulting from the zonal model 
with the interface at y^ = 610. Consequently, the respective mean-velocity 
profiles are similar as well. The Cf error is 5.5%. The peak of the total kinetic 
energy is well predicted, but the total turbulence energy is excessive in the re- 
gion 80 < y+ < 600, which reflects a degree of double-counting of turbulence 
effects. 

Contours of instantaneous streamwise vorticity in a plane normal to the flow 
and of streamwise velocity in a plane parallel to the wall at y~^ = 280 are 
shown in Fig. 7. The general impression of the structural features is similar 
to that gained from the zonal model when the interface is placed relatively far 
from the wall. In both cases, "super-streaks" can be observed. The formation 
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Figure 6. Seamless-model results with modified k — e sub-scale model: a) velocity profiles, 
compared with DES and reference LES; b) total, resolved and modelled kinetic energy; c) 
modelled eddy viscosity; d) total, resolved and modelled shear stress. 




Figure 7. Seamless-model results: (a) contours of streamwise vorticity in a plane normal to 
the flow; (b) contours of velocity in a plane parallel to the wall. 



and size of these structures are largely determined by the mesh, and increas- 
ing the level of the modelled turbulent viscosity in the RANS region tends to 
enlarge them. 

5. Conclusions 

Based on our exploration and related work reported in the literature, it is jus- 
tified to conclude that hybrid RANS/LES models, either in zonal or seamless 
versions, are feasible and promising. Most hybrid models give substantially 
better solutions than the equivalent coarse-grid LES. It is likely, therefore, that 
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they will be increasingly used for the simulation of complex flows at high 
Reynolds numbers. Extensive testing over the past few years of a substantial 
number of alternative formulations has demonstrated that, notwithstanding the 
significant advantages derived from hybrid modelling, no model form yields 
an entirely satisfactory representation of near-wall turbulence with a RANS- 
type grid, especially for attached flows. The main source of defects is that, 
irrespective of the model used, insufficient near-wall grid resolution simply 
cannot capture the details of the small-scale streaky structure near the wall. 
The imperfection of hybrid models needs to be viewed, however, against the 
fact that these use a small fraction of the number of grid cells required for 
trustworthy, well-resolved LES (for the channel flow discussed in this paper, 
the hybrid grid had less than 1% of cells of the fine LES grid). 

The zonal approach seems especially appealing, because outside the wall boun- 
dary layers, the conventional LES method is used without any intervention in 
respect of sub-grid modelling. However, even if the RANS model is adjusted to 
meet the constraints of continuity of eddy viscosity as well as other quantities 
at the interface, an insufficient level in small-scale activity that RANS feeds 
into LES across the interface produces, in most circumstances, non-physical 
features in the velocity profile around the interface. Another problem in zonal 
modelling is the need to prescribe the interface location, although this can be 
automated, in principle, in terms of grid spacing. As regards the sensitivity of 
the solution to the interface location, the present study has shown that plac- 
ing the RANS/LES interface close to the wall < 120) produces too low 
levels of eddy viscosity. Beyond a distance = 280, the position of the 
interface becomes less influential. The mean- velocity profile is influenced pre- 
dominantly by the modelled viscosity up to y^ = 120. The anomalous kink 
observed in the velocity profile in the interface region appears to be caused by 
the rapid change in viscosity across the interface, rather than by inappropriate 
local interface properties. 

It has been observed that most of the hybrid models, including DES, reproduce 
better the log-law when the interface is moved away from the wall. This ap- 
pears paradoxical in view of the fact that the use of RANS over a larger region 
diminishes the realism with which structural features are captured. The inter- 
face anomaly diminishes also when the interface is moved very close to the 
wall, say around or below y^ — 30, but this requires an increasingly high grid 
density, contradicting the main goal of the hybrid approach. 

Seamless coupling returns generally better, smoother results with no discon- 
tinuities, as experienced also with DES. However, this approach requires an 
adjustment of the LES subgrid-scale model. For simple flows this is readily 
done in terms of wall-distance and grid-size ratio, but for complex flows this 
may be more difficult. 
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Abstract Detached-Eddy Simulation (DES) is a hybrid technique proposed in 1997 as a 
numerically feasible and plausibly accurate approach for predicting massively 
separated flows. Since its inception the method has been applied to a range of 
configurations including simple shapes such as cylinders, spheres and aircraft 
forebodies, in addition to complex geometries including fighter aircraft. The 
accuracy of DES predictions has typically been far superior to that of steady 
or unsteady Reynolds-averaged Navier-Stokes methods while at the same time 
avoiding the Reynolds-number limitations that plague Large-Eddy Simulation. 
Based on research performed to date, the method appears sound and responds 
well to the type of boundary layer separation (i.e., laminar or turbulent), and 
to grid refinement. However, it is possible to degrade predictions using a grid 
density that is both too fine for RANS and too coarse for LES. Examples of 
applications of the technique are presented, along with a summary of some of 
the important findings and directions for future research. 

Keywords: Turbulence simulation and modeling, hybrid methods, high Reynolds numbers 

1. Introduction 

Detached-Eddy Simulation (DES) is a hybrid technique first proposed by 
Spalart et al (1997) for prediction of turbulent flows at high Reynolds num- 
bers (see also Spalart 2000). Development of the technique was motivated by 
estimates which indicate that the computational costs of applying Large-Eddy 
Simulation (LES) to complete configurations such as an airplane, submarine, 
or road vehicle are prohibitive. The high cost of LES when applied to complete 
configurations at high Reynolds numbers arises because of the resolution re- 
quired in the boundary layers, an issue that remains even with fully successful 
wall-layer modeling. 

Traditionally, high Reynolds number separated flows have been predicted us- 
ing solutions of the steady or unsteady Reynolds-averaged Navier-Stokes equa- 
tions (RANS or URANS). One disadvantage of RANS methods applied to 
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massive separations is that the statistical models are designed and calibrated 
on the basis of the mean parameters of thin turbulent shear flows containing 
numerous, and relatively “standard”, eddies. Such eddies are not representa- 
tive of the comparatively fewer and geometry-specific structures that typically 
characterize massively separated flows. The advantages then offered by LES 
provide strong motivation for its application, i.e., direct resolution of the domi- 
nant unsteady structures. In addition, while RANS or URANS does not appear 
to constitute a viable long-term approach for predicting massively separated 
flows at high Reynolds numbers, the calibration range of most models is suffi- 
cient to yield acceptable accuracy of a relatively broad range of attached flows. 
In Detached-Eddy Simulation (DES), the aim is to combine the most favorable 
aspects of the two techniques, i.e., application of RANS models for predicting 
the attached boundary layers and LES for resolution of time-dependent, three- 
dimensional large eddies. The cost scaling of the method is then favorable 
since LES is not applied to resolution of the relatively smaller-structures that 
populate the boundary layer. 

In natural applications of the method, the entire boundary layer is treated by 
RANS and with an LES treatment of the separated regions. One of the issues 
confronting hybrid RANS-LES methods is the “grey area” in which a shear 
layer, after separation, must generate “LES content” (random eddies) which 
it did not possess in the boundary layer upstream. The process of generating 
LES content is more easily accommodated by a thin shear layer that is rapidly 
departing from the wall and for configurations with fixed separations (e.g., 
as occurs over geometries with sharp corners). In the examples summarized 
below, the challenge of separation prediction varies with the geometry and 
as will be shown, flow field predictions obtained using DES are encouraging. 
In the next section, an overview of the technique is presented, followed by a 
summary of some recent examples. A brief discussion then follows of some of 
the current issues requiring research in order to extend the range of applications 
amenable to accurate prediction using DES. 

2. Detached-Eddy Simulation 

The base model employed in the majority of DES applications to date is the 
Spalart-Allmaras one-equation model (Spalart and Allmaras 1994, referred to 
as “S-A” throughout). The reader is referred to Strelets (2001) for an analogous 
formulation based on the SST model. The S-A model contains a destruction 
term for its eddy viscosity i) which is proportional to {y , where d is the 
distance to the wall. When balanced with the production term, this term adjusts 
the eddy viscosity to scale with the local deformation rate S and d: d (x Sd^. 
Subgrid-scale (SGS) eddy viscosities scale with S and the grid spacing A, i.e., 
^SGS oc SA‘^. A subgrid-scale model within the S-A formulation can then be 




DBS: Current Status and Perspectives 



467 



obtained by replacing d with a length scale A directly proportional to the grid 
spacing. 

To obtain the model used in the DES formulation, the length scale of the 
S-A destruction term is modified to be the minimum of the distance to the 
closest wall and a lengthscale proportional to the local grid spacing, i.e., 
d = min{d^CDES^)- In RANS predictions of high Reynolds number flows 
the wall-parallel (streamwise and spanwise) spacings are usually on the or- 
der of the boundary layer thickness and larger than the wall-normal spacing. 
Choosing the lengthscale A for DES based on the largest local grid spacing 
(i.e., one of the wall-parallel directions) then ensures that RANS treatment is 
retained within the boundary layer, i.e., near solid walls, d « A and the 
model acts as S-A, while away from walls where A << c? a subgrid model is 
obtained. 

There are several advantages to the DES formulation described above. The 
technique is non-zonal and simple in formulation, the transition between 
RANS and LES is seamless in that there is a single equation with no explicit 
declaration of RANS versus LES zones. The formulation using a single model 
only leads to a discontinuity in the gradient of the length scale that enters the 
destruction term of the turbulence model (this discontinuity would be easily 
removed by rounding the min function that determines the lengthscale). The 
change in the lengthscale leads to a model that becomes region-dependent in 
nature - in most cases a RANS model in the boundary layers and a subgrid 
model in separated regions. Incorporation of the grid spacing into the model 
is compatible with the existence of a filter width in LES that controls the end 
of the energy cascade. Grid refinement then provides a means to increase the 
range of scales and improve the fidelity of the calculation. This feature is 
quite unlike the role of grid refinement in RANS in which the role of the tur- 
bulence model remains important even in the fine-grid limit. While a natural 
choice, and an aspect of nearly all hybrid methods, incorporating the grid spac- 
ing into the model highlights the importance of grid design for any turbulence- 
resolving simulation technique. In boundary layers, as the grid spacing in the 
wall-parallel directions becomes smaller than about half of the boundary-layer 
thickness, the DES limiter reduces the eddy viscosity below its RANS level, 
though without allowing LES behavior. The resulting solution creates insuf- 
ficient total Reynolds stresses, an issue that was raised in the original paper 
presenting the method by Spalart et al (1997). 

3. Applications 

The DES applications summarized in this section are “natural” in the sense 
that boundary layers upstream of separation are handled by the RANS model, 
with the “LES region” comprising the detached regions away from the wall. 
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The configurations include the flow over a sphere, around an aircraft forebody, 
and over fighter aircraft. With the exception of the sphere, all of the compu- 
tations summarized in this manuscript were performed using the commercial 
flow solver Cobalt. The examples presented are representative of the variation 
in geometric complexity in research efforts undertaken to date and highlight 
the advantages of hybrid methods in general, and DES in particular, for pre- 
diction of high Reynolds number turbulent flows. 

3.1 Turbulent Flow over a Sphere 

The sphere belongs to the class of separated flows for which the location of 
flow detachment is not fixed by the geometry nor subject to external effects 
which might otherwise determine the location of boundary layer separation 
and/or force unsteadiness. These features in turn supply strong motivation for 
application of DES in order to assess both the strengths and limitations of the 
method. 

As also the case for the circular cylinder, the sphere is known for its drag cri- 
sis, which reflects the substantial differences in separation between laminar and 
turbulent boundary layers. An illustration is provided in Figure 1, which shows 
contours of the instantaneous vorticity obtained from DES predictions of the 
sub-critical flow at Re = 10^ (Constantinescu et al. 2003) and super-critical 
flow at Re = 1.14 x 10^ (Constantinescu et al. 2002). At Re = 10^, the DES 
prediction is of a laminar boundary layer separation at an azimuthal angle mea- 
sured from the forward stagnation point of around 82°, in good agreement with 
experimental measurements (Achenbach 1972). The super-critical solution at 
i?e = 1.14 X 10^ shown in the right frame of the figure experiences turbulent 
boundary layer separation at an azimuthal angle around 120°, the DES predic- 
tion of the separation location also in good agreement with the experimental 
measurements reported by Achenbach (1972). Both frames in Figure 1 show a 
range of eddies that are resolved to the grid scale, the chaotic structure a result 
of the LES treatment in the wake. 

The DES prediction of the laminar boundary layer separation in the sub-critical 
solution of the sphere is essentially a Large-Eddy Simulation, with the subgrid 
eddy viscosity predicted from a one-equation model (the S-A model modi- 
fied in its destruction term). The non- trivial requirement that the turbulence 
model remains dormant in the laminar regions of the flow is achieved using the 
Spalart-Allmaras model. For the sub-critical flow over the sphere in Figure 1, 
the simulation is performed using the “tripless” approach proposed by Travin et 
al. (2000), which has the effect of disabling the model up to separation. 

The solution for the high Reynolds number sphere shown in Figure 1 is of the 
fully turbulent flow modeled by seeding a small level of eddy viscosity into 
the domain upstream of the sphere, sufficient to ignite the turbulence model 
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Figure 1. Contours of the instantaneous out-of-plane vorticity from DES predictions of 
the flow over a sphere, (a) sub-critical solution at Re — 10^ with laminar boundary layer 
separation; (6) super-critical flow experiencing turbulent boundary layer separation at Re = 
1.14 X 10®. 



as the fluid enters the boundary layers. Compared to the prediction at the 
lower Reynolds number, the fully turbulent treatment of the solution yields 
marked changes in the flow structure, with flow detachment substantially fur- 
ther aft compared to the laminar separation case. As also shown by Con- 
stantinescu et al (2003), there are substantial differences between DES and 
URANS predictions of the time-dependent features of the solutions, with the 
URANS suppressing the development of turbulent eddies, reducing the three- 
dimensionality of the flow, and yielding essentially steady and axisymmetric 
solutions. 

Prediction of flows experiencing turbulent boundary layer separation increase 
the burden on the model in predicting boundary layer growth and separation, 
now under control of a RANS model in DES. This increase in the empirical 
content of the approach is not inconsequential - essentially the entire bound- 
ary layer must be treated by RANS in applications and therefore the “RANS 
region” can substantially influence the overall accuracy of the prediction. The 
larger empirical input seems unavoidable at present since LES of the boundary 
layer, even with wall-layer modeling, is cost-prohibitive for full configurations. 
A comparison of the pressure distributions to experimental measurements is 
shown in Figure 2. The DES prediction of the sub-critical flow at a Reynolds 
number of i?e = 10^ is in good agreement with the measurements of Achen- 
bach (1972), the figure shows that the value and angular position of the mini- 
mum in Cp is recovered. For both the sub- and super-critical solutions the back 
pressure (at 6 = 180°) is also reasonably accurate, in turn yielding relatively 
accurate predictions of the drag. The figure is further useful for reinforcing the 
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Figure 2. Pressure coefficient (averaged over the azimuthal coordinate). DES: Re = 

10^ Re = 1.14 X 10®. Achenbach (1972): o Re = 1.62 x 10®; o Re = 1.14 x 10®. 



importance of the boundary layer treatment. In the super-critical regime, the 
delay in flow detachment substantially deepens Cp compared to the laminar 
separation solution. The fully turbulent DES predictions are, overall, in good 
agreement with the measurements. A difference compared to the sub-critical 
flow {Re = 1.62 X 10^) in the experiments is the greater variation in the pres- 
sure downstream of separation, an effect not produced in the simulations. 

As also the case for the circular cylinder, even in the super-critical regime there 
are possibly substantial regions of the sphere in which the attached boundary 
layer is laminar. The details of flow separation and transition in the flow over 
the sphere are complex and the fully turbulent treatment summarized above 
is simplistic. A consequence of the simple, but well-defined, treatment of the 
boundary layers in the super-critical regime leads to relatively large discrepan- 
cies between the predicted and measured skin friction as shown in Constanti- 
nescu et al (2002). 

3.2 Flow around an Aircraft Forebody 

The second example that represents an increase in geometric complexity com- 
pared to the sphere is the model of an aircraft forebody (Figure 3). Part of 
the motivation for the interest in the aerodynamics of such configurations is 
supplied by considerations of stability and control of aircraft at high angle of 
attack. The unsteady separated flow around the forebody exerts considerable 
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Figure 3. Ratio of the instantaneous eddy viscosity to the molecular value at eight axial 
locations for which pressure distributions are measured. Angle of attack of the freestream a = 
90°, Re = 2.1 X 10®. (a) URANS; (b) DES. Surface colored by pressure. 



leverage, especially on modem fighter aircraft for which the forebody repre- 
sents a relatively long moment arm. 

The particular configuration described here was reported by Viswanathan et 
al (2003) - a rectangular ogive forebody for which the length of the aft sec- 
tion is four times the width (“diameter”, D), the cross-section being a rounded 
square in which the comer radius is 1/4 of the width and with a hemispheri- 
cal end cap. Computations were performed at the highest Reynolds number for 
which measurements are available, i?e = 2.1 x 10^ (based on freestream speed 
and diameter). Such a choice not only simplifies the simulation design in that 
predictions of the fully turbulent flow are a useful approximation to the exper- 
imental conditions, a more significant advantage is that the Reynolds number 
is representative of realistic flight configurations. 

Shown in Figure 3 are contours of the eddy viscosity ratio along the ogive at the 
eight axial stations for which pressure measurements are available for assess- 
ing simulation results. DES predictions and URANS results obtained using the 
S-A model are shown for the freestream flow at angle of attack a — 90°. On 
the lee side, the URANS prediction shows that the wake is comprised of a pair 
of counter-rotating coherent vortical motions, as evidenced by the contours of 
the eddy viscosity in the planes and the signature of these stmctures on the 
surface pressure, especially along the forebody. The DES prediction, on the 
other hand, exhibits a more chaotic stmcture in the corresponding planes. Also 
apparent is the more uniform pressure on the leeward surface of the forebody, 
the figure showing a marked difference compared to the URANS result. 
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Figure 4. Contours of the instantaneous vorticity magnitude in the plane y = D, view is 
towards the freestream velocity, (a) coarse grid of 2.1 x 10*^ cells; (b) baseline grid of 6.5 x 10^ 
cells; (c) fine grid of 8.75 x 10® cells; (d) URANS prediction on baseline grid. 



A view of the influence of mesh refinement within DES is provided in Fig- 
ure 4 in which contours of the instantaneous vorticity magnitude are shown in 
a plane normal to the freestream flow, in the wake of the ogive one-half diam- 
eter downstream of the rear surface. Calculations of the flow around the ogive 
were performed using unstructured grids, enabling a uniform refinement that 
was applied along each coordinate direction and with the corresponding grid 
sizes ranging from 2.1 x 10^ to 8.75 x 10^ cells. The DES predictions in the 
figure show a tapering of the wake towards the forebody. Figure 4 also shows 
that with increases in mesh resolution a wider range of scales is resolved, with 
substantial variation along the axial (“spanwise”) coordinate. 

A comparison of the pressure distribution predicted at the fourth axial station 
from the forebody nose (c.f.. Figure 3) using DES and S-A URANS to the ex- 
perimental measurements of Pauley et al (1995) are shown in Figures 5. The 
angle 9 is measured positive in the clockwise direction with 9 = 0 correspond- 
ing to the windward symmetry plane. As shown in the figure, the strong coher- 
ent vortices predicted in the RANS solution con^espond to a large variation in 
pressure on the leeward side that differs markedly from the experimental mea- 
surements. The DES prediction of the pressure coefficient, on the other hand, 
is in excellent agreement with the measurements, a result of the more accurate 
resolution of the unsteady shedding that yields a uniform pressure profile on 
the leeward side. 
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Figure 5. Pressure coefficient ai xjL = 0.166 (fourth axial station from the nose). Re = 
2.1 X 10®. DES: ; URANS: ; Pauley ei al. (1995): o . 



3.3 Flow around fighter aircraft 

3.3.1 F-15E at 65 degrees angle of attack. Forsythe et al. (2003) have 

recently reported DES predictions of the flow over an F-15E at a = 65°. An 
extensive flight-test database has been compiled on the F-15E that comprised 
the primary means of assessing DES predictions. The simulations were per- 
formed at standard day conditions corresponding to a chord-based Reynolds 
number of 13.6 x 10^ and Mach number of 0.1. The investigation reported by 
Forsythe et al. (2003) was relatively comprehensive, examining sensitivity of 
DES predictions to mesh and timestep refinement, in addition to a comparison 
against RANS results obtained using the Spalart-Allmaras model. 

Shown in Figure 6 is an isosurface of the instantaneous vorticity magnitude. 
The shear layer development off the leading edge of the wings is apparent in 
Figure 6, the LES treatment in the wake allows the development of an array of 
eddies. The computations reported by Forsythe et al. (2003) were performed 
on unstructured grids and with uniform mesh refinement along each coordi- 
nate direction. Contours of the instantaneous vorticity magnitude are shown in 
Figure 7 in a plane 680 inches aft of the aircraft reference point. As also ob- 
served for the geometrically-simpler forebody described above, a wider range 
of scales is captured with mesh refinement. The figure also shows that even 
the coarse grid comprised of 2.85 x 10^ elements resolves at least some eddy 
content - with a few small structures visible above the wing. 
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Figure 6. Isosurface of the instantaneous vorticity over the F-15E at 65° angle of attack. 




Figure 7. Contours of the instantaneous vorticity magnitude at 680 inches behind the aircraft 
reference point. Left frame: coarse grid comprised of 2.85 x 10^ cells. Right frame: fine grid 
comprised of 10.0 x 10^^ cells. Aircraft surface colored by pressure. 
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Forsythe et al (2003) found that DES predictions of the lift and drag were 
within 5% of flight- test data. Such predictions should be considered excellent, 
even once it is recognized that at a = 65°, separation prediction is less chal- 
lenging than at lower angles of attack and the success of DES can be attributed 
to its LES treatment of the separated regions. In the F-15E, regions of the flow 
over the aircraft such as the forebody were not resolved as well as in the com- 
ponent study reported by Viswanathan et al (2003) and summarized above. 
Accommodating a resolution of the forebody comparable to that employed by 
Viswanathan et al. (2003) while also including the entire aircraft remains very 
challenging. 

3.3.2 Abrupt wing stall over the F-18E. Forsythe and Woodson (2003) 
have recently reported DES and RANS predictions of the shock-separated flow 
over the F/A-18E. The work was motivated by the fact that during the enve- 
lope expansion flights of the F/A-18E/F, the aircraft encountered “wing drop”, 
an event traced to an abrupt wing stall on either the left or right wing panel, 
causing a sudden and severe roll-off in the direction of the stalled wing. The 
phenomena is complex, measurements on a model of a pre-production F/A- 
18E reported by Schuster and Byrd (2003) showed that the surface pressure 
variations were highly unsteady and indicative of shock oscillation. 

Shown in Figure 8a are time-averaged lift coefficients as a function of angle 
of attack. The predictions are obtained from a model of a pre-production F/A- 
18E with 10°/10°/5° flaps (leading-edge flaps/trailing-edge flaps/aileron flaps) 
at Mach 0.9 and without tails. DES predictions from a baseline and adaptively 
refined grid are shown, along with experimental measurements and RANS pre- 
dictions. Figure 8a shows that the DES prediction on the baseline grid follows 
the lift curve to 9° angle of attack and with a subsequent decrease in the lift 
relative to the measured values. Using the adaptively refined grid, the DES 
predictions in the figure exhibit an improved agreement between simulation 
and experiment. Neither of the RANS results shown in Figure 8a follows the 
measured lift as closely as the DES predictions. 

Shown in Figure 8b is a visualization of the instantaneous vorticity for the 
aircraft at 9° angle of attack. Unsteady pressure measurements show that the 
average pressure distribution is a result of an unsteady shock traveling forward 
and backward over the wing (Schuster and Byrd 2003). Forsythe and Woodson 
(2003) show that DES predictions exhibit a similar unsteady shock motion, the 
asymmetry in the flow structure in Figure 8b is a result of the unsteady shock 
motion, an effect that leads to large-magnitude low-frequency oscillations in 
the rolling moment. This inherently unsteady effect is captured in the DES, 
the work also showed that unsteady shock oscillations are a potential trigger 
event for abrupt wing stall. 
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Figure 8. (a) Lift coefficient vs. alpha for the no tails F/A-18E. (b) Instantaneous isosurface 

of vorticity colored by pressure on the F/A-18E at 9° angle of attack. 
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Figure 9. Isosurface of the instantaneous vorticity over the F-18C at 30° angle of attack. 



3.3.3 Vortex burst over the F-18C. Morton et al (2003) applied DES 
to prediction of the flow over an F-18C at a == 30°. Part of the motivation 
for the work is the fact that the F-18 utilizes wing leading edge extensions to 
generate vortices which enhance the wing lift and with the twin vertical tails 
canted in order to intercept the strong vortex field and increase maneuverabil- 
ity. At large angle of attack, these vortices break down upstream of the vertical 
tails, resulting in a loss of yaw control and severe aeroelastic effects. The 
flow field is inherently unsteady and requires an accurate prediction of vortex 
breakdown. These and other aspects challenge prediction and the flow appears 
to be well outside the boundaries of accurate prediction by RANS or URANS 
techniques. 

The simulations reported in Morton et al (2003) were performed at a chord- 
based Reynolds number of 13.9 x 10^ and Mach number of 0.28. The work 
also provided an opportunity to apply and assess an important technology for 
eddy-resolving simulation of full aircraft - Adaptive Mesh Refinement. Shown 
in Figure 9 is an isosurface of the instantaneous vorticity magnitude. The de- 
velopment of the leading-edge extension vortex is apparent, also captured are 
smaller-scale structures that develop around the vortex. Figure 9 also shows 
that vortex breakdown occurs over the wing, as observed in flight and tunnel 
tests at a = 30°. Morton et al (2003) found that the DES prediction of the 
location of vortex breakdown was slightly aft of that observed in flight and tun- 




478 



DIRECT AND LARGE-EDDY SIMULATION V 



nel tests at a = 30°, though the differences compared to measurements were 
due to changes in the configuration considered in the calculations. 

4. Summary 

The examples summarized above highlight the strengths of the method, includ- 
ing a rational treatment of the attached boundary layers and the LES capability 
of the technique in separated regions. In massively separated flows, the de- 
marcation between the RANS and LES regions is clear - a RANS model is 
applied to prediction of the attached boundary layer, new instabilities result in 
a rapid development of eddy structure in the wake that comprises the LES re- 
gion. The eddy content evolves rapidly in the wake, the direct resolution of the 
energy-containing structures improves the visual description of the solutions 
and, more importantly, the quantitative prediction of, for example, the pressure 
distribution and forces and moments. 

As true for any simulation technique that directly resolves turbulent eddies, 
and especially for applications aimed at complex geometries, grid design and 
construction is crucial to the overall success of the simulation. The reader is 
referred to Spalart (2001) for a guide on construction of DES grids. Grid adap- 
tion continues to evolve as a useful tool, the use of mesh adaption currently re- 
lies strongly on user guidance and therefore the need for expert users remains. 
Nevertheless, the developing experience base from DES applications consid- 
ered to date make much more probable the success of multi-disciplinary efforts 
in areas such as aero-acoustics and fluid-structure interaction where accurate 
prediction of unsteady and three-dimensional turbulent eddies are required. 
Application of DES to these and other areas will further stress numerical treat- 
ments, requiring high fidelity from the underlying numerical schemes, among 
other factors. 

For application of DES beyond regimes for which it was originally intended, 
e.g., to attached flows or flows exhibiting shallow separations, the influence of 
the “grey area” between the RANS and LES regions is more significant. An 
investigation relevant in this regard is that reported by Nikitin et al (2000), in 
which DES was applied “as is”, i.e., without any adjustment to the model, to 
turbulent channel flow. One of the goals of the investigation was to assess the 
method outside the original design range of massively separated flows. The 
channel flows in Nikitin et al (2000) possessed sufficient wall-parallel grid 
spacings to resolve turbulent fluctuations in the core of the channel, not near 
the walls. Logarithmic velocity profiles were established in the RANS and 
LES regions, but with a “buffer layer” between the two regions in the vicin- 
ity of the RANS-LES interface and under-predictions in the skin friction of 
0(15) percent. Recently, it has been shown that stochastic forcing added to 
the momentum equations, accounting for backscatter of energy from the mod- 
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eled to the resolved scales, can eliminate this mismatch (Piomelli et al. 2003). 
While the method outlined in Piomelli et al. (2003) is heuristic and introduced 
new parameters that are not preferable in routine applications, the findings are 
encouraging and motivate attempts at generalizing the approach. 

Extension of DES to a wider range of flows will continue to motivate im- 
provements in physical modeling and numerical aspects related to solution of 
the Navier-Stokes equations. Candidate flows include those exhibiting shal- 
low separations and reattaching boundary layers, one motivating factor being 
the uneven performance of RANS models in predicting these flows. In these 
regimes, LES treatment within the boundary layer is attractive since it is pos- 
sible to exploit the accuracy of the technique and grid-refinement possibilities 
inherent to the method - a proposition that is expensive, but will be useful and 
necessary for some applications. 
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Abstract This paper presents a Spalart-Allmaras based Detached-Eddy Simulation (DES) 
of the Ahmed reference car model with 25° and 35° slant angles using unstruc- 
tured grids and the solver Cobalt. Comparisons are made to experimental laser 
doppler velocity measurements as well as total and surface pressure integrated 
drag. The Reynolds number based on body length was 2.78 x 10^, making the 
boundary layers approaching the slant fully turbulent. The flow over the base 
slant in the experiments is attached at 25° and separated at 35° . This causes a 
large drop in the drag with the increased slant angle as the vortices on the side 
of the slant are weakened due to the separation. These cases stress turbulence 
models due to the need to accurately predict the boundary layer separation over 
the slant as well as predict the pressures in the massively separated base region 
accurately. The DES results are compared to the experiments as well as the 
Spalart-Allmaras RANS model. DES is seen to predict separation at 25° slant 
angle, in contrast to the experiments. Drag is relatively close to the experiments, 
but the distribution of drag is more on the rear than on the slant due to the sep- 
aration. At the 35° slant angle, DES is in good agreement to the experimental 
drag, with the correct distribution, while RANS over-predicts the drag. 
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1. Introduction 

Numerical simulation of the flow around complex configurations offers a pow- 
erful tool for analysis, e.g., a means to screen configurations prior to costly 
and time-consuming ground based tests. One example is automobile design in 
which Computational Fluid Dynamics (CFD) could be used to provide detailed 
information on performance (drag and downforce) as well as acoustics. Pre- 
diction of car aerodynamics has greatly challenged CFD because of the highly 
turbulent massively separated flow behind automobiles. 

Most current engineering approaches, even to the prediction of unsteady flows, 
are based on solution of the Reynolds-averaged Navier-Stokes (RANS) equa- 
tions. The turbulence models employed in RANS methods, at first sight, pa- 
rameterize the entire spectrum of turbulent motions. While often adequate in 
steady flows with no regions of flow reversal, or possibly exhibiting shallow 
separations, it appears inevitable that RANS turbulence models will be unable 
to accurately predict the phenomena dominating flows characterized by mas- 
sive separations. 

To overcome the deficiencies of RANS models for predicting massively sepa- 
rated flows, Spalart et al (1997) proposed Detached-Eddy Simulation (DES) 
with the objective of developing a numerically feasible and accurate approach 
combining the most favorable elements of RANS models and Large Eddy Sim- 
ulation (LES). The primary advantage of DES is that it can be applied at high 
Reynolds numbers (as can Reynolds-averaged techniques) but also resolves 
geometry-dependent, unsteady three-dimensional turbulent motions as in LES. 
This paper presents a Spalart- Allmaras based DES calculation of the Ahmed 
reference car model with 25° and 35° base slant angle using unstructured grids 
and the commercial unstructured solver Cobalt. Comparisons are made to the 
experiments of Lienhart et al. (2003) who made detailed off body measure- 
ments using EDA. Also total drag, as well as integrated pressure drag by com- 
ponent (slant, rear, front) are compared against the experiments of Ahmed et 
al. (1984). The Reynolds number based on body length was 2.78 x 10^, mak- 
ing the boundary layers approaching the slant fully turbulent. The flow over 
the base slant in the experiments is attached at 25° and separated at 35°. This 
causes a large drop in the drag with the increased slant angle as the vortices on 
the side of the slant are weakened due to the separation. 

2. Detached-Eddy Simulation 

The base model employed in the majority of DES applications to date is the 
Spalart- Allmaras one-equation model (Spalart and Allmaras 1994, referred to 
as “S-A” throughout). The S-A model contains a destruction term for its eddy 
viscosity V which is proportional to where d is the distance to the wall. 

When balanced with the production term, this term adjusts the eddy viscosity 
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to scale with the local deformation rate S and d\ V (x Sd^. A subgrid-scale 
model within the S-A formulation can then be obtained by replacing d with a 
length scale A directly proportional to the grid spacing. 

To obtain the model used in the DES formulation, the length scale of the 
S-A destruction term is modified to be the minimum of the distance to the 
closest wall and a lengthscale proportional to the local grid spacing, i.e., 
d = min((i, Cdes^)- In RANS predictions of high Reynolds number flows 
the wall-parallel (streamwise and spanwise) spacings are typically the order of 
the boundary layer thickness and larger than the wall-normal spacing. Choos- 
ing the lengthscale A for DES based on the largest local grid spacing (i.e., one 
of the wall-parallel directions) then ensures that RANS treatment is retained 
within the boundary layer. Numerous applications have been performed using 
the current code [6] as well has a higher-order structured chimera code [7]. 
While a natural choice, and an aspect of nearly all hybrid methods, incorpo- 
rating the grid spacing into the model can lead to inaccuracies as a DES grid 
is refined [5]. In boundary layers, as the grid spacing in the wall-parallel di- 
rections becomes smaller than about half of the boundary-layer thickness, the 
DES limiter reduces the eddy viscosity below its RANS level, though with- 
out allowing LES behavior. The resulting solution creates insufficient total 
Reynolds stresses, and can result in under-prediction of skin friction or early 
separation. Making the model more robust for these situations is currently 
being researched. 

3. Calculation Details 

The geometry used is depicted in [2] and shown in Figure 1 . The body length 
(L) was 1044 mm. The grids for both slant angles were comprised of stretched 
prisms near the body, and tetrahedra elsewhere. The posts were included in 
both grids, although they were not included in the drag coefficient, just as in the 
experiments. The origin of the coordinate system was taken on the intersection 
of the symmetry and ground planes and level with the rear of the vehicle. The 
x-axis ran down the body, while the z-axis ran up. The posts were 50 mm tall, 
putting the bottom of the vehicle at z=50mm. 

The 25° slant angle grid is pictured in Figure 1(a), and was created using the 
commercial program Gridgen. The grid contained 4.6 x 10^ cells for the full 
geometry (both left and right sides), with clustering in a block surrounding the 
body. For the RANS calculation, a half body grid was used (2.3 x 10^ cells), 
and symmetry assumed. The average for the first cell off the wall was < 0.3, 
with a geometric stretching factor of 1.3. The 35° slant angle grid is pictured 
in Figure 1(b), and was created using VGRIDns [3]. The grid contained 3.1 x 
10^ cells for the full geometry (both left and right sides), with clustering in a 
block surrounding the body. The RANS calculations were also done on the full 
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(a) 25° slant angle 




(b) 35° slant angle 



Figure 1. Images of the grid in the symmetry plane, with countours of vorticity for an instan- 
taneous DES solution. 



geometry (i.e. symmetry was not assumed). The average for the first cell 
off the wall was < 0.3, with a geometric stretching factor of 1.3. Also shown in 
Figure 1 are contours of vorticity for the DES calculations showing evidence 
of LES content. 

Boundary conditions were chosen to mimic the 3/4 open wind tunnel [2]. That 
is, the ground plane and the vehicle were set to no-slip, while the remaining 
boundaries were set to a far-held boundary condition. The extent of the ground 
plane upstream was chosen to give the correct boundary layer thickness as- 
suming an empirical boundary layer growth. The resulting boundary layer was 
slightly thicker than the experiments at x=-1444mm; at y=30mm, the CFD ve- 
locity was 92% of freestream rather than 99%. The boundaries were about 
zb6L upstream and downstream, 4L high, and ±6L from the symmetry plane. 
The freestream velocity was set to 40 m/s, with Rcl = 2.78 x 10^. 

RANS calculations were performed using a specihed minimum global CEL of 
1 X 10^, and marched to a steady solution. DES calculations used a timestep 
of 7.2 X 10“ ~^sec, resulting in a non-dimensional timestep of 0.01 when non- 
dimensionalised by body height and freestream velocity. Initial transient from 
the DES were removed (hrst 2700 iterations), and time averages taken over an 
additional 6500 iterations, based on examining the convergence of a running 
time average of drag. 
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4. Results 

For the 25° slant angle, Figure 2 depicts velocity vectors and contours 
of streamwise velocity for the simulations compared to the experiments at 
x=0mm, at the back of the vehicles. The strong side vortices in the experi- 
ments are clearly seen. Figure 2(a) compares S-A RANS to the experiments. 
The computed vortices are weaker, potentially because of the turbulence model 
and/or grid resolution. Although not shown, the S-A RANS separated at the 
beginning of the slant, but reattached prior to the back of the vehicle, just as in 
the experiments. The boundary layer thickens more along the centerline for the 
experiments than the computations, however. This could be due to a weaker 
adverse pressure gradient in the computations due to lower pressures on the 
rear (see drag results in Table 1). 

S-A DES results are next shown in Figure 2(b). The flow is seen to separate 
with a large region of reverse velocity and weak vortices at the rear of the ve- 
hicle. Since DES would be expected to give lower eddy viscosity it is unlikely 
that the vortex is weaker due to the model. Instead it is presumed that the model 
has weakened the boundary layer, allowing it to separate, in turn weakening the 
vortices. The experimental boundary layer profile is almost 100mm thick at the 
rear because it is on the verge of separating. This places the RANS/LES inter- 
face deep into the boundary layer for this case, which weakens the turbulence 
model, as previously discussed. 

To examine this effect, a calculation was performed where RANS was main- 
tained prior to the back of the vehicle (i.e. d — dfox x < 0), and DES after the 
back of the vehicle (S-A DES-MOD - see Figure 2(c)). Although the situation 
improved, with a more shallow separation, the problem was not completely 
fixed. The presence of separation is probably due to different pressure gradi- 
ents between the RANS calculations and this calculation due to differences in 
pressure on the back end. 

The resulting drag coefficients are shown in Table 1 . The drag on the slant, rear, 
and front is pressure drag only, for both the experiments and computations. 
Although DES agrees most closely to the experiments for the total drag, it is 
likely due to compensating errors. The drag on the slant is under-predicted due 
to the separation. RANS gives a reasonable prediction for the slant drag, due to 
predicting attached flow, but over-predicts the drag on the rear. Overall, none 
of the simulations are very satisfying. 

The 35° slant angle case is examined next in Figure 3 by looking at velocity 
vectors and contours on the symmetry plane, since the flow at this angle is 
fairly two-dimensional with respect to the span in the experiments and com- 
putations. Since there were no measurement close to the body, the contours 
should be ignored close to the body for the experimental plot (Figure 3(a)). 
For the RANS results (Figure 3(b)), the velocity profile on the slant just prior 
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(C) S-A DES-MOD 



Figure 2. Time-averaged velocity vectors and streamwise velocity contours at x=0mm, ex- 
perimental [2] vs. computed. 



Model 


Slant 


Rear 


Front 


Viscous 


Total 


S-A DES 


0.084 


0.127 


0.027 


0.042 


0.281 


S-A DES-MOD 


0.106 


0.104 


0.028 


0.044 


0.283 


S-A RANS 


0.137 


0.127 


0.029 


0.045 


0.338 


Exp[l] 


0.145 


0.077 


0.019 


0.057 


0.298 



Table 1. Drag Coefficients on the Ahmed body with 25° slant angle 









Detached-eddy simulation over a reference Ahmed car model 



487 




LtCnVt] 




(a) Experiment 



(b) S-A RANS 




(c) S-A DES 



Figure 3. Time-averaged velocity vectors and streamwise velocity contours at y=0mm (sym- 
metry plane), experimental [2] vs. computed. 



to the rear contains a peak velocity that is too high, and the zero velocity point 
is too close to the body. The shear layer is more straight from the slant to far 
downstream than in the experiments, where the shear layer curves down once 
behind the rear of the vehicle. Also, the separation bubble terminates too close 
to the body (at about x=280mm). The DES results agree more closely to the 
experiments, with a shear layer that curves down after the rear, a better matched 
velocity profile near the back end of the slant, and a more correct separation 
bubble size (although a little longer than the experiments). 

The resulting drag coefficients are shown in Table 2. S-A RANS over-predicts 
the drag on both the slant and the rear. S-A DES provides an accurate pre- 
diction of the total drag, as well as its distribution. The good agreement to 
experiments in the wake suggests these accuracy is likely due to the ability to 
predict the wake accurately. 

5. Summary 

This paper presented a Spalart-Allmaras based Detached-Eddy Simulation of 
the Ahmed reference car model with 25° and 35° slant angles. These cases 
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Model 


Slant 


Rear 


Front 


Viscous 


Total 


S-A DES 


0.087 


0.095 


0.029 


0.041 


0.252 


S-A RANS 


0.130 


0.115 


0.031 


0.044 


0.319 


Exp[l] 


0.097 


0.090 


0.015 


0.055 


0.257 



Table 2. Drag Coefficients on the Ahmed body with 35° slant angle 



stress turbulence models due to the need to accurately predict the boundary 
layer separation over the slant as well as predict the pressures in the massively 
separated base region accurately. Cases on the verge of separating (or mildly 
separated and reattached like the 25° case) continue to pose strong challenges 
to predictive methods. Small differences in separation prediction (and possibly 
reattachment) may lead to apparently substantial differences as observed in the 
present case at 25°. At the 35° slant angle, DES is in good agreement to the 
experimental drag, with the correct distribution, while RANS over-predicts the 
drag. DES also accurately predicted the wake behind the 35° slant angle. 
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Abstract This paper deals with the specific issues of implementing a Large Eddy Simula- 
tion (LES) module in an unstructured solver, tailored to broadband noise analysis 
in turbomachinery. Four Sub-Grid-Scale (SGS) models have been introduced, 
focusing attention on complex geometries and the peculiarities of the unstruc- 
tured implementation. For these reasons a two-dimensional extension of the LES 
solver has been developed and implemented. It should allow an easier approach 
to a proper LES solution, especially when dealing with geometries of high com- 
plexity. The problem of limiting the commutative error when using an implicit 
filter and unstructured grids has also been addressed. An appropriate filter size 
function has been introduced and a specific test has been performed in order to 
tune the parameters of this function. Investigation of the interaction between 
numerical diffusion and subgrid scale terms has also been carried out. 

Keywords: LES, DES, Hybrid RANS/LES, Explicit filtering 

!• Introduction 

Correlations based on theoretical and on experimental methods are the tra- 
ditional approaches to predict broadband noise in turbomachinery. Because 
of the large number of factors that interact to produce broadband noise, so 
far, they have not given a clear explanation of the physical mechanisms of 
the sources. Computational Fluid Dynamics (CFD) seems to offer an advan- 
tage over classical methods, since it can provide an extensive description of 
the flow field without imposing restrictive assumptions. Unsteady Reynolds 
Averaged Navier-Stokes solvers (URANS) give a rough description of the un- 
steadiness of the flow, but are limited to the dominant low frequency modes. 
Therefore, they can be used quite successfully for tone noise analysis, but not 
for broadband noise analysis. On the other hand. Large Eddy and Detached 
Eddy Simulations (LES/DES) resolve a wider range of turbulent scales, but 
are still affordable in many realistic applications. 

The two main aspects that characterize our LES/DES implementation are the 
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fact that we want to deal with complex geometries and the need to exploit the 
solutions to extract acoustic information. 

The solver used is the Rolls-Royce code HYDRA (Moinier and Giles [1]). 
It is an unstructured hybrid code with an edge-based data structure. All the 
computational grids have been generated by the Newt mesh generation system 
(Dawes et al. [2]). 

2. SGS Models 

Four different SGS models have been implemented. Three of them are 
based on the original Smagorinsky model (Smagorinsky [3]). The three 
Smagorinsky-based models implemented (Hybrid 1, Hybrid2 and Dynamic) try 
in different ways to compensate for the shortcomings of the original approach. 

Hybridl This approach is based on a blend of the standard Smagorinsky SGS 
model with the Spalart-Allmaras one equation turbulence model (Spalart 
et al. [4]). The near wall treatment implemented is inspired by the hybrid 
LES-RANS approach. The two domains are connected through a region 
where eddy viscosity is determined by linear interpolation (Ciardi and 
Dawes [5]). 

Detached Eddy Simulation (DES) The standard DES approach (Spalart et 
al. [6]) has been implemented. It uses a modified version of the Spalart- 
Allmaras one equation turbulence model. 

Hybrid2 This model is based on a different way to blend RANS and LES. At 
each position in space, the eddy viscosity is evaluated twice, using LES 
(Smagorinsky) and RANS (Spalart-Allmaras turbulence model). The 
eddy viscosity used is then selected as the minimum of the two: 

Vr = ( 1 ) 

This choice should give the best compromise in all the different regions 
of the flow (Ciardi and Dawes [5]). This approach has been used previ- 
ously for acoustic applications (Batten et al. [7]). 

Dynamic Smagorinsky Model The original Dynamic Smagorinsky Model 
proposed by Germano [8] has been introduced. The explicit filter im- 
plemented follows the approach of the discrete interpolation filters pro- 
posed by Marsden et al. [9]. This approach can be tuned to achieve 
a specific order of accuracy for the commutative error, while retaining 
the possibility to use a variable filter size and unstructured grids. In this 
implementation, second order has been imposed to match the order of 
accuracy of the discretisation scheme in use. 
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Figure 1 The square cylinder 
testcase. 



3. ERCOFTAC Square Cylinder Testcase 

Preliminary two-dimensional tests have been performed using the square cylin- 
der (Figure 1) selected by Rodi and Ferziger as an international testcase and 
later included in the 1996 ERCOFTAC workshop as testcase LES2 (Yoke 
[10]). The solutions have been performed with a Reynolds number of 21400, 
in agreement with the experiments of Lyn et al. [11]. The two-dimensional 
treatment presented in section 4 has been used for all the models involving 
the Smagorinsky expression of the SGS stress tensor (Hybrid 1, Hybrid2 and 
Dynamic). 

♦ Experimental data 
— B — H/bridl 

— e— hVbrid2 
— -A - DES 

- - Dynamic 




Figure 2. Square Cylinder Testcase. Turbulent kinetic energy profiles along the centreline. 
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Figure 3. Square Cylinder Testcase. Turbulent kinetic energy profiles atxld = 1. 



Figure 2 shows turbulent kinetic energy profiles along the centreline. Figure 
3 shows turbulent kinetic energy profiles at x/d = 1. Solutions have also 
been performed with Unsteady RANS (URANS) and without the SGS model 
(Laminar). URANS is obviously not capable of reproducing the turbulent 
fluctuations. In general Hybridl, Hybrid2 and DBS perform quite well with 
Hybrid2 being slightly better. Overall the agreement of the statistics with the 
experiments is satisfactory, in particular considering the limitations of the 
preliminary 2D approach. The Dynamic model offers the poorest results but 
this is probably a consequence of the 2D approach. In two dimensions, vor- 
ticity dynamics are such that backscatter becomes an extensive phenomenon. 
The Dynamic approach is trying to model backscatter locally whenever it 
occurs, but if it occurs extensively (as it does in 2D), for stability reasons, the 
value of the Smagorinsky coefficient is clipped. The model is consequently 
over-dissipative in 2D. 



4. 2D Extension of the Smagorinsky Model 

When dealing with complex geometries, it is convenient to be able to perform 
quick preliminary 2D solutions. On the other hand, vorticity dynamics are 
inherently 3D and cannot be captured by 2D solutions, therefore LBS is inher- 
ently a 3D approach. From a numerical point of view, we can try to mimic the 
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3D terms that cannot be evaluated in 2D, using similarity with existing terms. 
In particular, whenever the Smagorinsky model is used, there are terms in the 
rate of strain tensor that are zero only because we are not representing the 
spanwise direction. If x\ is taken along the freestream direction, and is the 
spanwise direction, not modelled in the 2D solution, we impose the following 
conditions for the rate of strain tensor, used by the Smagorinsky model: 

dui ^ du\ dus ^ du 2 dus ^ du 2 

dxs dx2 dxs 

dus ^ 1 / du2 du2 \ 

dx2 2 dxi ) 

This approach should compensate for the order of magnitude of eddy viscos- 
ity. However it is imposing a non-physical correlation to terms that should be 
physically correlated, therefore it should only be used for preliminary solu- 
tions. Figure 4 shows how the correction is having the expected effect for the 
square cylinder testcase. The Hybridl SGS approach is used with and with- 
out the 2D treatment, comparing turbulent kinetic energy profiles along the 
centreline. 



0X2 OX I ax I 

du2 ^ ^ f ^^2 dU2\ 

dxs ~ 2 ^ dxi ) 




Figure 4. Test for the 2D treatment of the Smagorinsky approach, ERCOFTAC square cylin- 
der testcase, Hybridl model. Turbulent kinetic energy profiles along the centreline. 
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5. The Filter-Size Function 

The size of the filter is usually related to the size of the cells in the mesh. If 
the filter is too big, the quality of the mesh will not be fully exploited. If it 
is too small, some of the non-filtered components will not be resolved by the 
mesh and will corrupt the solution because of aliasing. The choice of the filter 
size is critical because it directly affects the accuracy of the solved equations. 
Since the equations are not averaged, but filtered, the filtering operation must 
commute with space and time differentiation for the equations to be correct. In 
general, to have a constant width for a filter is a sufficient condition to be com- 
mutative. However, if we keep the filter width constant throughout the domain 
we are forced to base it on the longest edge of all the elements, and we do not 
exploit the flexibility of the unstructured mesh. 

In this implementation, the filter size is evaluated as a blend of a local di- 
mension (proportional to the longest edge length connected to the node) and a 
global dimension (proportional to the longest edge length in the domain). 

^ = Cfiltl ((1 — Cfiit2) Am + Cf^it2^MEL) (3) 

Where Am is the local edge length. Am el is the maximum edge length in the 
mesh, Cfiiti and Cfut2 are user defined coefficients. 

♦ Experimentaldata 
— Q— Cfilt2=0.0 CfiM=3.0 




Figure 5. Test for the Filter-size function, ERCOFTAC square cylinder testcase, Hybrid2 
model. Turbulent kinetic energy profiles along the centreline. 
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Figure 6. Test for the Filter-size function, ERCOFTAC square cylinder testcase, Hybrid2 
model. Turbulent kinetic energy profiles at x/d = 1. 



A test has been performed using the square cylinder testcase and the Hybrid2 
version of the solver. Different values of Cfut 2 are used, while keeping the 
same value of the filter size in the main domain (three times the local edge 
length). This is achieved by changing accordingly the value of Cfun. Figure 
5 shows turbulent kinetic energy profiles along the centreline, Figure 6 at 
xjd— 1. The effect of the filter-size function is quite strong and cannot be 
uniquely attributed to commutative errors. The optimal value of Cjnci seems 
to be between 0.2 and 0.4. Lower values correspond to a highly variable filter 
size in the domain. This has two main consequences. First of all it implies an 
increased amount of commutative error. Secondly, in the near wall region, it 
forces the filter to have a smaller size. As a consequence, smaller structures 
are resolved by the solver. Downstream these structures are corrupted by 
aliasing, when they are convected into regions where the mesh is coarser. This 
is particularly evident in Figure 6, where, close to the cylinder, fluctuations are 
obviously overpredicted, when a small value of Cfut 2 is used. Higher values 
of Cfiit 2 show the limitation of a coarse filter size in the near- wall region. 
Important energetic structures in the flow are not resolved. As a consequence 
turbulent kinetic energy is in these cases generally underpredicted. 
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6. SGS Models and Numerical Viscosity 

The square cylinder test case is used to assess the effect of the interaction be- 
tween numerical diffusion and SGS terms. The aim of the analysis is to plot 
energy spectra and to detect if they include an inertial range. Indeed, numerical 
viscosity can have a significant value, as long as it does not push the cut-off 
wavenumber outside the inertial range. 2D solutions with the Hybrid 1 model 
are considered, with two levels of mesh refinement and two ratios of average 
filter-size/mesh-size for the finer grid. Energy spectra are then evaluated along 
the centreline, two edge lengths downstream of the cylinder centre. The coarse 
mesh is an unstructured triangular mesh with 14900 nodes and has the same 
average spacing of the structured grids used by the participants of the ERCOF- 
TAC Workshop (Yoke [10]). The fine mesh is an unstructured triangular mesh 
with 68700 nodes and has an average edge length that is half of the average 
edge length in the coarse mesh. 

The different solutions are identified as: Hybridl-A, Hybridl-B, Hybridl-C. 
Hybridl-A Coarse mesh, average ratio filter-size/mesh-size of 2. 

Hybridl-B Fine mesh, average ratio filter-size/mesh-size of 4. 

Hybridl-C Fine mesh, average ratio filter-size/mesh-size of 2. 
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Figure 7. ERCOFTAC square cylinder testcase. Energy spectra two edge lengths downstream 
of the cylinder centre. Solid lines show the trend in the inertial range. 
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Hybridl-A and Hybrid 1-B have the same filter size throughout the domain. 
The energy spectra are presented in Figure 7. With the coarse mesh, the energy 
cascade does not include an inertial range, showing the increased numerical 
dissipation of the specific unstructured implementation. When a finer mesh is 
used, an inertial range appears in the energy spectrum and it becomes wider 
if the filter size is reduced. The energy spectrum of the URANS solution is 
completely different, since URANS do not give a complete description on any 
continuous range of wavenumbers in the spectra. 

Comparing Hibridl-A and Hybridl-B (which have the same filter size) we 
find that, with the coarser mesh, the numerical dissipation is larger than the 
SGS eddy viscosity, and stops the energy cascade before the inertial range. 
Considering Hybridl-B and Hybrid 1-C (which have the same fine mesh but 
different filter sizes), we find that a smaller filter size improves the quality of 
the solution, because it better exploits the potential of the mesh in terms of 
resolution. Consequently, we can conclude that even within the framework of 
our unstructured implementation, it is still possible to apply correctly an LES 
technique, as long as we are able to sufficiently refine the mesh. 

7. Conclusions 

Four different SGS modelling approaches have been examined, including dif- 
ferent approaches to blend LES and RANS, and a dynamic model together 
with a second order commutative filter. They have been tailored to complex 
geometries and, consequently, to unstructured grids. Preliminary tests have 
been performed on a 2D test case, giving promising results in terms of tur- 
bulent statistics. A 2D extension of the LES solver has also been produced, 
giving a significant improvement over the original approach, when prelimi- 
nary 2D solutions are carried out. An analysis on the effect of the filter-size 
function has been performed, showing the extreme importance of this aspect 
for the unstructured implementation. An analysis on the interaction between 
numerical dissipation and SGS terms has also been carried out. It shows that 
within the framework of our unstructured implementation, it is still possible to 
apply an LES technique, as long as we are able to sufficiently refine the mesh. 
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Abstract The influence of wall permeability upon a turbulent channel flow is studied nu- 
merically. Similar to a Large Eddy Simulation we pursue an approach in which 
we describe the large-scale flow behavior in the porous medium. A closure is 
adopted for the drag, whereas dispersion is currently neglected. The results show 
that wall permeability increases the friction factor and enhances turbulent mix- 
ing. 

Keywords: Wall permeability, Turbulence, Volume-Averaging Method 

1. Introduction 

The study of flow over porous media eovers a wide range of research ar- 
eas, especially in geophysics. Examples of this are the study of the atmo- 
spheric boundary layer over plant canopies like forests (Finnigan, 2000), or 
over porous river beds. Within a wider context this problem falls in the class of 
turbulence modification due to wall effects. The aim of our research is to study 
the change in the structure and dynamics of turbulent flow over a permeable 
wall with respect to an impermeable wall. 

There are a few recent publications in which wall permeability is modeled via 
special boundary conditions. Jimenez et al. (2001) take the wall-normal ve- 
locity proportional to the wall-pressure fluctuation, and a no-slip condition is 
imposed for the horizontal velocities. Opposite to this, Hahn et al. (2002) 
impose a zero wall-normal velocity, but allow for a slip velocity in the hori- 
zontal directions. In the present study we pursue a different approach in which 
we directly solve the governing equations for the volume-averaged flow in the 
porous medium. 
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volume averaging for a disordered porous medium. 

2. Flow geometry, governing equations and numerical 
procedure 

The flow geometry is sketched in figure l.a. Following Ochoa-Tapia & 
Whitaker (1995), we distinguish between three regions. The channel or the 
homogeneous fluid region is located between z = 0 and z = H. The rough- 
ness layer between z — —S and z = 0 is characterized by rapid changes in the 
porosity. The third region is the homogeneous porous region between z = —h 
and z = S with a constant porosity (e = eh). The walls at z = H and z = -h 
are impermeable. 

We follow an approach in which only the large-scale flow behavior in the 
porous medium is described. This is defined mathematically as a weighted 
average over a small volume (Quintard & Whitaker, 1994): 

(m)|x = - / j{r)m{r — x)u{r)dV ( 1 ) 

e Jv 

where the brackets denote the intrinsic volume average, V is the total averaging 
volume, and e = VfjV the porosity with Vf the volume of the fluid phase in- 
side the averaging volume V. The indicator function 7 equals 1 when r points 
in the fluid phase (/3-phase) and 0 when r points in the solid phase (cr-phase). 
It is important to realize that the spatially filtered flow is defined both in the 
j3- and the a-phase, and that it is an infinitely differentiable function in space 
provided that m G C°°. Quintard & Whitaker (1994) analyzed which weight 
functions are appropriate for flow in a porous medium. For flow in a disor- 
dered porous medium a popular one is the top hat distribution: m = 3 /( 47 rr^) 
for r < ro and m = 0 for r > ro, where ro is the radius of the spherical 
volume over which the averaging takes place and which is sketched in figure 
1 .b. The choice of ro is constrained by the requirements that <C ro -C L and 
Tq L^L. Ip, L and are typical length scales of respectively the pores, the 
volume-averaged flow field, and of variations in the porosity. 
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Quintard & Whitaker (1994) applied the spatial filtering (1) to the Stokes equa- 
tions. It is straightforward to include also the inertial terms. The Volume- 
Averaged Navier-Stokes (VANS) equations for incompressible, Newtonian 
flow read 

+ («) • V(u) -I- -Ve(^) = --V(p) 
ot e p 

+ uV^{u) + i' — V{u) + i' (u) 

+ - [ rn ] dA (2) 

^ J L \ P / . 

V-e(M) = 0 (3) 

In the above equations is the interface area between the j3- and the 
cr-phase, the normal vector at pointing from the (3- into the cr- 
phase, and I the unity tensor. The velocity u{x) is the spatial deviation of 
the velocity u from the volume-averaged velocity ^), i.e.: u{x) = u{x) — 
The basic assumption in the derivation of the VANS equations is 
that the volume-averaged flow field contains negligible small-scale variations: 
fym(r — x) {u) \rdV ^ (u) |^. This assumption imposes the earlier mentioned 
constraints on the filter width. 

The VANS equations are similar to the filtered Navier-Stokes equations used in 
a Large Eddy Simulation (LES). The third term at the left-hand- side of equa- 
tion (2) is the dispersion term and represents the effect of stresses on pore scale 
on the large-scale flow field. The last term at the right-hand-side of equation 
(2) represents the drag force per unit mass that the flow field encounters as at 
the interface area Ap^r the flow must obey the no-slip condition. The disper- 
sion and drag terms are responsible for a transfer of kinetic energy from the 
large-scale to the small-scale flow field. In order to solve the VANS equations 
we need closures of these terms expressed in the volume-averaged flow field. 
The thickness 6 of the roughness layer depends on the structure of the porous 
medium and, related to this, the choice of the filter. As we consider flow over 
a homogeneous porous medium, 6 is of the order of the filter width. For the 
porosity we adopt a fifth-order polynomial in the wall-normal coordinate 2 :. 
The coefficients are determined from the requirements that the porosity and its 
first and second order derivatives must be continuous at 2: = — /i and 2: = 0: 

-(5 < z < 0 : e(z) = -6(eft - 1) - 15(e/i - 1) 

— 10(e/i — 1) + 1 (4) 

In the literature it is customary to replace the surface integral in (2) by: 
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e 



I 



f3cr 



m 




l- + uVu 
-P 



dA = 



{L + K) -e{u) 



(5) 



where and F are referred to as respectively the permeability and the Forch- 
heimer tensor. A popular semi-empirical relation for the two tensors is the 
Ergun-equation (MacDonald et al., 1979) for flow through packed beds. It as- 
sumes that the two tensors are isotropic and it relates them to the porosity and 
the mean particle diameter: 



F 

K 



1 dp\\e{u)\\ 

100(1 - e) u 

180(1 - e)2 



( 6 ) 

(7) 



The mean particle diameter dp is defined as six times the ratio of the total vol- 
ume Vp to the total surface area Ap of the cr-phase: dp = 6VpjAp. 

In the literature for flow in porous media the dispersion term is normally ne- 
glected. Based on an order-of-magnitude analysis we consider this term of 
minor importance as compared to the drag term, and therefore we also neglect 
this term in the present study. For clarity, from now on we will omit the brack- 
ets that denote the volume average. 

The VANS equations are discretized in space with a pseudo-spectral method 
for the horizontal direction and with a second-order finite- volume method for 
the wall-normal direction. The grid is non-uniform in the wall-normal direc- 
tion with grid points clustered around z = 0 and z = H. The equations 
are advanced in time with a semi-implicit pressure-correction method. The 
VANS equations are integrated in time with the explicit, second-order Adams- 
Bashfort scheme, except the terms z^V^e(u)/e and -i/K~^e{u). For numerical 
stability reasons, they are integrated with the implicit, second-order Crank- 
Nicholson scheme. 



3. T\irbulence statistics 

We show results from four simulations, in which we only varied the poros- 
ity eh in the homogeneous porous region. We will refer to them as E95,E80, 
E60, and I with eh equal to respectively 0.95,0.8, 0.6 and 0 (impermeable wall 
case). The mean particle diameter is dp/H = 0.01. The thickness of the 
roughness layer equals S/H = 0.02, which is actually an appropriate value for 
an ordered rather than for a disordered porous medium. The dimensions of the 
domain are LxjH = 5 and Ly/H-Z in respectively the streamwise and the 
spanwise direction. The height of the porous medium is always /i/i/ = 1, ex- 
cept in case I, where no-slip conditions were used at ^ = 0. The grid resolution 
in the channel equals 256x192x192 for respectively the streamwise, spanwise 
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case 


Da 


Re\ 


dx^"^ 




dZ^ 1 




A(T0"^) 


Rck 


E95 


1.9 - 10^“ 


407 


7.9 


6.4 


0.5 - 5.3 


0.5 - 8.5 


20.6 


36.9 


ESO 


7.1 • 10^® 


354 


6.9 


5.5 


0.4 -4.6 


0.4 - 7.4 


9.4 


3.4 


E60 


o 

1 

-1 


350 


6.8 


5.5 


0 

1 


0.4 - 7.3 


8.1 


0.8 


I 


oo 


350 


6.8 


5.5 


0 

1 


- 


8.1 


0 



Table 1. Characteristics of the simulations, and are the grid spacings in respec- 

tively the streamwise and the spanwise direction, made dimensionless with uju\.. dzl^ and 
dz\+ are the dimensionless grid spacings in the wall-normal direction in respectively the chan- 
nel and the porous medium. 





Figure 2. Mean- velocity profiles; (a) Dimensionalized by the bulk velocity f/b, as function of 

the non-dimensional wall-normal position z/i/. For clarity, the region z/H < —0.25 is omit- 
ted. (b^Normalized with u^, as function of the non-dimensional shifted wall-normal position 
z^~^ + d ^''^ . The two dashed line pieces are the standard fits for the impermeable wall case, with 
K = 0.4 and d = 0. — , case I; • • , case E60; , case E80; — , case E95. 



and wall-normal direction. The grid resolution in the porous region amounts 
256x192x128. In all cases the bulk Reynolds number is fixed at iie^ = 5500. 
Table 1 gives for each simulation the Reynolds number bas ed on the f riction 
velocity u\. at the top wall, Re\ = u\H/v, with u\ = Also 

listed in the table are the Darcy number Da = KjH^, the grid spacings, the 
computational time step, and the friction factor A = —H{dp/dx) / {pU^)- 
The turbulence statistics of case I are in good agreement with the results ob- 
tained by Kim et al. (1987). 

In figure 2.a mean velocity profiles are shown for different values of the wall 
porosity. The higher the wall porosity, the more skewed the profiles are with 
their maximum moving towards the top wall. This is already an indication 
that increasing wall porosity increases the flow resistance, and this is also clear 
from the higher value of the friction factor A in table 1 . The profiles become 
flatter in the porous wall region, and the velocity at the interface (z = 0) in- 
creases for higher wall porosity. The mean velocity profiles are utilized to 
obtain a characteristic velocity scale Ur for the porous wall region. It is cus- 
tomary to adopt the following velocity profile for the logarithmic layer: 

_ Ur , f Z + d 

u — — In 



^0 



( 8 ) 
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Figure 3. Reynolds-stress profiles. For clarity, the region z/H < —0.25 is omitted, (a) 
jW; (b) (c) a/ ju^\ (d) —u'w '/ — , case I; • • ■ , case E60; - • case 

E80; — , case E95. 

in which n is the Von Karman constant, d the displacement height and zq the 
equivalent roughness height. In general, both d/H and zq will depend on the 
Reynolds number UrH/u and on the geometry of the wall. For both smooth 
and rough walls, the Von Karman constant is often taken equal to 0.4. For 
porous walls however, it can not be excluded that k depends on the geometri- 
cal properties of the wall such as the porosity and mean particle diameter. To 
circumvent the problem of choosing a value for k, we define a new velocity 
scale u — Ur jn. We refer to this velocity as the modified friction velocity. The 
least-square method is used to calculate the modified friction velocity from the 
fit of the logarithmic law (8) to the mean velocity profile, see figure 2.b. The 
modified friction velocity is used to define the permeability Reynolds num- 
ber RtK — and the roughness Reynolds number Re^ = vPdp/v, 

where the superscript p refers to the porous wall region. The first Reynolds 
number basically shows that the ratio between the typical length scale \/l{ 
of the pores and of the near- wall turbulence v/uP. When this ratio is small, 
the wall-blocking effect prevails and eddies can not travel freely into the wall. 
Note that for large enough uPUIv the smallest eddies will always be able to 
permeate the wall. This implies a fundamental Reynolds number dependency 
for flow over a permeable wall and this hampers the scaling of the turbulence 
quantities. In case E60 and E95 the permeability Reynolds number is respec- 
tively 0.8 and 36.9, see table 1, and this explains why in case E60 the wall 
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behaves as almost hydraulieally impermeable, whereas in case E95 the flow is 
strongly affected. The roughness Reynolds number indicates the effect of sur- 
face roughness, with the roughness height Ir of the order of dp. Hinze (1975) 
defines the condition of a fully rough wall, when no viscous sublayer can be 
distinguished, as: Urlrj^ > 55. Taking k = 0.4 for a rough wall, this is 
equivalent with ulrjv > 138. Although this criterion is based on experiments 
with rough but impermeable walls, it gives some clues about the importance 
of roughness in our simulations. In case E60 and E95 the roughness Reynolds 
number is equal to respectively 8.9 and 26.7. Thus, we consider roughness 
effects to be of minor importance as compared to the effect of permeability. 

In figure 3 profiles of the Reynolds stresses are presented. The profiles of case 
E60 and case I almost collapse with each other. The Reynolds-stress profiles 
in cases E80 and E95 have a smaller magnitude in the porous wall region with 
respect to case I, except close to the porous wall. However, when the profiles 
are normalized with the bulk velocity Uh, the Reynolds stresses in cases E80 
and E95 have a larger magnitude as compared to case I, except the profile of 
Urms in case E80. This is also clear from our observation that in cases E80 and 
E95 the Reynolds-stress profiles have a larger peak in the porous wall region 
than in the top wall region, except again the profile of Urms in case E80, which 
has a similar peak value in the top wall region. Figure 3.d shows that wall 
porosity enhances turbulent mixing as in case E95 the Reynolds-shear stress 
is much larger in the region near the porous wall than in the region near the 
top wall. Down in the porous wall the Reynolds-shear stress decreases more 
rapidly than the normal Reynolds stresses. It can be shown that the veloc- 
ity fluctuations far down in the porous wall are induced by large-scale pressure 
fluctuations in the porous wall region, and that the stream wise and wall-normal 
velocity component are tt/2 out of phase and consequently do not contribute 
to the Reynolds-shear stress. 

4. Summary and discussion 

In this paper we presented a flavor of our numerical results for turbulent 
channel flow with a permeable lower wall. The results show that wall 
permeability has a pronounced effect on the turbulent channel flow when the 
permeability Reynolds number Rck is significantly larger than 1 . There exists 
a fundamental Reynolds number dependency for flow over a porous wall, 
which hampers the scaling of turbulence quantities. A new velocity scale is 
proposed for the turbulence in the porous wall region. The so-called modified 
friction velocity incorporates also the Von Karman constant. The mean 
velocity profiles suggest that in our simulations wall roughness is of minor 
importance. Wall permeability increases the friction factor, and enhances 
turbulence mixing. The Reynolds stresses, normalized with the modified 
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friction velocity, have a lower peak in the high porosity cases as compared 
to the impermeable wall case. On the other hand, compared to the top wall 
region they have, at least for e = 0.95, a larger peak in the porous wall region. 
In a future paper (Breugem et al., 2003) more detailed results can be found. 
The next step in our research is the evaluation of the closures for the VANS 
equations, especially the model for the drag in the roughness layer and the 
ignorance of dispersion. The development of closure models is hampered 
by the lack of detailed experimental and numerical data. We are currently 
performing a DNS of a turbulent channel flow over a three-dimensional array 
of cubes that can meet this deficiency. 
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Abstract Direct numerical simulations have been carried out for a fully developed tur- 
bulent channel flow with a smooth upper wall and a lower rough wall. Two 
different roughness elements are considered, circular cylinders and square bars 
for X/k = 4, 8, where A is the distance between the elements and k the height. 
For X/k = 4, circular rods yield a larger roughness function and turbulent in- 
tensities than square bars. As X/k increases, the dependence on the shape of the 
elements becomes less important. For X/k = 8, the two different surfaces have 
approximately the same roughness functions, and turbulent intensities. How- 
ever, circular rods are more effective than square bars in terms of an increased 
momentum transfer since the corresponding total drag is about 10% smaller for 
the rods than for the square bars. The increase of turbulent intensities observed 
between A//c = 4 and 8 reflects differences in the budgets of the normal turbu- 
lent intensity. 



1. Introduction 

Turbulent flows over rough surfaces occur in many situations. In general, 
rough walls tend to be three-dimensional, with length scales that may vary 
significantly, for example, between those encountered in pipe flows and those 
associated with environmental flows, especially those developing over urban 
areas. A systematic study of 3-D roughness is nearly impossible; to date, the 
majority of experimental investigations have been concerned with 2-D models 
of roughness, typically with either square or circular elements, infinite in the 
spanwise direction (z) and equispaced in the streamwise direction (a:). In spite 
of this simplification, those models have proven to be useful for understanding 
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the physics. Near the surface (up to 3 roughness heights), the velocity profiles 
are very strongly influenced by the shape and distribution of roughness. Far 
from the wall, the effect of the roughness is to shift the mean velocity profile, 
with respect to that on a smooth wall, by an increment referred to as 

the roughness function (where "+" denotes wall units). Raupach et al (1992) 
showed that is proportional to log (k is the height of roughness ele- 
ments) both for 3-D and 2-D rough walls. However, it is apparent that although 
very different surface geometries may produce the same effect on the mean ve- 
locity profile, the turbulence generating mechanism may differ substantially. 
Hence, the budgets of the Reynolds stress and turbulent kinetic energy have to 
be examined in detail to understand the effect of the roughness on the over- 
lying flow. In this paper, we use Direct Numerical Simulations (DNSs) of a 
turbulent channel flow with either circular rods or square bars on the bottom 
wall. In both cases, two values of the pitch between the elements. A, were con- 
sidered, X/k = 4 and X/k = 8. As the distance between the circular rods is 
not constant within the cavity, A was chosen as the geometrical reference pa- 
rameter in preference to the width w used by Leonardi et al (2003a). Periodic 
boundary conditions apply in x and and there is a no slip condition at the 
wall in the wall-normal direction {y). The computational box is 8h x 2h x nh 
in x,y and 2 : respectively. Three different grids have been used, 200 x 140 x 97, 
400 X 140 X 97 and 300 x 140 x 97. The first two are non uniform in y while 
the third is non uniform in x, y. Since results obtained with the 300 x 140 x 97 
and 400 x 140 x 97 grids are virtually identical, only results for the latter 
grid are shown here. The Reynolds number is Re = 4200 and corresponds 
to Rcr — 180 when both walls are smooth. The flow rate has been kept con- 
stant in all simulations. The Navier-Stokes equations have been discretized 
in an orthogonal coordinate system using the staggered central second-order 
finite-difference approximation. Details of the numerical method can be found 
in Orlandi (2000). The roughness is treated by the immersed boundary tech- 
nique described in detail by Fadlun et al (2000). For this particular surface 
(with an infinite aspect ratio), with k^^ ranging between 60 and 80, the flow can 
be assumed to be "fully rough" (Bandyopadhyay 1987), so that the roughness 
function AU~^ depends only on k~^. 

2. Mean Flow 

Mean streamlines over square bars have been discussed in detail in Leonardi 
et al (2003a). Similar results have been obtained for circular rods. Velocity 
profiles in wall units are compared to the smooth wall in fig. 1 . The origin in 
the normal direction, do, was found by fitting the present velocity profiles to 
— 1/0.41 ln^+ + C', where Ur = {r j r is the wall shear equal to 
the sum of the viscous (or skin frictional) drag and the form drag. For A/ A; = 4, 
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Figure 1. Mean velocity in wall units. □ and ■ square elements; o and • circular elements. 
Empty symbols \/k = 4, full symbols \/k = 8, , smooth channel. 



the two surfaces have approximately the same Ur but /SXJ^ = C — C' {C = 
5.5) is larger for the circular rods. For X/k = 8, the velocity profiles almost 
collapse on the same curve, despite the smaller Ur for the circular elements. 
The roughness function ai X/k = 8 is larger than that ai X/k = 4. Furuya et 
al. (1976) and Leonard! et al (2003a) showed, for circular rods and square 
bars respectively, that X/k — 8 is the distance between the elements which 
maximizes AU~^. The value of the roughness function, about 10 for X/k — 
4 and 12 for A/ A: = 12, is in good agreement with the values found in the 
experiments on turbulent boundary layers by Krogstad & Antonia (1999) and 
Furuya (1976). 

3. T\irbulent intensities and budgets 

Distributions of the normal stresses across the channel are shown in fig. 2. The 
coordinate X 2 (non-dimensionalized with h) has its origin in the plane of the 
crests, with the upper wall aiX 2 = 2 and roughness elements lie in the range 
—0.2 < X 2 < 0. Above the plane of the crests, all three normal stresses 
are larger than those above the flat wall. However, (u^) is only about twice 
as large as that over the smooth wall, while and {up') are about 8 times 
larger (() denotes averaging with respect to time x and z), Leonard! et al 
(2003b), in agreement with Kim (personal communication), showed that when 
{v?) is scaled in wall units, (not shown here), it is lower than that over a fiat 
wall. On the other hand, and are larger over the rough surface. 

Therefore, the main effect of roughness is to increase the normal and spanwise 
velocity fluctuations leading to an overall increase of isotropy (Smalley 2002). 
The dependence of the maximum of the normal stresses on X/k and type of 
roughness closely resembles, that of the roughness function. The largest values 
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of the rms are observed for A//c = 8 and the smallest (square bars) are for 
A/ A: = 4. On the upper wall (smooth) the distributions of the normal stresses 
coincide, implying that the perturbations due to the roughness on the lower wall 
do not seem to affect the mechanisms for producing and sustaining turbulence 
near the upper wall. The minimum of the stresses is at the centreline for a 
smooth channel, is shifted upwards by the roughness. The minimum value of 
{v?) is at X 2 = 1.55, (about 3 roughness heights beyond the centreline), in 
close agreement with the LES results of Cui et al (2003) {x 2 — 1.52). The 
increase of (u^) near the rough wall is so large that it decreases gradually to 
the local peak on the upper wall, without going through a minimum. 

For X/k — A, the drag of the circular elements is about the same as for the 
square bars, but {uv) and {v^^) are larger. For X/k = 8, (uv) and (u^) are 
approximately the same, but the total drag is about 10% smaller with the rods. 
For X/k = 8, both surfaces have the same AU~^ and stresses, so that the shape 
of the elements is not important. On the other hand, when the elements are 
very close each other the flow is affected hy X/k and the type of roughness. 

To understand the mechanism behind the increase of turbulent intensities, the 
budgets of the Reynolds stress were computed from the equations 
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where xi,X 2 ,x^ are equivalent to x,y,z and ui,U 2 ,U 3 to u,v,w, and re- 
peated indices imply summation. Figure 3 shows a comparison of the {u^) 





U ai 0.2 OJ/j 0.4 0,5 0* 

X2/fl 





0 D.l 0.2 0.1 y f J 0.5 OA 

X2jh 



Figure 3. Budgets of left, and (v^) right. From top to bottom, smooth channel, X/k = 



4, A//c = 8. Symbols rods, lines square elements, a , 
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and {v^) budgets between smooth and rough walls. For the flat ehannel 
7^11 = —2{uv)dU/dy is the dominant production term. For X 2 /h > 0.3, 
the velocity-pressure gradient term, Hu = —2{udP/dx), and the dissipation, 
eii = —2u{{du/dy)‘^), are of similar magnitude and balance the production. 
For a rough surface, flu is larger than en up to X 2 = 0.05 and the production 
due to the mean shear is mostly redistributed to the other stress. Near a smooth 
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wall, Vii and Hu tend to zero, the dissipation is maximum. The turbulent 
transport term, Tn = -{du^v/dy), and viscous diffusion, vip^ujdy^) be- 
come positive, acting as production terms. On a rough surface, instead, the 
production is maximum in the plane of the crest and it is balanced by the 
velocity-pressure gradient term, by the dissipation and by the turbulent trans- 
port term. The latter is largest, and is of opposite sign relative to the flat wall. 
In fact, in a flat channel the excess of the production in the buffer layer is con- 
vected towards the wall where it is dissipated. On the other hand, in the plane 
of the crests, the production is larger than the dissipation, and the excess is 
convected within the cavity where it is dissipated. 

The velocity pressure-gradient term, (1122 = —2{vdP!dy)), is the produc- 
tion term for {v^), and the dissipation, 622 = —2u{{dv/dy)‘^), is the dominant 
sink across most of the channel (fig.3). The viscous diffusion term is small 
compared to the other terms except very near the wall. To a good approxima- 
tion, the transport term balances the difference between the contributions from 
the velocity-pressure gradient and dissipation terms. For a smooth channel, at 
X 2 — 0.2 II 22 is larger then 622 and the energy excess is transported towards 
the wall where the dissipation exceeds the production. 

For X/k = 4, II 22 > ^22 up to X 2 — 0.35, the energy excess is transported 
within the cavity where it is dissipated. For X 2 > 0.35, the dissipation and 
velocity pressure-gradient terms are of similar magnitude. 

A different behaviour is observed for A/ A: = 8 ; near the wall, II 22 is about 
twice as large for the rods than the square bars, while the dissipation is essen- 
tially the same. The transport term, which has to balance the other two terms, 
is positive in the case of the square elements and negative for the circular rods. 
For the circular rods, there is a flux of energy towards the cavity, while for the 
square bars, the flux of energy is in the opposite direction, away from the wall. 
In spite of the two surfaces having approximately the same roughness function 
and turbulent intensities, the mechanism for producing and substaining turbu- 
lence is quite different. Whereas, over a flat surface, Il 22 > ^ 22 , so that the 
transport term is negative, over the roughness with A/fc = 8 , the transport term 
is positive. 

The budgets for (u‘^) and (not shown here) depend weakly on X/k and 
on the type of surface (fig. 3) even though the corresponding turbulence in- 
tensities increase significantly ns X/k increases. On the other hand, the budget 
of {v‘^) and, in particular, the velocity pressure-gradient term depend strongly 
on the shape of the elements and on the ratio X/k. Orlandi et al (2003) con- 
sidered the velocity distribution in the plane of the square bar roughness crests 
and carried out three direct numerical simulations with flat walls and only one 
non-zero velocity component. When a non-zero normal velocity was imposed 
at the wall, the effect on the flow closely resembled that due to the real rough- 
ness. Also, Leonard! et al (2003a) observed a similar behaviour between 
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and the form drag for a wide range of X/k. The present results thus 
further corroborate the previous findings by underlying the importance of the 
distribution of pressure and normal velocity above a rough wall. 




Figure 4. Budgets of the turbulent kinetic energy. Top, smooth channel, left X/k = 4, right 

X/k = 8. Rods symbols, square bars lines. □ , : dissipation; ■ , : turbulent 

convection; o , : production; • , turbulent diffusion; a , : pressure. 



From equation (1) the equation for the conservation of the turbulent kinetic 
energy can obtained 



0 = —{uv) 



dy 



9{Pv) _ _ djf^v) 

dy dy dy^^ dy 



( 2 ) 



where k = 0.5 uf. Over a rough wall, the production and dissipation terms 
are about 6 times larger than those over a flat wall. The viscous diffusion term 
is reduced; in fact, the second derivative in y is smaller than over a flat wall 
since the non-slip condition is confined to the extent of the elements only. On 
the other hand, the turbulent convection (d{vk)/dy) is largely increased. In 
particular near the wall, the turbulent convection is approximately the same as 
the dissipation and represents the transfer of energy from the outer flow to the 
cavities. 



4. Conclusions 

Direct numerical simulations have been carried out with either rod or square 
bar roughness on one wall. The budgets of the Reynolds stress have high- 
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lighted the changes in the mechanism for producing and sustaining turbulence. 
Roughness increases the redistribution of energy trough the velocity pressure- 
gradient term, leading to an overall increase of isotropy. The turbulent convec- 
tion becomes signihcant since there is a transfer of energy from the overlying 
flow to the cavity where it is dissipated. Although the present results concern 
2D roughness only, we speculate that the mechanism for real 3D surfaces has 
to be similar. Therefore, the present budgets should guide the development 
of rough-wall flow models. Since the important terms to be modeled involve 
the pressure and wall-normal velocity, which are very difficult to measure, the 
DNS should become a valuable tool for modeling rough wall flows. 
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Abstract DNS was performed of a turbulent channel flow with a geometry which simu- 
lates the effect of the application and removal of an Adverse Pressure Gradient 
(APG). Statistics are presented for the periods before and after the cessation of 
the APG, with the aim of better understanding the dominant mechanisms. Four 
popular turbulence models were tested under the same conditions and their per- 
formance compared to the DNS. 



1. Introduction 

This Study investigates the mechanisms at work in a turbulent boundary layer, 
when an Adverse Pressure Gradient (APG) is applied and subsequently re- 
moved. Flows of this type are common in engineering applications. Previous 
DNS studies of APG boundary layers (eg. Spalart & Watmuff [10], Spalart & 
Coleman [9]) have focused primarily upon the application of the APG, with 
less attention to the recovery region. These computations have also tended 
to be very expensive, since they must account for the spatial development of 
the boundary layer, and the complications associated with the inflow boundary 
conditions (requiring for example fringe zones or precursor simulations). As 
explained below, we circumvent many of these difficulties by using a time- 
developing strained-channel analogue of the spatial case, which leads to sig- 
nificant advantages both for the DNS and the ensuing model testing for which 
the DNS results act as benchmark data. 

Capturing the recovery of a perturbed boundary layer is a notoriously difficult 
task for Reynolds-Averaged Navier Stokes (RANS) models. Castro & Epik 
[2], among others, have shown that the recovery process is typically a very 
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(a) (b) 

Figure 1. Side view of 2D APG boundary layer, a) Spatially developing flow, b) Initial and 
deformed domain of time-developing strained-channel idealization. 



long one, involving delicate balances between various terms in the transport 
equations. The implied challenge to both turbulent simulation and RANS pre- 
dictions, coupled with its technical importance, motivates the present study. 

In this work, we use DNS to consider the behaviour of an idealized turbulent 
boundary layer as it responds to the sudden application and removal of an 
APG. In parallel with the DNS study, RANS models are used to calculate the 
same flow and their performance in reproducing the flow statistics is assessed. 
Our ultimate goal is to isolate features in common turbulence models which 
are responsible for the model’s ability/inability to accurately predict perturbed 
boundary layers. 

2. Approach 
2.1 DNS 

The DNS emulates a spatially developing low-Mach-number APG boundary 
layer using an uncomplicated plane-flow geometry with no uncertainty on 
boundary conditions. This is achieved by simultaneously applying in-plane 
wall motion and straining the domain of an incompressible turbulent channel 
flow. 

The in-plane wall motion duplicates the bulk deceleration of an APG, reducing 
the wall shear stress by causing the difference between the mean centreline ve- 
locity Uc and wall velocity to decrease. The applied strain reproduces the ir- 
rotational plane-strain (streamwise compression with wall normal divergence) 
found in an APG. Spatial changes are thus replaced with temporal ones, as 
the channel turbulence is subjected to the deformation history from the spatial 
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case. The strain field imposed is spatially uniform such that Ui = AijXj with 
dAijjdxj = 0 where Aij = dUijdxj, which steps from zero to a constant 
value at t = 0. The streamwise and wall-normal strains are equal and opposite 
with the streamwise compression An = dU/dx < 0 while the wall-normal 
divergence, A 22 = dVjdy > 0. To maintain volume continuity An = — A 22 . 
The corresponding wall motion u^j{t) is specified such that when viewed in 
the reference frame attached to the moving walls, the centre-line velocity sat- 
isfies Uc{t) = Uc{0) ex.p{Ant) and thus decreases with time at a rate set by 
the uniform deceleration An < 0. 

This approach has the advantage of producing the desired perturbation while 
maintaining a simple parallel-flow geometry. Additionally since the Reynolds- 
averaged statistics from the DNS satisfy a one-dimensional unsteady prob- 
lem, model testing can be carried out quickly and efficiently. Two principal 
features captured by the DNS are the divergence of the outer-layer stream- 
lines and the weakening (and possible reversal) of the mean wall-shear stress 
Tu). Absent features are streamline curvature and, on flow separation, the de- 
tached/curved shear layers that result from the eruption of the near-wall vortic- 
ity. The reversed-flow layer remains very thin with this approach. 

The DNS is generated by the fully spectral method described in [3] and applied 
to the case of a relatively weak APG, with A 22 = —An, chosen to be 31% 
of r^r(0)/(^(0), the ratio of the initial friction velocity to the initial channel 
half-width. Simulations have been carried out using initial Reynolds numbers 
Re^ = Ur6/u of 360 and 600 . Additionally for the Re^ = 600 case the APG 
has been removed after a finite time and the flow has been allowed to recover 
towards the unstrained steady state. The strain is removed instantaneously at 
time t — tji while simultaneously the acceleration of the walls is halted such 
that the wall velocity is maintained at Uc{t)/Uc{^) = exp{AntR). 

Results for the Re^- = 390 case are taken from [4]. Because the flow is un- 
steady they are one ensemble with 21 samples. Additionally symmetry is in- 
voked thereby doubling the number of samples. The Re^- = 600 results are 
new and are derived from a single run, again doubled by symmetry. For both 
cases there is periodicity in the streamwise and spanwise directions allowing 
plane averages to be produced for the cross-channel profiles at each time. 

The new code used for the Re^ = 600 case is a development of that used for the 
Re^- = 390 case. The original code was written for a serial machine and had to 
be converted for use on the new UK based HPCX IBM Power4 machine and 
a Cray T3E. This involved conversion from the NASA language Vectoral [11] 
to Fortran 90, and addition of the MPI message passing calls necessary for the 
parallel architecture. Initial steady state conditions were calculated using 8000 
HPCX CPU hours, while the strained run was carried out on the Cray T3E 
using 40,000 CPU hours. 
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(a) 



(b) 



Figure 2. DNS and model histories of wall shear stress, a) Rer(0) = 390 taken from [4] 
h)Rer (0) = 600. , BL; , SA; , LS; , SST; x , DNS. 



2.2 Models 

Four models have been tested for the same conditions under which the DNS 
was carried out. When applied to RANS models these conditions reduce to a 
one dimensional time-developing problem. The models are, in order of com- 
plexity, the Baldwin-Lomax (BL) algebraic model [1], the Spalart-Allmaras 
(SA) one-equation eddy-viscosity transport model [8], the Launder-Sharma 
(LS) low-Reynolds-number k-e model [5] and the Menter Shear-Stress Trans- 
port (SST) model [6]. These were chosen as they have current or historical 
relevance to aerospace CFD applications. 

Numerical solutions were produced with each model using the unsteady finite- 
difference code described in [12]. 400 grid points between the channel wall 
and centre were used, which were monotonically clustered near the wall, with 
the first grid point 0.12 initial wall units above the wall in all four models. For 
the Rcr = 390 case a fixed time step of 1.25 x 10“^ was used for all but the 
SST model which required a time step of 3.125 x 10“^. For the Rcr = 600 
case all the models used a fixed time step of 4.0 x 10“^. These values generate 
grid independent results. Well defined initial conditions were developed by a 
steady-state version of the code and it was verified that the unsteady version 
would hold these values when Aij = 0. 
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Figure 3. a) Velocity profiles b)DNS profiles of Reynolds stress normalized by initial u^. 

, Initial unstrained Profile; , Moser et. al. Rcr = 590 DNS data [7]; Q, A 22 t = 

0.19; ■, A22t = 0.33;A, A22t = 0.44 



3. Results 

3.1 APG Region 

Fig.2 shows the history of the wall shear stress for the two Reynolds numbers, 
normalized by the initial wall shear stress. The Rcr = 390 case, (a), shows the 
behaviour from the initiation of the strain until flow reversal has been achieved. 
This can be considered to be analogous to separation in boundary layers; the 
behaviour of the models when compared to the DNS qualitatively agrees with 
that found for spatial cases. The BL model shows its usual (for sub-sonic 
cases) underestimation of the wall shear stress while the LS model remains 
completely unreversed during the time period under investigation. The perfor- 
mance of both the one-equation SA and two-equation SST models is encour- 
aging and demonstrates how model accuracy does not always correlate directly 
with model complexity. A more complete study of the models for the applied 
strain period can be found in [12] 

3.2 Relaxation Region 

The initial results produced for the relaxing flow case reconfirm the notion that 
relaxation is indeed a slow process. The results here show a single realization 
where the flow has been strained for a period of 0.19 time units (such that the 
channel walls are 21% further apart than before the strain was first applied) 
and then has been allowed to relax. At present the DNS has been continued 
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(a) 



(b) 



Figure 4. a)DNS profiles of Turbulence Kinetic Energy normalized by initial uj. , 

Initial un-strained Profile; , Moser et. al. [7] Rct = 590 DNS data; Q, ^ 22 ^ = 0.19; 

A 22 t = 0.33;A, A 22 t = 0.44 b) Profiles of wall shear stress during relaxation when RANS 

models are relaxed from the same wall shear value; , BL; , SA; , LS; 

,SST; x,DNS. 



for approximately 1.5 times the strained time period and as can be seen, the 
flow is far from that of a steady state flow. This is consistent with the findings 
of Castro & Epic [2] who showed that it took 7 1 boundary layer thicknesses 
for the velocity profile of an equilibrium boundary layer to form following a 
separation bubble. Our mean centreline flow at present has been convected 16 
channel half- widths. It should be noted however that the wall shear in our case 
is only reduced to 0.5 of its original value rather than full separation. 

If we look at the mean velocity profiles (Fig.3a) we can see that the major de- 
viation from the pre-strain profiles is in the outer region. From the point of 
relaxation we see a slow drop in the outer-layer velocity which corresponds 
with the expected behavior. Past works have shown the velocity reduces to 
lower than the log-law levels and then rebounds. On continuation of the simu- 
lation it is likely that this effect will be seen. The Reynolds shear-stress profile 
(Fig. 3b) shows the maximum of the profile becomes less well defined and con- 
tinues to move towards the centre of the channel even after the removal of the 
strain. Correspondingly the Turbulent Kinetic Energy’s (TKE) peak (Fig.4a) 
broadens, however there is an increase in the total TKE of the flow. For this 
to occur there must be an imbalance between the production and dissipation. 
When further work is carried out and more ensembles obtained, examination 
of the budgets can be carried out to further study this. 
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When considering the performance of the turbulence models under these con- 
ditions there is a difficulty in isolating the performance of the models solely 
under the relaxing conditions. It can be seen from Fig.2b that if the perfor- 
mance is judged on a combination of both the strained and the relaxed sections 
of the flow, the models which perform well under strain tend to continue that 
good performance in the relaxed region. When the strain was halted at a the 
wall shear value corresponding to the DNS results rather than a specified time 
the performance of the models can be judged more on their performance during 
the relaxation process. Here again we see in Fig.4b that those models which 
perform well under strained conditions behave in the most realistic manner, 
although at this point in the relaxation process it is difficult to see an overall 
trend. 

4. Conclusions 

Initial findings of a study on the behaviour of turbulent wall layers under and 
recovering from an APG have been presented. For the case where the strain is 
applied, simulations have been carried out at a higher Reynolds number than 
previously considered. The performance of the models tested here at the new 
Reynolds number was found to be comparable to the lower Reynolds number 
for the time period investigated. The initial simulation results produced for 
the relaxation case confirm again the fact that recovery is a comparably slow 
process and that the simulation method has the possibility of giving insight into 
the relevant dynamical mechanisms. 
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Abstract We present Large-Eddy Simulations (LES) of the turbulent compressible flow in 
a curved and an S-shape duct of square cross section. The aim is to predict the 
three-dimensional structures which develop inside the cooling channels of heat 
exchangers and which dominate the heat transfer with the heated wall. We first 
consider a curved duct with one curvature only and then an S-shape duct with 
two opposite curvatures. We observe the formation of Gortler vortices which 
are moved close to the convex wall by the radial pressure gradient between the 
two curved faces. These are associated with a secondary flow of over 20% of 
the stream wise velocity. We determine the influence of wall heating and con- 
secutively consider the case of concave wall heating and of convex wall heating. 
Due to the secondary flow associated with the Gortler vortices, we observe an 
enhancement of the heat flux in the first case and an inhibition in the second 
case. 



Keywords: Turbulence, heat transfer, large eddy simulation 

1. Introduction 

The prediction of heat and mass transport processes in curved ducts is of in- 
terest for engineering applications like compressors, turbines, cooling ducts of 
rocket engines. Several experimental and theoretical investigations have been 
performed to study the turbulent flow within a curved duct without any heat- 
ing: Hunt (1979), Hoffmann (1985), Humphrey (1981), Kim (1994) and Saric 
(1994). These works have brought to light the destabilizing effect of the con- 
cave wall when the convex wall has conversely a stabilizing action. Resulting 
from this centrifugal instability, vortices, called Gortler vortices, appear on the 
concave wall and an intense cross-stream flow develops. Numerical studies 
have been performed by Humphrey (1981), Silva (2003): the difficulty lies 
in the correct prediction of this cross-stream flow (called secondary flow) and 
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of the related turbulence characteristics. As far as the relationship between 
Gortler vortices and heat transfer is concerned, Toe et al (Toe (2002)) have 
experimentally investigated the boundary layer over a concave heated wall of 
a duct. Yee et al. (Yee (1980)) have numerically looked at the influence of the 
Gortler vortices on the heat exchanges over a curved heated wall for a laminar 
flow. No numerical work has yet been devoted to the study of the combined 
effect of curvature and heating in a closed duct for turbulent flow. We here 
perform Large Eddy Simulation (LES) to investigate the turbulent flow and the 
associated turbulent structures in a curved duct and an S-shape duct of square 
cross-section. After the presentation of the numerical procedure (section 2), we 
first study the turbulent flow within curved ducts without any heating (called 
isothermal duct). We then consecutively consider two distinct configurations 
of heating: heating applied on the concave wall and applied on the convex 
wall. The heating of the concave-convex wall of the S-shape duct combines 
the two different heating types. Our main goal is here to investigate the mutual 
influence of the Gortler vortices and the heat transfer. 

2. Numerical Methods 

We solved the LES modified three-dimensional compressible Navier-Stokes 
equations. The subgrid-scale model is the selective structure function model 
proposed by Lesieur and Metais (1996). To complete the Navier-Stokes fil- 
tered equations, we use three supplementary relations and equations: (i) the 
Sutherland empirical law to describe the molecular viscosity variation with 
temperature, (ii) The gas is considered as an ideal gas with the corresponding 
equation of state, (iii) The turbulent Prandtl number is equal to 0.6. 

Curvilinear coordinates are used and the equations are discretized with a fully- 
explicit McCormack scheme (Kennedy (1997)), second order in time and 
fourth order in space. 

Two configurations of ducts, having a square cross section, are represented 
on Figure 1 . The first duct presents only one curvature, whereas the second 
one exhibits a double curvature with a concave-convex wall on one side and a 
convex-concave wall on the other side (S-shape duct). The curved computa- 
tional domain has a length of 12.6 in the streamwise direction (5) where 
Dh is the hydraulic diameter. The curved section starts at a distance 2.4 Dh 
upstream from the inlet and extends 5.3 downstream from the exit of the 
duct. The curved part is defined by a curvature radius measured at the center- 
line chosen to be 9.5 79/^, and an angle of 30^. 

For the S-shape duct, 15 long, an oblique straight section separates both 
curved regions and a long straight outlet of length 6 is added as a recovery 
region. Both angles for the curved parts are equal to 20^ and the radius of cur- 
vature measured at the centerline is equal to 6.5 79/^. 
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The parameters of the simulations are the following: Reynolds number, Re — 
6000 based on the mean bulk velocity Ub (see Salinas (2002) for definition); 
Mach number Ma = 0.5; molecular Prandtl number Pr = 0.7. A nonuniform 
numerical mesh is used with 160 * 50 * 50 nodes, in the streamwise direc- 
tion (called s), in the direction normal to the curved walls (called n) and in 
the spanwise direction (called z) respectively. In the n and 2 : directions, an 
hyperbolic-tangent stretching is utilized : the first node closed to the wall is 
situated at 1.8 wall units. We here use the same grid resolution than Salinas 
and Metais (2002) for the straight duct with the same Reynolds number: these 
authors indeed showed that such a resolution is sufficient to obtain good com- 
parisons with DNS and laboratory experiments. 




3,4 Dh 4,9 Dh S Dh Dh 2 Dh 4 Dti 2 Dh 6 Dh 



Figure 1. Geometry of computational domains 

The boundary conditions consist of a no-slip condition for the velocity, and a 
uniform temperature imposed on the four walls. One original feature of the 
present computation is that a fully developed turbulent state is achieved at the 
duct inlet thanks to the simultaneous computation of a periodic duct which 
provides a turbulent field at each instant. The inflow and outflow boundary 
conditions are obtained through the use of the characteristics conditions pro- 
posed by Poinsot and Lele (Poinsot (1992)). The reader can refer to Salinas 
and Metais (2001) for further details. 

3. Isothermal ducts 

We first consider ducts with all walls at the same imposed temperature Tyj. Fig- 
ure 2 clearly shows the formation of two intense Gortler vortices in both ducts 
(curved and S-shape). These are clearly visible through positive Q isosurfaces 
where Q is the second invariant of the velocity gradient tensor, which con- 
stitutes a good way to identify intense vortices (Hunt (1988), Dubief (2000)). 
The destabilization of the flow occurs on the concave wall but the pressure 
gradient between the inner and outer curved walls implies a displacement of 
the longitudinal vortices towards the convex face. On figures 3 and 4, we rep- 
resent the mean velocity projected in sections perpendicular to the mean flow 
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Figure 2. Visualization of Gortler vortices by Q-isosurfaces : a) S-shape duct, b) Curved 
Duct 



showing the secondary flows : this allows to follow the flow development as 
we move downstream. We defined mean quantities as the averaging in time. A 
similar behavior can be observed at the beginning of the curved duct and of the 
S-shape duct. Due to the curvature, the centrifugal forces as well as the radial 
pressure gradient increase. Insofar as the balance between these two terms is 
not reached, a secondary flow directed from the concave to the convex wall 
appears mainly localized near the side wall of the duct. Eventually, this trans- 
verse flow generates two cells near the convex wall (see figure 3b and figure 
4b). As we move downstream these two cells come closer together generating 
an important ejection in the middle plane of the convex wall. They are also 
at the origin of two recirculating vortices, counter-rotating with respect to the 
main two vortices, and localized in the far corners of the convex wall and the 
side walls. In the S-shape duct, the effects of the second curvature can be ob- 
served on figure 4c and d, we observe as before the formation of a secondary 
flow directed from the concave to the convex wall, which is now located at 
the bottom of the duct. This eventually yields the appearance of recirculating 
vortices localized near the bottom wall. 

In figure 5a and b, we represent the maximum value of secondary flow inten- 
sity defined as Imax{s) = nY^iXn^z {^ ^ function of the down- 
stream distance in the duct. In the inlet part, the maximum intensity represents 
about 2% of the bulk velocity, as found by Salinas (2002) in the straight duct. 
Right from the beginning of the curved part (first dotted line) the cross flow 
intensifies reaching around 24% of the bulk velocity for the curved duct and 
21% for the S-shape duct. Note that the maxima are reached near the end of 
the curved parts. For both ducts, the oblique part induces a net decrease but 
the intensity is still much stronger than at the inlet. For the S-duct, the second 
curve causes another rise but of lower intensity than the first one, it corresponds 
to the new vortices created near the concave-convex wall of the duct. An ex- 
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a) 




b) 





Figure 3. Mean velocity vectors projected on cross-sections of the curved isothermal duct 
showing the secondary flows for : a) s/Du = 3.6 at the beginning of the curved part, b) 
s/Dh = 6.7 at the end of the curved part, c) s/Dh = 8.32 at the beginning of the oblique part 
, d) s/Dh = 12.4 at the outlet. The concave wall is at the bottom and the convex wall is at the 
top of each section. 




Figure 4. Mean velocity vectors projected on cross-sections of the S-shape isothermal duct 
showing the secondary flows for : a) s/Dh = 2 at the middle of the first curved part , b) 
s/Dh = 5 at the middle of the oblique part, c) s/Dh = 7.5 at the beginning of the second 
curved part, d) s/Dh = 13 at the middle of the outlet part. The concave-convex wall is located 
at the bottom of each section. 



amination of the turbulent energy, defined as A: = \{u'iu'i), near each curved 
wall at different stream wise positions confirms these effects. As shown in fig- 
ure 6, the turbulence intensity rises near the concave wall: the peak intensity 
is enhanced by 25% as compared to the straight duct. Conversely, it declines 
strongly close to the opposite convex wall by about 75%. After the curvature. 
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Figure 5. Maximum of mean secondary flow intensity in the non-heated a) curved duct, b) 
S-shape duct, the vertical lines delimit the beginning and the end of curvatures. 



the maximal value near the concave wall tends to recover its value at the inflow. 
In the S-shape duct, the same trend can be observed with a systematic increase 
of the turbulent kinetic energy close to the concave wall and a decrease close 
to the convex wall. This confirms the destabilizing effect of concave curvature 
and stabilizing for convex one, also found by Humphrey (1981), Kim (1994), 
Silva (2003). 




Figure 6. Turbulent kinetic energy at zjDh = 0.5. On the left, in the curved non-heated 
duct for - s/ Dh = 1, - - 5 / Dh = 3.6, ... s/Dh = 12.4 a) near the concave wall, b) near the 
convex wall. On the right, in the non-heated S-shape duct for - s/Dh = 2, - - 5/D/, = 7.5, ... 
5/ Dh = 13 c) near the concave-convex wall, d) near the convex-concave wall 



4. Heated curved ducts 

We now discuss the heat transfer effects in curved and S-shape ducts. We here 
neglect gravitational effects and all the changes are due to compressibility. In 
the curved duct, we simulate two distinct cases to study the influence of the two 
different types of curvature on heat transfer. Firstly, the temperature of the con- 
cave wall is taken equal to three times the temperature on the three other walls. 
Secondly, heating is applied on the same way but on the convex wall. For the 
heated S-shape duct, the temperature of the concave-convex wall is similarly 
taken equal to three times the temperature on the three other walls. In figure 7, 
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we represent the secondary flows in the curved duct for both cases of heating. 
The intensity of the secondary flow attains values up to 5% of the bulk velocity 
at the inlet s/Dh = 1 in each case. This increase arises not only close to the 
heated wall but also on the sidewalls. After the curvature, at s/Dh = 8.32, 
curvature effects are still dominant. We may however observe some significant 
modifications of the flow structures induce by the heating. When the convex 
wall is heated, the two Gbrtler vortices are further apart and have an enhanced 
intensity with a vorticity of 1.2 Uh/Dh versus 1.05 Ub/Dh in the non-heated 
case. When the concave wall is heated, the normal flow away from the concave 
wall is stronger than in the non-heated case but this ejection can not develop 
since it opposes the transverse flow coming from the convex wall associated 
with the two Gortler vortices. On figure 8, we represent the cross stream flow 
in the heated S-duct. As mentioned earlier, the secondary vortices near the 
heated wall are intensified: here, we see that two vortices appearing near the 
concave-convex wall at s/Dh = 13 are much larger than in the non-heated 
case. Figure 9 shows the mean heat flux, Qw(s, z) = \waih 




Figure 7. Mean velocity vectors projected on two cross-sections of each curved heated ducts 
: a) concave heated wall at s/Dk = 1, b) convex heated wall at s/Dh — 1, c) concave heated 
wall at s/Dh = 8.32, d) convex heated wall at s/Dh ~ 8.32. The concave wall is at the bottom 
and the convex wall is at the top of each section n. 



{k being the thermal conductivity) in the central plane of the ducts non- 
dimensionalized by its averaged value on the whole heated wall, 



Qwm — 






n 

JO JO 



l2ADh 



Qw{^i z)dsdz^ 



for both cases of heating in the curved ducts (see Fig. 9a) and in the S-shape 
duct (see 9b). As shown by Salinas and Metais (2002), strong ejections in the 
middle plane of the heated wall induce a strong reduction of the heat flux in that 




534 



DIRECT AND LARGE-EDDY SIMULATION V 




Figure 8. Mean velocity vectors projected on four cross-sections of the heated s-duct for a) 
s/Dh = 2, b) s/Dh = 5, c) s/Dh = 7.5, d) s/Dh = 13. The concave-convex heated wall is 
at the bottom of each section. 



plane : indeed, the transport of the hot fluid away from the heated wall gives 
rise to a region where the temperature is quasi-homogeneous. It is associated 
with weak temperature gradients and therefore weak heat fluxes. When the 
convex wall of the curved duct is heated, the heated wall sees first the formation 
of ejections in its straight part before the curvature and second the formation of 
a strong normal flow associated with the Gortler vortices. Both ejections imply 
a continual decrease of the heat flux in the duct central plane. Conversely, when 
the concave wall is heated, the early decrease in the straight part is followed 
by a strong increase. This second stage is attributable to the formation of the 
Gortler vortices which induce an intense transport of cold fluid away from the 
convex towards the concave hot wall: this amplifies the temperature gradients 
near the concave wall and consequently the heat flux. At the end of the curved 
part, the difference between the two fluxes is maximal: concave wall heating 
yields a heat flux five times higher than convex wall heating. Downstream from 
the curved part, the intensity of the Gortler vortices decreases. The ejection of 
hot fluid near the heated convex wall is weaker, therefore the heat flux increase 
slightly. It implies also a reduction of the secondary flow intensity driving cold 
fluid from the core toward the heated concave wall, this means a weaker heat 
flux. For the S-shape duet, we observe similar effects. The first curved wall is 
associated with an increase of the heat flux since the heated wall is concave. 
A diminution due to the oblique straight part follows. When the heated wall 
becomes convex, the formation of two new counter-rotating structures near 
this wall enhanee the ejeetion of hot fluid implying a sharp decrease of the heat 
flux. 
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Figure 9. Mean heat flux in the duct central plane non-dimensionalized by its averaged value 
on the heated wall a) in the curved duct with heating applied on the concave wall on the 
convex wall - - b) in the S -shape duct on the heated concave-convex wall 



5. Conclusion 

LES of the turbulent flow in curved and S-shape ducts of square cross-section 
have been carried out to investigate curvature effects. We have observed that 
an intense secondary motion develops perpendicular to the mean flow, due to 
the imbalance between the centrifugal force and the radial pressure gradient. 
In the curved duct two quasi-steady counter rotating vortices of Gortler type 
appear near the convex wall. In the S-shape duct, the two successive curvatures 
generate four longitudinal structures. We have next investigated the combined 
effects of curvature and heating and separately considered the case of heating 
applied on a concave wall and heating applied on a convex wall. In agreement 
with previous findings, we observe that the application of heating on a duct 
wall yield the formation of an ejection in the central plane of the heated wall. 
In this study, we found that when the concave wall is heated, the ejection from 
the heated wall has difficulties to develop since it is in competition with the 
normal flow away from the convex wall associated with the Gortler vortices. 
In that case, the heated flux are important ought to the enhanced temperature 
gradients near the heated wall. When the convex wall is heated, the heating 
enhances the ejection of hot fluid away from the heated wall associated with 
the Gortler vortices. This strong ejection of hot fluid corresponds with a very 
weak heat flux near the heated wall. 
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Abstract The flow in an S-duct at Reu = 2Ubhvn/o = 13, 800 was modeled by large- 
eddy simulation, using a Lagrangian-dynamic eddy-viscosity subgrid-scale mo- 
del and a non-orthogonal grid system. The stabilizing and destabilizing effects 
due to convex and concave curvature were predicted by the numerical method. 
The major changes in the turbulence occurred in the regions of curvature change, 
where the boundary layers were subjected to pressure gradients. The instanta- 
neous streamwise velocity fluctuations showed a regular, well-organized pattern 
of low- and high-speed streaks, probably due to the Taylor-Gortler vortices com- 
monly seen in boundary layers near concave surfaces. An unsteady separation 
region, with multiple recirculation bubbles, was observed in the transition region 
between the convex and concave regions. 

Keywords: Large-eddy simulation, curved ducts, turbulence. 

1. Introduction 

The effects of streamline curvature on turbulence have been the subject of var- 
ious studies and it is well-known that concave and convex curvature respec- 
tively increase and decrease radial mixing relatively to a flat surface (Karman, 
1934; Bradshaw, 1973; Patel and Sotiropoulos, 1997). The destabilizing effect 
of the concave surfaces is enhanced by the presence of Taylor-Gortler vor- 
tices, which transport streamwise momentum in the wall normal direction and 
increase turbulence production by a secondary-strain field. The importance 
of these vortices in the instability of laminar curved boundary layer is well- 
established (Saric, 1994), but in turbulent flows their presence is more difficult 
to visualize. Works like Petitjeans and Wesfreid, 1994, suggest that they are 
only promoted by non uniformities in upstream flow. 
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A review of experimental and numerical studies of curved flows can be found 
in Patel and Sotiropoulos, 1997. We only point out that most of the exper- 
imental or numerical works (Barlow and Johnston, 1988; Moser and Moin, 
1987; Lund and Moin, 1996) study the effect of a single curvature. The study 
of curvature changes received less attention, despite the practical importance 
given by the occurrence in many engineering devices. 

Our objective is to present the results of large-eddy simulations of the flow in 
an S-duct. This flow has all the possible curvature changes involving flat sur- 
faces, concave and convex curvatures and was previously studied by Bandy- 
opadhyay and Ahmed, 1993, who used an S-shaped wind tunnel. Our goal is 
to provide both statistical data and instantaneous flow visualizations. In this 
article we report the results of an initial simulation at a lower Reynolds num- 
ber than the experimental work. In the next section, the numerical model and 
technique used will be described. The numerical results will be presented and 
some conclusions will be drawn. 

2. Model 

The continuity and the Navier-Stokes equations for the filtered velocity and 
pressure fields are: 



dui 

dt 



dUr 

dxi 



= 0 , 



d{ujUi) 2 d^Ui 

dxj Ref, dxjdxj 



dTjj _ ^ 

dxj dxi 



( 1 ) 

( 2 ) 



The equations were made dimensionless by the bulk velocity at the inlet Uf, 
and the duct half-height at the inlet hin', the bulk Reynolds number is thus 
defined as Rcf, = 2Ubhin/v, where u is the kinematic viscosity of the fluid. 
Tij = UiUj — UiUj are the subgrid stresses, modeled in this study using the 
Lagrangian dynamic approach proposed by Meneveau et al., 1996. 

2.1 Physical domain and boundary conditions 

The physical domain was an S-shaped duct, composed of an initial flat section, 
two curved sections and another flat section, each one (flat or curved) 504 mm 
long; the radius of the curves was also 504 mm. The walls were slightly di- 
vergent (with an angle of 0.2°), to keep a near-zero pressure gradient along 
the centerline. At the inlet section the distance between the two walls was 
2hin = 102 mm and 2hout = 116 mm at the outlet. The spanwise width of 
the computational domain was irhin- This is the same geometry as used in the 
experimental work, with the exception that in the experiment side-walls were 
present, whereas in our simulation periodic boundary conditions are used, and 
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the simulations were conducted at Reiy = 13, 800, while the experiments were 
at Rei) = 50, 400. Calculations at a higher Reynolds number are underway. 

To mimic the experimental setup, which at the inlet section had two boundary 
layers separated by an inviscid core, we used the rescaling technique proposed 
by Lund et al., 1998, with a boundary-layer thickness S/hin = 0.08. Since the 
Reynolds-number of the LES was lower than that of the experiment by a factor 
of four, the local Reynolds number (based on free stream velocity and mo- 
mentum thickness) is Reg = 60. Under these conditions, the applicability of 
the rescaling method (which was based on high Reynolds-number considera- 
tions) is dubious. Therefore, we also performed calculations in which isotropic 
turbulence was added to the mean velocity profile obtained with the rescaling 
and others in which the instantaneous velocity profile from a fully developed 
turbulent channel-flow calculation was imposed at the inlet. 

At the walls, no-slip conditions were used, while the convective condition 
duijdt + Ubdui/dx = 0 was used at the outlet. To avoid any perturbation 
from the outlet condition in the region of interest, a buffer layer of length lOhin 
was appended to the physical domain. 

2.2 Numerical technique 

The differential equations were discretized on a non-staggered grid using the 
finite volume approach and a coordinate transformation to calculate the deriva- 
tives with respect to the Cartesian directions. Both convective and diffusive 
fluxes were approximated by second-order central differences. The temporal 
discretization was performed using a fractional-step procedure and a Runge- 
Kutta scheme with four sub-steps and third-order accuracy. The Poisson equa- 
tion was solved by an iterative SIP method, and the code was parallelized by a 
domain-decomposition technique with MPI message-passing routines. 

3. Results and Discussion 

A grid refinement study was performed, to assess the accuracy of the simula- 
tions. Four different grids were used: a coarse grid with 320 x 80 x 48 nodes 
(streamwise, wall-normal and spanwise directions), an intermediate one with 
484 X 96 X 64 nodes, a fine one with 724 x 112 x 96 nodes and a very fine grid 
with 932 X 112 X 128 nodes. The grids were uniform in the spanwise direction 
and stretched in the wall-normal direction using a hyperbolic tangent function. 
In the streamwise direction they were stretched near the inlet and expanded 
near the outlet; the very fine grid was also refined in the region of curvature 
change (where the streamwise spacing was half of that in the fine one). 

The skin-friction coefficient (Cf = 2r^ / pU^) obtained with the different grids 
is compared in Fig. la. Differences exist mainly in the top wall, where the 
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boundary layer separates intermittently; elsewhere, the three finest meshes 
seem to have reached convergence. 



c 




Figure 1. Skin friction coefficient distribution obtained from simulations using different grids 
(a) and different inlet conditions (b). 



A comparison performed between the different inlet conditions (rescaling, iso- 
tropic turbulence and fully-developed channel-flow), using the coarse grid, 
showed differences in the skin-friction essentially limited to the first flat sec- 
tion (Fig. lb). An increase in Cf near the inlet in the simulation performed 
with the rescaling was due to the low Reynolds-number effects, that caused the 
thin boundary layer to revert to a laminar profile. After the end of the first flat 
section (location A), however, the differences between the various simulations 
are small. Other comparisons also indicated that the inlet conditions do not 
affect significantly the flow after the first curvature change. 

3.1 Mean statistics 

The results presented in this section are from a simulation performed with the 
very fine grid and the developed channel-flow inlet condition, which was pre- 
ferred to the rescaling technique. The near-wall flow experiences a favorable 
pressure-gradient (FPG) when the convex curvature begins, and an adverse one 
(APG) when the concave curvature begins. The acceleration or deceleration of 
the near-wall flow has significant implications both on the dynamics of the 
mean flow and on the turbulent eddies: the FPG has a stabilizing effect on tur- 
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bulence, the APG a de-stabilizing one; unsteady separation could be observed 
(at this Reynolds number) whenever there was an APG. 




Figure 2. Mean velocity (a), turbulent kinetic energy (b) and shear stress (c) profiles at 
s/h;n =8.9 (A), 9.9 (B), 14.8 (C), 19.8 (D), 24.7 (E), 29.6 (F) and 34.6 (G). 



The mean velocity, turbulent kinetic energy (k = {u'^)/2) and Reynolds shear- 
stress ({u'v^)) profiles at several locations are shown in Fig. 2. The mean ve- 
locity profile is symmetric in the first flat section (section A), but becomes 
asymmetric at the beginning of the first curve (section B). In the first curve, 
it becomes fuller close to the concave wall (section C), due to the enhanced 
mixing caused by the curvature (Lund and Moin, 1996) and amplified by the 
pressure gradients in the transition to the curve (APG on the bottom wall, FPG 
at the top). Also, the mean velocity normalized by the local friction veloc- 
ity (Ur = remains below the logarithmic law on the concave side, 

above it on the convex one, as in Moser and Moin, 1987. The pressure gradi- 
ents and the curvature cause the turbulent kinetic energy and Reynolds shear 
stress to increase on the concave wall, decrease on the convex one. Moser and 
Moin, 1987, observed the same behavior, but found that the differences be- 
tween the two sides are decreased if the local wall-stress is used to normalize 
the data. In our case they remain significant even under this rescaling, which 
can be due to the smaller radius of curvature in our calculation (lower by a 
factor of 8), and also to the intermittent separation that was observed in the 
transition between the flat and the concave regions, due to the APG, which 
decreases the mean wall-stress and increases the asymmetry of the normalized 
profile. The growth of the turbulent kinetic energy on the concave wall is due 
to {v'‘^) and while {u'‘^) varies little; on the convex side, all the normal 

stresses decrease. 
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The separation in the transition between the two curves (near section D) in- 
creases turbulence production and interacts with the curvature and pressure- 
gradient effects to create larger modifications of the turbulence in the second 
curved section (since the entering flow is already significantly out of equilib- 
rium) and to increase the Reynolds stresses. In the second curve, as in the first, 
stronger changes occur on the concave side: the turbulent kinetic energy and 
the shear stress display a two-layer structure, with one peak near the concave 
wall, and another closer to the duct center (sections E and F), a behavior also 
observed in the boundary layer over a bump Wu and Squires, 1998. The near- 
wall peak in the turbulent kinetic energy is displayed only by the stress 
and results from the recovery of the inner shear production corresponding to 
the sudden friction increase and the formation of a new internal layer; the in- 
ternal layer with the decaying peak further away from the wall is a remnant 
of the one formed by the adverse pressure gradient and most of its turbulent 
kinetic energy comes from the and {w') stresses. 

The transition from the second curve to the final recovery region follows a 
behavior similar to the previous one. The flow separates near the bottom wall, 
enhancing the turbulence production and, therefore, increasing the turbulent 
kinetic energy and the shear stresses (sections F and G). In the final recovery 
region the flow relaxes to the flat-plate laws (section G). 

3.2 Instantaneous fields 

Contours of the streamwise velocity fluctuations in two planes close to the 
lower and upper walls display a very regular array of low- and high-speed 
streaks on the lower wall in the curved regions (Fig. 3). Their spacing is ap- 
proximately hin or 200 wall units (using the value of Ur at the beginning of 
the curved section). The streaks are more coherent and well-organized than 
typical in flat-plate boundary layers — compare with the first flat section or 
the recovery region. This could be due to the FPG in the transition between the 
two curves (which tends to make the streaks longer, see Piomelli et al., 2000); 
however, since the streaks appear well before that transition, it is more likely 
that the cause are well-organized roll cells or Taylor-Gortler vortices that form 
near concave surfaces. The streamlines in the cross-plane (n — s) confirm this 
conjecture. 

In the transition between the two curves the flow was found to separate in- 
termittently. The long-time averaged streamlines show a single bubble along 
the wall. Instantaneous visualizations, however, highlight a complex topology 
with two bubbles, whose size and positions are time-dependent (Fig. 4). Fur- 
thermore, near the wall, a very small bubble rotating in the opposite direction 
of the large ones can be observed at some instants, and a reattachment of the 
main flow (as in Fig. 4b) at others. 




LES of a flow with multiple streamwise curvatures 



543 






Figure 4. Instantaneous streamlines near separation at different times. 



4. Conclusions 

The large-eddy simulation of the flow in an S-shaped duct was performed. 
This flow can be considered composed of elementary blocks: the first flat re- 
gion, the first curve, the second curve, the final recovery region and the tran- 
sitions between any two consecutive regions. The boundary-layer features in 
the transition regions were essentially dictated by the pressure gradient (favor- 
able if it was going to a convex or leaving a concave region and adverse if 
it was going to a concave or leaving a convex region) and not by the curva- 
ture. In the curved regions we observed an increase of turbulent activity on 
the concave side, a corresponding decrease in the convex one. The convex- to- 
concave curvature transition region exhibited an instantaneous separation with 
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two bubbles, whose size and position were time dependent, and periods of 
reattachment between the bubbles. This separation caused also the flow in the 
second curved region to be significantly different from that in the first one. The 
boundary layer exhibited intermittent separation every time it was subjected to 
an adverse pressure gradient, which increased the turbulence production. 
Visualization of the streamwise turbulent fluctuations showed coherent struc- 
tures along the concave walls; these well-ordered structures are an indication 
of the presence of Taylor-Gortler vortices. 
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Abstract LES computations have been carried out in a geometry involving three co- 
annular swirling jets. Three explicit models are compared to the case without 
any explicit model. The influence on the mean values have found to be small, 
while the fluctuations are influenced in the developing region of the jets. The 
magnitude of the dissipation effect is dominating over other effects of the sub- 
grid scales (such as backscatter and non-local effects). Using implicit dissipation 
(based upon the numerical scheme) is not a problem if the spatial resolution is 
adequate and when the inertial sub-range is well resolved. Three SGS models 
for the scalar transport equations have also been evaluated. The passive scalar is 
affected both by the momentum SGS terms as well as the SGS term of the scalar 
equation. 

Keywords; LES, SGS, IMP, DDM, SSM, EDM, Swirl 

1. Introduction 

The increasing environmental restrictions, in particular with respect to levels 
of N Ox, require the development of new combustion technologies. Lean pre- 
mixed or partially premixed combustion is a method for reducing the forma- 
tion of so-called thermal NOx- However, lean combustion is inherently less 
stable. In addition, the flame has to be anchored within the chamber. In most 
gas turbines this flame-holding is achieved by the inflow swirl. At sufficiently 
high levels of swirl an internal recirculation zone is formed. This increases the 
residence time of the fuel and helps to re-ignite eventually unburned mixtures. 
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A crucial problem for such burners is related to the instability of the flame. A 
common source of such instability is believed to be related to thermo-acous- 
tical mechanisms. In addition, one finds fluid-dynamical instabilities due to 
swirl and the shear-layers of the co-annular jets. These instabilities lead to 
vortex-breakdown, precession of the separation bubble and the possible forma- 
tion of multiple modes of spiral type, occurring also in the turbulent regime. 
Axi- and asymmetric instabilities in low Reynolds number flows have been 
studied experimentally, recently by Loiseleux and Chomaz [6]. 

Another essential factor for combustion is the turbulent mass transfer of the 
injected fuel. Inhomogeneities of the fuel-air mixture, besides contributing to 
flame instability, often leads to "hot spots" and as a result to the increase of 
emission levels. Naughton et al. [7] observed enhaneed mixing in the case of 
swirling jets, as compared to the non-swirling counterparts. The better mixing 
was explained by the authors with the increased turbulence levels and longer 
residence time. 

Here, LES computations of the isothermal flow field in a gas turbine com- 
bustion chamber are presented. Previous studies on the same geometry [11] 
revealed high sensitivity of the flow field to the combustion chamber size and 
swirl level, while the Reynolds number was found to be less important. The 
present paper focuses on the influence of the SGS models on the flow field and 
mixing. Three explicit SGS models are considered (Scale Similarity Model, 
Dynamic Divergence Model and Exact Differential Model) both for the mo- 
mentum and scalar transport equations. The results are compared with the 
base case involving no explicit SGS model. In a different co-annular swirling 
flow field Gullbrand et al. [3] obtained small differences in the mean values 
corresponding to different SGS models. However, they observed significant 
influence on the turbulent fluctuations. 

2. Problem description 

We consider the flow field in a geometry corresponding to a single burner of 
a gas turbine combustion chamber. Three co-annular swirling jets are injected 
into the combustion chamber, providing 8%, 17% and 75% of the total mass 
flux, respectively. The swirler vanes have angles of 45^,38^ and 52^. In the 
computations all lengths are normalized with the outer diameter of the outer 
swirler. The combustion chamber has a rectangular cross section of 3x3 diam- 
eters and a length of 8 diameters. 

3. Numerical methods 

The flow is considered to be incompressible and isothermal. Mixing has been 
studied by injecting a uniformly distributed, passive scalar through the middle 
swirler. The Schmidt number is taken to be equal to unity. 
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The computational domain is discretized using a Cartesian staggered grid with 
the possibility of having local refinements in regions with high gradients. Each 
refinement level implies halving the grid size in all three-directions. The finest 
local grid has 64 intervals, in each direction, across the inlet. A retrospective 
study shows that the spatial resolution is by an order of magnitude smaller 
than the computed longitudinal Taylor micro-scale in the proximal part of the 
burner. Thus, the spatial resolution is more than adequate for LES. The solver 
is based on the finite differences method with third order discretization of the 
convective terms and fourth order discretization of the diffusive terms, respec- 
tively. Implicit iterations are used for the Navier-Stokes equations and an ex- 
plicit four-step Runge-Kutta method for the scalar transport. 

At the inlet constant values of the velocity components are imposed comply- 
ing with the given mass flow and swirl angle through each of the co-annular 
inlets. The resulting Reynolds number, based on the outer swirler diameter, 
is 20000. No-slip velocity is imposed on the side-walls, while at the outlet 
flux-conserving zero gradient boundary conditions are applied. 

3.1 Tlirbulence modeling 

Eddy viscosity based models rely highly on turbulence isotropy. This is not 
the situation in most practical applications. Nejad et al. [8] demonstrated that 
k — e based models cannot handle swirling flow fields in their standard form. 
Repp et al. [10] concluded that Reynolds-stress closure models predict better 
the main features of the flow field, however, the spreading rate of the jets were 
underestimated. In contrast to these turbulence models. Large Eddy Simula- 
tions (LES) have the potential of handling not only non-isotropic turbulence, 
but also transitional flows and flows that contain, in addition to turbulence, also 
coherent structures. These characteristics are features of the swirling flows un- 
der consideration here. 

Three different explicit SGS models are compared with the base case, which 
is a computation without an explicit SGS model (denoted as IMP in what fol- 
lows). The three models are based on different ideas and they are described 
shortly in the following subsections. 

3.1.1 No explicit SGS model (IMP). One of the purposes of the SGS 
models is to account for the dissipation of energy at the scales smaller than 
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the grid size. The truncation error of the numerical discretization has also 
a dissipative effect, which should be taken into account even when explicit 
SGS models are used. As it was pointed out by Olsson and Fuchs [9], this 
numerical dissipation is of the same order of magnitude as the SGS stress itself, 
when the resolution of the grid is high enough. In the IMP approach, the only 
physical effect that is accounted for is dissipation of turbulent kinetic energy 
on the small scales. This is achieved by the discretization scheme itself. The 
magnitude of the numerical dissipation can be estimated by: 



Dj,j 



1 

4 



Un 




(4) 



3.1.2 Scale Similarity Model (SSM). The SSM is based on the as- 
sumption that the resolved and unresolved stresses have similar behavior for 
different filters. In the computations, the model proposed by Liu et al. [5] is 
used: 



Uj C L(UiUj UiUj^ (5) 

The first filter (denoted by bar) was considered to be the implicit filtering by 
the discretization, while the second filter was a Gaussian filter with a filter size 
equal to the double grid size. The model constant. Cl, was imposed to be 
unity. 

3.1.3 Dynamic Divergence Model (DDM). The dynamic SGS model 
proposed by Germano et al. [2] has a drawback due to the fact that the single 
model parameter is not uniquely determined. To avoid this difficulty, and to 
account for possible anisotropy of the SGS mode parameter. Held and Fuchs 
[4] proposed to apply the dynamic procedure to the divergence of the SGS 
stress tensors. In this way one parameter will be obtained for each direction. 
The model parameter is computed for each direction by: 



Cd = 



L 






Pik,k 



( 6 ) 



where Lijj = Tijj — Tijj = {uiUj — UiUj)j is the divergence of the resolved 
stress, Tijj = CdPijj the divergence of the Subtest Stress Tensor, and Tijj = 
CdOiijj the SGS stress tensor. For further details refer to [4]. 



3.1.4 Exact Differential Model (EDM). One may show that by requir- 
ing specific forms for the averaging kernel, an (almost uniformly) exact de- 
filtering can be computed from the filtered data [1]. By applying directly the 
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explicit relation between the filtered and unfiltered data, Fuchs [1] obtained 
explicit expressions for the SGS stress tensor: 






= -A2( 



duj duiu 



dt 
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dx 



'] I dujUj 

dxi 
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dp 
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Ui 
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(7) 



where tilde denotes the Laplacian of the variable. The expression includes 
both space- and time-derivatives which shows that the SGS model can be only 
approximately expressed in terms of local variables and spatial-gradients. 



4. Results and discussions 

4.1 Flow turbulence 

The swirling flow forms a large central recirculating region. Smaller recircu- 
lating regions are formed near the comers of the combustion chamber. The 
different SGS models yield very similar results in terms of the extent of the 
recirculation regions (both the primary and near the comers). However, down- 
stream of the primary recirculation zone one can observe the effects of the SGS 
terms. These effects are seen in the mean velocity distribution at downstream 
stations. 

The radial profile of the mean axial velocity component at 0.5 diameters down- 
stream is shown in Figure 1 . One can observe that the jets are merged already 
at this distance. Furthermore, the velocity profiles are almost identical, indi- 
cating no influence of the SGS models in this region. Further downstream the 
influence is more evident. Figure 2 presents the axial velocity profile along 
a radial line at four diameters. A stronger recirculation can be observed for 
DDM and IMP. For the tangential velocity profile (See figure 3) a near solid- 
body rotation is observed. The different SGS models behave similarly, except 
the SSM, which resulted in higher angular speed. 

Table 1 compares the Max and L2 norms of the divergence of the SGS stresses 
computed by the different models. Additionally, the magnitude of the numer- 
ical dissipation (estimated by (4)) is given. The SGS stresses are evaluated 
on a grid with a spacing of H = 0.0625. As one can observe, the numerical 
dissipation is significantly larger than any of the explicit SGS models. This 
may explain the low influence of the SGS models on the mean velocity values. 
The magnitude of the SGS stresses is similar in streamwise and spanwise direc- 
tions. DDM predicts larger SGS stresses than SSM or EDM. It should be noted 
that the estimate of the truncation errors is applicable only for the smooth com- 
ponents of the solution and the values given here are overestimated, since they 
are based on the instantaneous data. Hence, the primary comparison should 
be in terms of the size of the explicit SGS models. For example, here as for 
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Figure 1. Average axial velocity at 
Z=0.5 



Figure 2. Average axial velocity at 
Z=4.0 



other developing jets, [3], the strong backscatter of the SSM leads to faster 
development of the jet as compared to DDM or EDM. 



Table 1. Comparison of the SGS stresses on level 5 with grid spacing H=0.0625 







Max Norm 






L2 Norm 




Direction 




y 


z 




y 
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IMP 


779086.3 


760826.4 


955673.9 


13967.2 


12853.8 


16209.7 


DDM 


239126.8 


431006.7 


302219.4 


3082.4 


3320.1 


4052.3 


SSM 


108811.7 


120260.2 


82077.0 


2952.1 


3096.2 


3120.2 


EDM 


77498.6 


100287.6 


76826.0 


1379.5 


1393.9 


1409.2 



The sensitivity to SGS is larger for the fluctuating components. The SGS ef- 
fects are mostly pronounced for the SSM, as compared to the other cases (Fig- 
ure 4). Further downstream, however, all four models give similar levels of the 
velocity fluctuations. Along the centerline (not shown here) the highest rms 
values are obtained at around two diameters, corresponding to the central part 
of the internal recirculation zone. 

The turbulent kinetic energy spectra at a point situated on the symmetry axis 
at one diameter downstream are presented in Figures 5 and 6 for the implicit 
and DDM models, respectively. In the case of the DDM model the spectrum 
follows the —5/3 line, on a wider range. One can observe that the ratio of 
the cut-off frequencies is two for the considered cases, due to the presence of 
explicit filtering in DDM. 
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4.2 Mixing of passive scalar 

Mixing was studied by evaluating a passive scalar injected at the second 
swirler. For the scalar transport equation three explicit SGS models were 
considered corresponding to the three explicit momentum SGS models: Con- 
centration Dynamic Divergence Model (CDDM), Concentration Stress Simi- 
larity Model (CSSM) and Concentration Exact Differential Model (CEDM). 
These models are evaluated in comparison with a case without any explicit 
SGS model for the scalar transport. 

Figure 7 shows the mean and rms values of the passive scalar along a radial 
line situated at one diameter downstream of the nozzle. The four lines cor- 
respond to results obtained with the different concentration SGS models. For 
the momentum equations no explicit model was used so that the effects of the 
SGS for the scalar can be isolated. The CIMP and CSSM models give similar 
results. The results obtained with the CDDM and CEDM models are also close 
to each other, however they predict higher concentration values with approxi- 
mately 10%. The rms values present even larger differences. The lowest levels 
of fluctuations are predicted by the CSSM model. The largest scalar fluctua- 
tions were obtained using the CDDM model, the values are between 50-100% 
higher than in the CSSM case. 

When using only the momentum SGS models, their effect on the scalar can 
be assessed. The results of the average concentration values reveals significant 
influence of the SGS models. The largest difference between the mean scalar 
concentrations are as much as 40% in the central part. EDM gives the lowest 
scalar concentrations, while the maximum values are obtained with the SSM 
model. The influence on the rms values is less pronounced (except the results 
corresponding to EDM). The results show that the momentum SGS model has 
a weaker effect on the scalar concentration fluctuations, than the SGS models 
of the scalar transport equation. 

5. Concluding remarks 

Three explicit SGS models for the momentum equations have been compared 
with a case without any explicit model. It was found that the influence on the 
mean velocity components is small. This is due to the fact that the magnitude 
of the explicit SGS models is small as compared to the order of magnitude of 
the dissipation due to the numerical discretization. This dissipation, however, 
is not unphysical since the inertial sub-range is well resolved by the compu- 
tational grid. The SSM model produced larger velocity fluctuations than the 
other models close to the inlet region, while far from the inlet all models pre- 
dieted similar values of turbulent intensity. 

Three SGS models for the scalar transport equations were evaluated as well. 
Both the mean and rms concentration values were largely influenced by the 
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Figure 7. Mean (top) and rms scalar con- 
centrations along a radial line at Z=l, com- 
puted with different concentration SGS 
models 



Figure 8. Mean (top) and rms scalar con- 
centrations along a radial line at Z= 1 , com- 
puted with different momentum SGS mod- 
els 



concentration SGS model. The momentum SGS models were found to influ- 
ence more the mean values than the concentration SGS models, whereas the 
rms profiles were affected in the opposite manner. 

6. Acknowledgements 

The financial support from the Swedish Research Council (VR) is greatly ac- 
knowledged. The authors would like to thank as well the computational facil- 
ities provided by the super-computing center at Lund University (LUNARC) 
and the Swedish National Supercomputer Center (NSC). 

References 

[1] Fuchs, L. (1996). “An Exact SGS-Model for LES,” In Advances in Turbulence, Kluwer 
Academic Publishers, Gavrilakis, L., Machiels, L., and Monkewitz, P.A. (editors), pp.23- 
26. 

[2] Germano, M., Piomelli, U., Moin, P, and Cabot, W.H. (1991). “A Dynamic Subgrid-scale 
Eddy Viscosity Model,” Phys. Fluids A, Vol. 3, pp. 1760-1765. 

[3] Gullbrand, J., Revstedt, J., and Fuchs, L. (1999). “A Comparison of Subgrid Scale Models 
for Large Eddy Simulation of a Co-Annular Swirling Flow Field,” First Int. Symposium 
on Turbulence and Shear Flow Phenomena, Banerjee, S. and Eaton, J.K. (editors), pp.747- 
752. 





554 



DIRECT AND LARGE-EDDY SIMULATION V 



[4] Held, J., and Fuchs, L. (1997). “Large Eddy Simulation of Compressible Separated Flow 
Around a NACA 0012 Wing Section”, AIAA paper 97-1931. 

[5] Liu, S., Meneveau, C., and Katz, J. (1994). “On the Properties of Similarity Subgrid-Scale 
Models as deduced from Measurements in a Turbulent Jet,” J. Fluid Mech., Vol. 275, pp. 
83-119. 

[6] Loiseleux, T., and Chomaz, J.M. (2003). “Breaking of rotational symmetry in a swirling 
jet experiment,” Phys. Fluids, Vol. 15(2), pp. 51 1-523. 

[7] Naughton,J.W., Cattafesta, L.N., and Settles, G.S. (1997). “An experimental study of com- 
pressible turbulent mixing enhancement in swirling jets,” J. Fluid Mech., Vol. 330, pp. 271- 
305. 

[8] Nejad, A.S., Vanka, S.P., Favaloro, S.C., Samimy, M., Langenfeld, C. (1989). “Application 
of Laser Velocimetry for Characterization of Confined Swirling Flow”, J. of Engineering 
for Gas Turbines and Power, Vol. Ill, pp. 36-45. 

[9] 01sson,M., and Fuchs,L. (1996). “Large Eddy Simulation of the Proximal Region of a 
Spatially Developing Circular Jet”, Phys. Fluids, Vol. 8, pp. 2125-21 37. 

[10] Repp, S., Sadiki, A., Schneider, C., Hinz, A., Landenfeld, T, Janicka, J. (2002). “Predic- 
tion of swirling confined diffusion flame with a Monte Carlo and a presumed-PDF model”, 
IntlJ. of Heat and Mass Transfer, Vol.45, pp. 127 1-1 28. 

[11] Szasz, R.Z., Caraeni, D.A., Fuchs, L. (2001). “Study of mixing in swirling turbulent jets,” 
A. Pollard and S. Candel (editors.), lUTAM Symposium on Turbulent Mixing and Com- 
bustion, pp. 221-233. 




4.4 FLOW CONTROL AND FLUID-STRUCTURE 
INTERACTION 




LES OF CONTROLLED TURBULENT FLOW 
OVER A ROUNDED STEP 



Jens Neumann and Hans Wengle 

Institut filr Stromungsmechanik und Aerodynamik, LRT WE 7 

Universitdt der Bundeswehr Munchen, 85577 Neubiberg, Germany 

hans.wengle@unibw-muenchen.de 



Abstract The influence of a passive (no external energy input) and an active (via energy 
input) control method on the flow characteristics of a turbulent separated and 
reattaching flow is investigated. A surface-mounted fence and an oscillating 
blowing/suction jet are utilized as passive and active control method, respec- 
tively. The impact of these methods is analyzed here for a flow with (a freely 
evolving) separation along a smoothly contoured convex surface. The results 
of large-eddy simulations (LES) of the turbulent flow over a rounded step at 
Reh = 9100 reveal the importance of properly chosen control parameters which 
can lead to significant reductions of the size of the recirculating flow region. 

Keywords: separation, reattachment, passive and active control, LES 

1. Introduction 

In many technological applications, flow control is applied to overcome the 
negative consequences (e.g. performance degradation) arising from the sepa- 
ration of a wall-bounded flow. One criterion (among others) for the classifi- 
cation of separated flows is to distinguish between separation fixed by sharp 
edges of the surface geometry and separation from smooth surfaces caused by 
adverse pressure gradients (Alving and Fernholz, 1996). For the development 
of control approaches in the past, studies of the physical and technological 
background were performed mainly based on the former category (denoted as 
geometry-induced separation) with the control applied to reduce the size of 
the separated flow region as much as possible. Especially for the extensively 
studied configuration of the flow over a backward-facing step with a fixed sep- 
aration at the step edge, significant size reductions are reported for a number 
of different control approaches (see e.g. in Neumann, 2003). The goal of the 
present work is to adapt these methods to a flow with separation caused by an 
adverse pressure gradient which is generated by a mild convex curvature of the 
surface geometry. In this context, large-eddy simulations (LES) are performed 
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in order to assess the effects of the control, to detect dependencies on certain 
control parameters and to elucidate the underlying flow physics. 

The scope of this study is restricted to a flow with an oncoming turbulent 
boundary layer and a two-dimensional geometry. For this purpose, the flow 
over a smoothly contoured (rounded) step at a Reynolds number of Re^ = 
9100 (based on the step height, /i, and the free-stream velocity, Uoo) was se- 
lected. A detailed experimental database (Song, 2002) is available for this 
flow. In a first step, the results of uncontrolled LES with different grids are 
validated in comparison to this experiment. Then, two particular open-loop 
control methods are applied: a passive method (no external energy input) us- 
ing a small surface-mounted fence placed upstream of separation and an active 
method (via energy input) realized by a thin spanwise jet with time-periodic 
blowing/suction. The setup for the passive method can be compared with the 
non-oscillating version of the backward-facing step experiments of Miau et al., 
1991. Similar methods of control by increasing the turbulence level upstream 
of separation are described in Isomoto and Honami, 1989. The active method is 
adapted from the experiments of Chun and Sung, 1996 for the backward-facing 
step. This method was also applied for diffusor flows by Obi et al., 1993 and 
Brunn and Nitsche, 2003. Viswanath et al., 2000 report on separation control 
of a rounded step flow using tangential blowing. 

2. Numerical approach 

The code MGLET, used here, is a finite- volume solver for the incompress- 
ible Navier-Stokes equations on staggered cartesian non-equidistant grids. A 
second-order central scheme is used for the spatial discretization. For the time 
advancement, an explicit second-order time step (leapfrog) is utilized. The 
dynamic Smagorinsky subgrid scale model is used. In order to represent ar- 
bitrarily shaped bodies (e.g. the rounded step) within the cartesian grid, an 
immersed boundary condition (Tremblay et al., 2002) is applied. 

A fine grid with ' Ny ^ Nz = 1008 • 160 • 303 grid cells in streamwise (x), 
spanwise (y) and vertical (z) direction is employed for a highly resolved LES 
of the uncontrolled flow (keeping in mind the available computing resources). 
In order to assess the effects of control parameter variations (with less com- 
putational requirements), all LES with passive or active control are performed 
on a coarse(r) grid with 544 • 80 • 125 grid cells. Both grids extend over the 
same domain (L^, Ly, Lz) = (42.0, 5.0, 7.2), measured in units of h. The in- 
flow boundary is placed I8.O/1 upstream of the origin of the coordinate system 
which is located at the beginning of the circular curvature (with radius 6.05/i) 
of the rounded step (stt figure 7). 

For the passively controlled cases, the control fence with a moderate height, 
Hf, is positioned at Xf. The proper choice (of the combination) of these two 
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Figure 1. Schematic view of the flow 
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Figure 2. a) Mean streamwise velocity, (f/), b) streamwise (Umis) and c) vertical (ic,rn.s) 
velocity fluctuations at X= —6.67: fine grid LES (full line, wall-nearest cell center at +), 
coarse grid LES (dashed line, wall-nearest cell center at x), experiments of Song, 2002 (circles), 
direct numerical simulation (DNS) of Spalart, 1988 at Ree = 1400 (triangles) 



parameters mainly determines the control success in the backward-facing step 
case (Neumann and Wengle, 2003). The active control jet is realized by im- 
posing a time-periodically varying velocity for the wall-nearest grid cells at a 
position X(). Then, the corresponding forcing amplitude, A^, and frequency, 
Stb = fbh/Uoo, are the two other important control parameters. The oscillat- 
ing jet is prescribed in wall-normal direction for all active control cases. 

For the generation of the oncoming turbulent boundary layer, rescaled fluc- 
tuations from a downstream position X — x/h = —6.7 are superimposed 
to a mean boundary layer profile at the inflow plane X = —18.0 (Manhart, 
1998). Periodicity is assumed in the spanwise direction. Slip and zero-gradient 
boundary conditions are utilized at the top and back (outflow) end of the com- 
putational domain, respectively. 

3. Results 

LES validation. For the oncoming turbulent boundary layer at a reference 
location X — —6.7, only moderate deviations between the experiments and 
the LES on both grids can be observed from figure 2. From the profiles of the 
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Figure 3. Mean streamwise velocity component, (U), and fluctuations, Urms‘. fine grid LES 
(full line), coarse grid LES (dashed line), experiments of Song, 2002 (circles) 



streamwise (Urms) and vertical (Wrms) velocity fluctuations, some freestream 
turbulence becomes visible which is apparent only in the experiments. Further- 
more, the reduced experimental rms-values in the region ZjS [0.2; 0.6] are 
explained by Song, 2002 as a (downstream) remnant of an upstream convex 
curvature (Gillis and Johnston, 1983) of the experimental apparatus. 

The displacement and momentum thickness of the oncoming turbulent 
boundary layer at X = —6.7 are slightly underpredicted (within a 10% range) 
showing a trend to less deviations from the experimental reference at a finer 
LES grid. Based on the momentum thickness, 0, the Reynolds number is 
Rcq ^ 1100. In figure 2, the rms-profiles of a DNS of Spalart, 1988 at 
ReQ — 1400 are included. The grid resolution in viscous units (based on the 
friction velocity, C/^, at the reference location X — —6.7) is (AX+ = 5 ... 52, 
AY'^ = 14, AZ+ = 5 . . . 41) for the fine grid and (AX+ = 18 ... 114, 
AY~^ = 28, AZ+ = 9 . . . 120) for the coarse grid. 

From the profiles of the mean streamwise velocity, ([/), and its fluctua- 
tions, Urrns^ in figure 3, it can be seen that throughout the entire domain the 
agreement between the LES and the experiment (Song, 2002) is quite sat- 
isfactory. In the region of the separated and reattaching shear layer (within 
X = [1.33; 6.67]), the -profiles of the LES exhibit higher maximum val- 
ues at slightly too large distances from the (bottom) wall. Despite increasing 
the total number of grid points (from coarse to fine resolution) by a factor of 
more than 8, these deviations from the experiment decrease only slightly. 
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4.9 




r/_02_c0 


passive: 




Hf = 0.33 


II 

1 

b 


2.9 


3.9 


-71% 


r/_02_cl 


passive: 




Hf = 0.20 


0 

1 

II 


2.7 


4.2 


-57% 


r/_02_c2 


passive: 




0 

b 

II 


,\Xf = -2.0\ 


2.8 


4.0 


-66% 


rb -02 -cO 


active: 


Sh = 0.20, Ah = 0.5Loo, \Xb = 0.0| 


2.3 


4.5 


-37% 


rb-02-cl 


active: 


Sh = 0.05, 


Ah = 0.5Uoo, Xb = 0.0 


2.1 


4.6 


-29% 


rb-02-c2 


active: 


Sh = 0.20, 


\Ab = 0.5U^l\Xb = 1.3| 


— 


— 


-100% 


rb -02 -c3 


active: 


Sh = 0.20 1 


CO 

II 

-0 

b 

II 


2.4 


4.3 


-46% 


rb-02-c4: 


active: 


o- 

II 

0 

b 


CO 

T— 1 

II 

CM 

b 

II 


1.5 


4.9 
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Sh = 0 . 10 , 


A,,=0.2U^, Xb = 1.3 
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Table 1. Mean separation, (Xs), and reattachment, (Xr ), location and deviation of the mean 
longitudinal backflow length, A(Xr-s) = A((X,) - (X.s)), from the uncontrolled case 
(r_02_c) 



The time-averaged streamwise positions of separation, {Xg), and reattachment, 
{Xr), are 1.3 and 4.5 in the experiment versus 1.2 (1.4) and 4.7 (4.9) for the 
fine (coarse) grid LES, respectively. Compared with the experimental data, 
the resulting deviations of + 9 % (+9%) of the mean backflow length, {Xf) — 
(Xg), for the fine (coarse) grid LES are somewhat higher than for the LES of 
Wasistho and Squires, 2001. 

Controlled flow. In table 7, the control parameters and results of the con- 
trolled LES cases (with the coarse grid) are listed. Parameter variations dis- 
cussed below are displayed in boxes. The change of the mean backflow length, 
A{Xr-s) = X{{Xr) — {Xg)) (compared with the uncontrolled coarse grid 
LES named r_02_c), was selected to measure the control success. 

For the passively controlled cases, the fence height, Hj, and its streamwise 
position, Xf, was varied. Significant reductions of the mean backflow length 
of more than 50% can be observed for all three cases (table 7). For the higher 
fence, and for the position closer to the rounded step (at a constant height Hf — 
0.2), the control success is improved. However, the optimum position, Xf for a 
maximum reduction of the mean backflow length, depends on the fence height, 
Hf, and is therefore very likely different for both investigated fence heights. In 
this context, a generally higher potential for decreasing the backflow length can 
be presumed for an increasing fence height. These assumptions are supported 
by (sharp-edged) backward-facing step results (Neumann and Wengle, 2003). 
Three parameters are varied for the actively controlled cases, the frequency 
(Stb), the amplitude (A},) and the position (represented by the streamwise po- 
sition, Xif) of the oscillating jet. The frequency St\) — 0.2 is found to cause 
the strongest reductions of the mean backflow length when and X 5 are kept 
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Figure 4. Streamwise velocity fluctuations, Urms‘- unforced (r_02_c, full line), passively 
forced (r/_02_c0, long dashed line) and actively forced (r6_02_c3, short dashed line) case 



constant (table 7). An increasing energy input, i.e. increasing from 0.2Uoo 
to 0.5[/oo, leads to an increased control success (at constant Sti^ and X^), At 
constant values of 54 and the downstream position = 1.3 (located 
near the mean separation point, (A^), of the uncontrolled flow) yields a shorter 
backflow length than the position A^ = 0.0. For sufficiently optimized control 
parameters, the backflow region can not only be reduced significantly in size, 
it can even disappear entirely (as in case r6_02_c2). The forcing frequency 
54 = 0.1 of case r6_02_c5 corresponds to a Strouhal number St^ = 0.011 
based on the momentum thickness, 0, at the separation point, (A^) = 1.3, of 
the uncontrolled flow. The weak control success (—6%) at this forcing fre- 
quency (compared with the much stronger backflow reduction of —46% for 
case r6_02_c3 at 5t^ = 0.2) shows that the optimum frequency of the actively 
controlled flow over the rounded step does not correspond to the optimum fre- 
quency 54 ~ 0.01 found for the (sharp-edged) backward-facing step (Chun 
and Sung, 1996). 

Comparing the passive and active control approach with regard to its impact on 
the flow, profiles of the streamwise velocity fluctuations, Urms^ and snapshots 
of the instantaneous structure of the backflow region are displayed in figure 
4 and figure 5, respectively. Beside the uncontrolled case (r_02_c), two rep- 
resentative controlled cases (r/_02_c0, r6_02_c3) are selected to simplify the 
comparison. The 1/^^5-profiles at A = 1.0, i.e. downstream of the passive 
control fence (at Ay = —4.0) but upstream of the active blowing/suction jet 
(at A^ = 1.3), reveal an increased turbulent activity of the oncoming passively 
controlled flow and virtually no (upstream) influence of the active control (fig- 
ure 4). For the passive control, the enhanced turbulence levels in the region 
far away from the bottom wall (Z > 1.0) decrease only slightly with increas- 
ing streamwise distance from the rounded step. Furthermore, the -peaks 
of the separated and reattaching shear layer for the passive control are much 
less distinct than for the uncontrolled flow. At A = 3.0 close to the wall, i.e. 
inside the recirculation zone relatively close to separation (for all cases), both 
control methods provoke increased fluctuations which are damped below the 
uncontrolled level further downstream (close to reattachment and in the rede- 
veloping boundary layer region). For the actively controlled flow downstream 
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Figure 5. Isosurfaces of the instantaneous stream wise velocity component U = 0.0 (gray) 
for the unforced (r_02_c), passively forced (r/_02_c0) and actively forced {rb.02.c3) case 



of reattachment, the damped -peaks (at Z 0.5) indicate an accelerated 
relaxation of the redeveloping boundary layer in comparison with the uncon- 
trolled flow (Neumann, 2003). 

In contrast to the uncontrolled flow, the instantaneous spanwise structure of 
the passively controlled backflow region is disrupted in single backflow pack- 
ets which can reach a considerable height above the bottom wall (figure 5). 
Downstream of the oscillating jet, the actively controlled flow is dominated by 
two-dimensional roller structures which interact with the oncoming boundary 
layer flow. 

4. Conclusion 

Large-eddy simulations (LES) of (open-loop) controlled turbulent flow over a 
rounded step are performed to analyze the impact of two particular control ap- 
proaches on a flow with its separation induced by an adverse pressure gradient. 
A coarse grid solution (5.4 million grid cells) was successfully validated by 
comparison with a highly resolved LES (48.9 million grid cells) and experi- 
mental reference data (Song, 2002). A significant reduction of the backflow 
length between the mean separation, {Xg), and reattachment, (A^), location 
can be achieved by optimizing the streamwise position, Xf, of the passive 
control fence with respect to its height, Hf. For the actively controlled case. 
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the amount of energy input (i.e. the amplitude, Ah) needed to reduce (or even 
to erase) the mean backflow depends sensitively on a proper choice of the forc- 
ing frequency, Sth, and forcing position, Xh- It is found that the impact of the 
different control methods on the flow structure differs substantially. 
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Abstract In many industrial applications, mechanical structures like rod cluster control as- 
sembly, fuel assembly and heat exchanger tube bundles are subjected to complex 
flows causing possible vibrations and damage. Fluid forces can be split into two 
parts : turbulent forces not affected much by structure motion and fluid-elastic 
forces coupled with tube motion and responsible for possible dynamic instabil- 
ity development leading to possible short term failures through high amplitude 
vibrations. Most classical fluid force identification methods rely on structure 
response experimental measurements associated with extensive data processing. 
Owing to recent improvements in Computational Fluid Dynamics, hydraulics 
force identification is now practicable in the presence of industrial configura- 
tions. The present paper is devoted to the numerical simulation of flow-induced 
vibrations of tubes and tube bundles submitted to single-phase turbulent flows. 
Large Eddy Simulation or Direct Numerical Simulation with or without code 
coupling are applied to the prediction of turbulent or fluid-elastic forces respon- 
sible for tube vibrations in the presence or not of strong coupling effects. 

Keywords: LES, turbulence, code coupling, ALE, fluid structure interactions, flow-induced 

vibrations, tube bundles 

1. Introduction 

Numerical simulation of fluid structure interactions and particularly of tube 
flow-induced vibrations is investigated in the present paper. The purpose is 
to predict numerically tube bundle vibrations generated by single-phase cross 
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flows by using Computational Fluid Dynamics (CFD) codes involving specific 
numerical methods for multi-physic problems. As far as flow-induced vibra- 
tions are concerned, the purpose is to estimate thermo-hydraulics force effects 
on structure motion and in the same time to account for possible coupling 
between tube motion and part of fluid forces, so-called fluid-elastic forces, 
in order to predict possible dynamic instabilities enabling short term failures 
through high magnitude vibrations. These simulations are now reachable in 
configurations involving basic geometry thanks to recent improvements in 
CFD. 

Fluid forces acting on mechanical structures can usually be split into two parts: 
structure motion independent forces generated by flow turbulence patterns, 
fluid-elastic forces responsible for possible dynamic instability development 
and induced by a real coupling between flow and structure motion. Tube mo- 
tion independent forces generated by near-wall pressure fluctuations can be 
computed numerically by using CFD because they are not affected by struc- 
ture pattern and dynamic motion effects. It is possible to assume that tube 
walls are rigid and turbulent force calculation only requires a near- wall un- 
steady field computation performed on a fixed non-moving mesh. Numerical 
simulation of fluid-elastic effects requires a real coupling between mechani- 
cal models and CFD calculations accounting for wall motion effects on flow 
patterns and conversely. Such a calculation is still impracticable for industrial 
purposes through lack of sufficient numerical resources but simplified config- 
urations can be tested. 

The present paper provides an overview of three physical problems involv- 
ing flow-induced vibrations in tube bundles that can be solved by using CFD 
codes. Specific turbulence models like Large Eddy Simulation (LES) are used, 
methods for moving boundaries are required like Arbitrary Lagrange Euler 
formulation (ALE) and numerical scheme adapted to multi-physics problems 
and code coupling are presented. The first part is related to the study of tube 
vibrations generated by turbulence in the presence of weak fluid-elastic cou- 
pling effects. In the second part LES is applied to identification of flow fields 
in tube bundles in the presence of cross flows. Finally numerical simulations 
of flow-induced vibrations in tube bundles in cross flows using ALE and code 
coupling are presented in the last section and results are discussed in terms of 
tube vibration frequency according to available experimental data. 

2. Identification of turbulent force spectra using LES 
2.1 Physical problem 

When fluid-elastic effects are reduced to added mass and damping effects, 
there is no strong flow structure coupling and structure motion effects acting on 
turbulent flow patterns can be neglected. It is then possible to perform thermo- 
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hydraulics and mechanics calculations separately to study flow-induced vibra- 
tions (Longatte et al. 2001, Moreno et al. 2000). Turbulent force spectrum and 
time record can be simulated on a non-moving computational domain with a 
fixed structure by using Large Eddy Simulation (LES) and they are introduced 
as inlet data into the mechanical calculation providing the structure vibratory 
response. This computational process was applied to the prediction of a single 
tube dynamic response generated by a turbulent mainly axial flow in a non- 
confined area. The test case corresponds to a configuration previously studied 
experimentally at EDF by Granger and Perotin (1997). A tube is submitted 
to a turbulent three-dimensional flow crossing a perforated plate located just 
above the rod and generating mainly axially high turbulent fluctuations near 
the tube. Eddies are generated along the rod and finally the fluid is evacuated 
by a lateral outlet. The square test section size (260 mm) is large in front of 
the tube diameter (15 mm) and confinement effects may be neglected. Hence 
fluid-elastic effects are restricted to added mass and damping effects due to the 
fluid that can be deduced from experimental prediction. The computational 
process is described below. 

2.2 Numerical methods 

As structure motion does not affect turbulent fluid forces, fluid and structure 
calculations are performed separately. First fluid computation involving LES 
is performed with a rigid solid non-moving tube and provides unsteady flow 
fields. Near-wall fluid forces on the tube are estimated in terms of power spec- 
tral density and a modal spectral mechanical calculation is carried out to com- 
pute the tube dynamic response. Fluid force magnitude and spectrum calcu- 
lation requires near- wall refined turbulence modelling in order to capture un- 
steady pressure fluctuations. LES are becoming more and more important in 
research industrial applications, especially when accurate near-wall unsteady 
field estimates are required. In the present paper a Large Eddy Simulation is 
performed in order to compute turbulent force spectra and mean values dis- 
tributed along the rod. The Smagorinsky model was applied to the simulation 
of turbulence in plane duct for instance and good results were obtained. How- 
ever this modelling features disadvantages. For example it does not account 
for wall effects on the subgrid scale turbulent stresses unless a specific damp- 
ing function is applied to reduce the Smagorinsky constant near the wall. A 
suitable Van Driest function was used by Moin (1982) in order to improve the 
numerical scheme behaviour. Other models tending to be more efficient in 
the presence of near-wall turbulence were developed (Bardina 1989, Germano 
1992). 

In the present article the Smagorinsky modelling is used to predict turbulent 
forces acting on a rod submitted to an axial flow with Cs = 0.065. Possible 
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errors induced by the Smagorinsky modelling can be compensated by sufficient 
mesh refinement near the wall. Further studies will be carried out in order to 
compare the results obtained by using other techniques. A dynamic model 
will be considered by adjusting the constant of the subgrid scale model as a 
function of space and time. 

2.3 Numerical results 

Main numerical results deduced from LES and from mechanics calculation are 
presented below. Turbulent forces are expressed in terms of spectra and numer- 
ical solutions are validated by using comparisons with available experimental 
data. Then tube dynamic response deduced from numerical force estimates 
are compared to experimental measurements in terms of physical stress. Nu- 
merical fluid forces are compared to experimental data in Figure 1 in terms of 
power spectral density. They feature the expected patterns in terms of broad- 
band, slope and magnitude. Finally the tube mechanical response resulting 
from previously identified forces is in good agreement with experimental mea- 
sures. These results tend to show that LES provides reasonable estimates of 
fluid force spectra in the presence of complex geometry configurations embed- 
ded in turbulent flows. Accurate information is reachable about flow patterns 
responsible for structure flow-induced vibrations. Practical application to tube 
bundle vibration study is considered below. 

3. Identification of flow fields in tube bundles using LES 

3.1 Physical problem 

In the presence of high fluid-elastic effects, when tubes are subjected to cross 
flows for example, LES performed on a fixed non moving mesh may also pro- 
vide interesting information about spectra, lift and drag coefficients in tube 
bundles. Fluid forces acting on a staggered tube array in cross flows were 
identified by using a 3D LES. Numerical results were compared to solutions 
provided by DNS, 2D, 3D Rij-^ modelling and experimental data in terms of 
mean velocity and Reynolds tensor (Benhamadouche and Laurence 2002). Re- 
sults tended to show that 3D LES provides realistic flow patterns around the 
tube for further study of vibrations. 

3.2 Numerical methods 

In what follows LES are carried out in the presence of fixed in-line tube bundles 
in cross flow without structure motion in order to validate thermo-hydraulics 
fields. Calculations are carried out in reduced tube bundle cells including peri- 
odic conditions in order to reduce CPU time. The purpose is to estimate fluid 
forces acting on a fixed tube located in the middle tube of an array of fixed 
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Figure 1. Near-wall fluid force power spectral density along a tube in turbulent flow estimated 

numerically with LES (upper) and experimentally with an inverse method (lower). 



tubes. Solutions are estimated in terms of drag and lift mean and root mean 
square values. 

3.3 Numerical results 

A part of numerical results are presented below and compared for several 
Reynolds numbers to experimental measurements of Chen (1987) for a pitch 
ratio P/D=1.75 where P designates the pitch diameter and D the tube diameter. 
A comparison between numerical and experimental values of RMS of drag and 
lift coefficients is given by Figure 3. The expected tendency is retrieved by nu- 
merical solution particularly for small Re number (Chen 1987). For Re=70000 
the numerical solution obtained with LES is in good agreement with the exper- 
imental solution plotted for tube number 4 located in the middle of tube bundle 
like in the simulation. 
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Figure 2. Comparison between numerical simulation (RANS and LES model) and experi- 
mental measurement of lift (upper) and drag (lower) root mean square values for a middle tube 
(tube 4) in an array affixed tubes submitted to cross flow for different Reynolds number ( Chen 
1987). 



4. Identification of fluid-elastic forces in tube bundles 
using ALE and code coupling 

4.1 Physical problem 

To predict flow structure coupling, a fully computational process for simula- 
tion of tube bundle flow-induced vibrations was developed relying on a flow 
structure code coupling. The methodology consists in solving in the same time 
thermohydraulics and mechanics problems by using an Arbitrary Euler La- 
grange (ALE) formulation for the fluid computation (Souli et al. 2001). The 
purpose is to take into account the coupling between flow and structure mo- 
tions in order to be able to capture fluid-elastic effects. The ALE formulation 
is particularly appropriate in the presence of moving wall boundaries as bound- 
ary motion is taken into account in the fluid calculation while element shape 
properties are preserved (Bendjeddou et al. 2002). 

4.2 Numerical methods 

From a numerical point of view there are three steps in the computation : the 
fluid problem is solved on the computational domain; fluid lift and drag forces 
acting on the flexible tube are estimated ; then these forces are introduced in 
the structure problem whose computation provides the tube displacement and 
velocity used to deform the fluid computational domain. Implicit and explicit 
code coupling processes were tested. 
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In the present work this process was applied to the identification of fluid-elastic 
parameters of a single flexible tube moving in a fixed tube bundle. The fluid 
calculation is performed on a finite tube bundle cell featuring periodicity. The 
coupling process previously mentioned was applied to the prediction of tube 
vibration frequency in still water and in flow. Tube motion is generated by an 
initial displacement. Numerical results are compared to experimental data of 
Granger et al. (1993) in terms of tube frequency in fluid at rest and in flow. Re- 
sults are reported in Figure 3 and a good agreement is observed. Other config- 
urations have been tested and the same tendency was retrieved. Convergences 
in mesh and time were tested in order to ensure the validity of our results. Fur- 
ther validations are required to build numerical tools for study of tube bundle 
stability in presence of cross flows (Chen 1987, Price and Paidoussis 1996). 




Figure 3. Tube vibration frequency inflow // (Hz) in terms of gap velocity Ugap (m/s) esti- 
mated numerically (black points) and experimentally by Granger et al. ( 1993) (white points). 



Conclusion 

Numerical results presented in this article illustrate possible applications of 
CFD to the study of flow-induced vibration problems in tube and tube bun- 
dles. Classical approaches are involved in the presence of weak fluid structure 
coupling. Specific methods using moving meshes are required for the identifi- 
cation of strong flow structure interactions. Further developments are carried 
out to improve numerical tools and enable the prediction of tube bundle vibra- 
tion frequency, damping and stiffness in complex configurations. 
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Abstract In this study, the immersed boundary method of Kim, Kim and Choi (2001) is 
used to simulate the flow around a circular cylinder. The concept of the im- 
mersed boundary method is to represent complex geometries on a regular Carte- 
sian grid, enabling highly efficient calculation of a flow. First results of a simu- 
lation at Reo = 1600 are presented. Realistic values of drag and lift coefficient, 
Strouhal number and mean velocities are obtained. 

Keywords: Direct Numerical Simulation (DNS), immersed boundary, Cartesian grid, circu- 

lar cylinder. 

1. Introduction 

Several methods have been developed to simulate the presence of complex 
geometries in a turbulent flow. Different methods may be preferred to solve 
particular problems, depending on accuracy and efficiency. An ideal method 
in terms of efficiency would be one for which the addition of a complex (mov- 
ing) geometry does not cause a significant increase in computational effort. 
Immersed boundary methods offer the opportunity to solve a flow on a regular 
Cartesian grid, using a fast direct Poisson solver. Therefore, presence, shape 
and location of the immersed boundary are indifferent to the grid, making this 
class of methods highly efficient in terms of the previous definition. 

For a rigid boundary, such as has been simulated here, some of the existing 
immersed boundary methods are not very attractive. In the scheme proposed 
by Lai and Peskin (1977), rigidity must be approximated by a very stiff elastic 
interface, causing restrictions on the timestep which are too severe in relation 
to time-scales occurring in the flow. Recently, this problem has been addressed 
by Lima E Silva et al. (2003), who have adjusted the method to deal with a 
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rigid boundary. This method, however, still uses spreading of point forces 
which smears out the solution near the boundary and which is known to be 
first order accurate. 

Another immersed boundary concept, using feedback forcing, was proposed 
by Goldstein et al. (1993) and further developed by Saiki and Biringen (1997). 
For this virtual boundary method, Lee (2003) has provided a stability analysis 
and a scheme with a reasonable timestep criterion. In spite of the progress 
made, Lee suggests that there are still several issues to be resolved, concerning 
accuracy near the immersed boundary. 

Compared to the previous methods, an even more efficient forcing method was 
introduced by Fadlun et al. (2000). Following Mohd-Yusof (1997), Fadlun et 
al. (2000) enforce the no-slip condition at the boundary by simply adjusting 
velocity components next to the boundary on the fluid side of the domain. 
In spite of its efficiency and stability, the method requires a fine resolution 
near the boundary to justify the linear velocity profile that is imposed by the 
interpolation procedure. Therefore, Kim et al. (2001) propose to force the flow 
by adjusting velocity components directly within the boundary of the object. 
To our knowledge, this method has only been demonstrated in 3D for stationary 
or rotating spheres producing laminar wakes. 

In this work, the validity of the method of Kim et al. (2001) is studied in case 
of a turbulent wake evolving behind a stationary cylinder. In the near future 
we aim to extend this method to deal with moving objects. 



2. Immersed boundary concept 



The following Navier-Stokes equations for incompressible flow are consid- 
ered: 



dui duiUj 
dt dxj 



dxj 



Re dxjdxj 



and the continuity equation: 



duj 

dxi 



-q^O. 



( 2 ) 



Here, Re is the Reynolds number, Xi are Cartesian coordinates, Ui correspond- 
ing velocities and p the pressure. Furthermore, fi and q respectively represent 
momentum and mass sources. 

The concept of immersed boundary methods in general is to prescribe fi 
such that no-slip boundary conditions are simulated over an arbitrarily curved 
boundary on a regular grid. In the current method, discrete momentum sources 
fi are prescribed to fulfill the no-slip condition, but only on cell faces located 
directly within the immersed boundary (figure 1). Due to the introduction of 
the momentum sources, discrete mass conservation may be violated. There- 
fore, mass sources are introduced for cells that are intersected by the boundary. 
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■ momentum 
source 

• mass 
source 



Figure 1. Schematic diagram of the arrangement of velocity vector components, momentum 
and mass sources in the vicinity of an immersed boundary. 



3. Numerical method 

Figure 2 shows the computational domain, its dimensions and coordinate sys- 
tem. From here on, the x-direction will be referred to as the streamwize, the 
y-direction as the transverse and the 2 :-direction as the spanwise direction. 

In the streamwize direction, flow is forced by uniform laminar inflow {u/uoo = 
1 and V = w = 0) at X = — 4.25D. At x = 10.5D, a convective boundary 
condition (dui/dt + Uoodui/dx = 0) is used for outflow. Free-slip boundary 
conditions are prescribed at ^ = ±5.01? (dujdy = dwjdy — 0 and v — 0). 
For the spanwise direction, periodic boundary conditions are prescribed at 2 : = 
0 and 2 : = 7tI?. 



i?.e. 




4.250 



Figure 2. Sketch of the geometry used 




Figure 3. View of computational grid in the 
xy-plane. Only one out of four grid lines is 
shown. 



Equations (1) and (2) are spatially discretized on a Cartesian mesh. A stag- 
gered arrangement is used for the streamwize and transverse velocity, u and v. 
The spanwise velocity, w, is collocated with the pressure at the center of the 
volumes. The difference in arrangement of the velocity components is a re- 
sult of using second order central finite-differences for the discretization of the 
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non-uniform streamwize and transverse directions whereas a Fourier spectral 
method is used for discretizing the spanwise direction. 

For time integration of equations (1) and (2), the third order Adams-Bashforth 
method is used in the framework of a fractional step method with pressure- 
correction. Both the convective and the diffusive terms are treated explicitly, 



giving the following time advancement scheme: 




u* - 


23 1 6 

= -+«) + z)(+)) - + D{ur^)) 


+ 


At 






(3) 


L{P*) 




(4) 




= u*-AtG{P*), 


(5) 




= + G{P*), 


(6) 


where A, Z), G, L and DIV respectively represent discrete advective. 


diffu- 



sive, gradient, Laplace and divergence operators. 

Obviously, the momentum source in eq. (3), must be determined ahead 
of the evaluation of eq. (3)-(6). This is done as follows: the intermediate veloc- 
ities ul can be pre-determined at locations just outside the immersed boundary, 
since no momentum sources are required in their evaluation. Subsequently, the 
velocity at a location just inside the boundary, denoted by [/*, can be deter- 
mined by second order interpolation such that the i-component of the veloc- 
ity is equal to zero on the immersed boundary itself. Finally, the momentum 
source is determined from eq. (3) by substituting C/* for u* and solving for 

fn+l_ 

The mass source, q, is defined by Kim et al. as follows: 



Q 



72+1 



E 



u* n 



a 



Axi 



(7) 



where a equals 1 or 0 if a cell face respectively does or does not contain a 
momentum source and n is the unit normal vector outward each cell face. In 
this study, we have omitted the spanwise velocity components from the mass 
source. This would be permitted since continuity sources are required only for 
velocity components in a direction normal to the interface and the spanwise 
velocity component is never forced as a normal velocity, but only as a pure 
tangential velocity. Our motivation for deviating from the method of Kim et 
al. is a consequence of instabilities found when using the original definition, 
which in 3D has only shown to be effective for spheres. To explain the nature 
of the instability, using Kim et al.’s original definition, further study is required. 
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Figure 4. Time traces of the drag coefficient (left) and lift coefficient (right). 



4. Results 

In this section first results will be presented of a simulation performed at 
Reo — 1600. The grid is shown in figure 3. In a square area surrounding 
the cylinder, (|x| < 0.6D,\y\ < 0.6D), an equidistant mesh is used, where 
Ax = Ay = ^D. Downstream, the grid is stretched by 1% from cell to 
cell in the x-direction. In the ^/-direction, the grid is stretched by 2% up to 
1^1 = 2.5, subsequently increasing to 5% at |^| = 5. The total number of grid 
points used equals 352 x 256 x 64, for the x, y and z-direction. Based on 
the DNS of Tremblay, Manhart and Friedrich (2002), for which we assume the 
boundary layer to be sufficiently resolved, it can be derived that the current res- 
olution is roughly one half of what is required in the cylinder area. However, 
the current resolution was considered appropriate for a first test of the method. 
Drag and lift coefficients are easily computed for the current method by in- 
tegrating each momentum source over its discrete volume and summing all 
sources over the computational domain. Consequently, these coefficients can 
be used to monitor the development of the turbulent wake in the calculation. 

In figure 4, dimensionless drag and lift coefficients are plotted over the last 36 
time units, tUoo/D, of our simulation. From the time traces, it is clear that the 
drag and lift coefficients are just starting to fluctuate around a long-time aver- 
age. From this we concluded the wake is just reaching a fully developed state. 
Therefore, we only used data acquired over the last three shedding cycles, 64 
realizations of the flow field in total, to produce the following results. 

We determined a mean drag coefficient Cd = 114 and a Strouhal number 
St — 0.220. Let us compare these values to those reported in studies for 
Re = 3900, where Cd = 1.04,1.03 and St = 0.210,0.220 (Kravchenko 
and Moin (2001), Tremblay et al. (2002)). The mean drag coefficient, which 
depends weakly on Re for Re = 1600 to 3900, is a bit high. However, it may 
be expected to decrease as the simulation advances and also if we increase 
the domain in the transverse direction. The Strouhal frequency seems reliable, 
since it only weakly depends on the Reynolds number in the subcritical regime. 
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Figure 7. Mean streamwise velocity along the centerline of the cylinder wake. 




Figure 8. Magnitude of vorticity. Iso-surface for ujD/Uoo — 4. 



In figure 5 and 6, we present contour plots of the mean velocity component in 
the X and y-direction. In spite of the limited amount of shedding cycles over 
which data has been acquired and the limited calculation time, the profiles are 
fairly smooth, clearly displaying the features of the wake. The wiggles, ap- 
pearing between 60^ and 90^ from the front stagnation point (especially for 
the i;-component), indicate lack of resolution. Preliminary results of a simula- 
tion with Ax = Ay = in the area of the cylinder show smooth profiles 
of mean u and v. 

In figure 7, we show the mean profile of the streamwise velocity along the 
centerline of the wake. In figure 8, instantaneous vorticity magnitude is vi- 
sualized. The isosurface shows the instabilities in the the shear layers on the 
cylinder. Also, the development of the Von Karman street can be observed. 
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5 . Discussion 

For the current method, routines which calculate the momentum and mass 
sources required only 1% of the total calculation time. Placing additional ge- 
ometries in the flow will therefore increase computation time only marginally. 
This clearly demonstrates the efficiency of the method used. Although the 
present results are preliminary of nature, they promote continuation of the 
work. Obviously, simulating at Re = 3900 would be desirable, allowing di- 
rect quantitative comparison with detailed results of other researchers. At an 
improved resolution, higher order statistics of the turbulent flow field need to 
be evaluated. 
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Abstract We present a direct forcing method better suited for the use of compact finite 
difference schemes in Direct Numerical Simulation. The new forcing creates 
inside the body an artificial flow preserving the no-slip condition at the surface 
but reducing the step-like change of the velocity derivatives across the immersed 
boundary. This modification is shown to improve results both qualitatively and 
quantitatively for conventional and complex flow geometries. 



1. CONTEXT OF THE STUDY 

Despite the continual progress of computers, direct and large eddy simulation 
of turbulent flows in complex geometries remains a difficult task. For each 
flow configuration, a compromise must be specifically determined in order to 
correctly describe the physics of the flow for a reasonable computational cost 
(speed, memory requirement, code complexity). The choice of the computa- 
tional grid is well known to be crucial for the determination of this compro- 
mise. In order to take accurately small details of the geometry into account, 
the most popular method is to generate sophisticated grids following the body 
geometry. However, such grids are frequently very distorted, resulting in a 
degradation of the numerical accuracy associated with a significant increase of 
the global computational cost. 
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An alternative method to avoid the drawbacks of the body fitted approach con- 
sists in extending capabilities of codes based on simplified grids via the use 
of the ‘immersed boundary method’. The basic idea of this technique is to 
mimic the effect of a solid surface on the fluid through a forcing applied in 
the body region. This operation is performed by additional terms introduced in 
Navier-Stokes equations. Various formulations are proposed in the literature 
with various names like ‘virtual boundary method’, ‘fictitious domain method’ 
or ‘penalization method’. 

1,1 Short review of immersed boundary methods 

Here, we use the generic term ‘immersed boundary method’ introduced by [9] 
where this idea was employed to consider the full interaction between elastic 
solids and the fluid. For more simplified situations where the motion of solid 
surfaces is a known of the problem, three types of forcing can be distinguished: 
(i) feedback forcing [4], (ii) algebraic forcing [2], (iii) direct forcing [13, 3]. 
The feedback forcing is based on an artificial term that can ‘freeze’ efficiently 
the fluid in the body region through a damping oscillation process. The alge- 
braic forcing is a simplified form of the feedback one where the time integral 
term is suppressed. With this simplification, it is possible to establish a phys- 
ical analogy where the forcing can model realistically a porous medium, the 
limit case of a zero porosity corresponding to the modelling of a solid obsta- 
cle^ . Unfortunately, feedback and algebraic forcings have a common drawback 
related to their numerical stability properties. Schematically, both methods 
lead to a severe additional restriction on the time step to maintain very low 
residual velocities in locations where no-slip conditions are expected. In order 
to avoid this limitation (often very expensive in terms of computational cost), 
the use of the direct forcing technique is very attractive. In this third method, 
which introduces no additional numerical stability restriction, the boundary 
condition is ensured in a quite straightforward way by prescribing directly the 
velocity in forcing region at each step of the time integration. Finally, note 
that it can be easily shown [7] that feedback and algebraic methods can behave 
asymptotically (for a ‘vanishing porosity’) like a direct forcing method when 
their common modelling term is time integrated with a forward (implicit) Euler 
scheme. 



' This physical analogy can be exploited advantageously in order to interpret the meaning of the residual 
flow inside the modelled body (establishment of a d’Arcy law where velocity and pressure gradient are 
proportional) and to make easier the computation of the associated drag and lift [11]. Another advantage 
of this second forcing is related to its algebraic nature that offers the possibility to study theoretically its 
asymptotic convergence towards the case of a purely solid wall [1,5]. 
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1.2 Goals of the present study 

In this paper, we are interested in the strategy where the direct forcing is com- 
bined with centred finite difference schemes of high accuracy. Such a combi- 
nation is a priori problematic due to the discontinuities of the velocity deriva- 
tives created by the forcing. More precisely, the sudden application of the 
forcing inside the virtual boundary guarantees only the continuity of the 
solution whatever the spatial resolution is. The numerical code used for this 
study solves the incompressible Navier-Stokes equations discretized on a carte- 
sian collocated grid with the aid of 6^^ order compact schemes. Despite their 
very favourable accuracy properties, these finite difference schemes are a pri- 
ori not well suited for the numerical treatment of a discontinuity, even if the 
jump condition concerns only the first derivative. This problem is related to 
the quasi-spectral behaviour of compact schemes that leads to spurious oscilla- 
tions in a similar way as spectral methods in presence of discontinuities (Gibbs 
phenomenon). In preliminary calculations based on the same numerical code 
as here, [7] reported that the creation of spurious oscillations in the neighbour- 
hood of the obstacle was increased when a direct forcing was used instead of 
a feedback method. Since this problem was not mentioned in previous studies 
based on second order accurate codes [13], [3], [10], it was concluded by [7] 
that the spurious oscillations were a consequence of the spectral-like nature of 
the spatial discretization. 

In this work, we propose a direct forcing method better suited for compact 
schemes. Basically, the idea is to create inside the body a flow preserving the 
no-slip condition at the surface but reducing the step-like change of the first 
derivative of velocities across the immersed boundary. This modification is 
shown to improve results both qualitatively and quantitatively. 



2. FORMALISM 



Schematically, the direct method consists in the application of the velocity 
condition u(x, t) = uq(x, t) in the forcing region. The target velocity field 
uo(x, t) is a priori a known of the problem, at least at the locations where 
boundary conditions are expected. The discrete integration of the incompress- 
ible Navier-Stokes equations with a Adams-Bashforth scheme gives 

„n+l _ ,,n o 1 _ 

^ ( 1 ) 

At 2 2 



with 



F = — cj X u + z^Au , [ TV dt (2) 

where tt = pjp + u.u/2 is the modified pressure (p and p are the pressure 
and the constant density respectively) while u: is the vorticity field. The direct 
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forcing term takes simply the expression 

= £ (--F^ + (3) 

V 2 2 J 

with 6 = 1 in the body region and s = 0 everywhere else. Note that for sim- 
plicity, we consider only a motionless body surface (no time dependence of the 
mask function e). In this case, the simplest method to ensure no-slip conditions 
is to use a zero target velocity field, namely uq = 0. As already discussed in 
the preceding section, this simplified forcing generates discontinuities on the 
first derivative of velocities that are problematic when spectral or spectral-like 
schemes are used. In order to avoid this difficulty, the approach proposed in 
this study consists in estimating a target velocity field uq that allows the no-slip 
condition at the boundary while reducing the presence of discontinuities. 

In order to do this, a first possibility is to estimate uq as the reverse to the 
flow immediately outside the body. For instance, for a circular cylinder of 
diameter D, a quite natural choice for the target velocity is uo(r, 6^, t) = 
—u{D — r, 0, z, t) where (r, z) are cylindrical coordinates associated to the 
circular body geometry. This type of forcing has already been tested by pre- 
vious authors [13, 3] but only for the prescription of the inner velocities at 
the closest grid points to the body surface. In the present context of compact 
schemes, such a selective action would not be efficient enough due to the non- 
local character of the derivative estimation. Then, we define a target velocity 
in the full body domain as 

uo(r, 9, z, t) = -f{r)u{D - r, 9, z, t) (4) 

where the modulation function 

/(r) = sin(27rr^/D^) (5) 

is adjusted to ensure the regularity of inner velocities and to avoid the singu- 
larity at r = 0. Naturally, other choices of /(r) are possible provided that the 
three following conditions are verified (i) f{D/ 2) = 1: accurate reverse con- 
dition near the body surface, (ii) /(O) = 0: singularity cancellation and (iii) 
0 < /(r) < 1 with moderate first and second derivatives for 0 < r < D/2. For 
instance, /(r) = |[1 — cos(27rr/Z))] is another suitable modulation function. 
Here, we choose the expression (5) because it cancels slightly more rapidly 
the target velocity when r ^ 0, but it should be recognized that this choice is 
partly arbitrary. 

In addition, it is possible to apply the reverse condition only to the tangen- 
tial component of the velocity, the normal component being simply cancelled. 
Such a forcing leads to concentric streamlines inside the cylinder. Note this 
cancellation of the normal velocity inside the body does not create additional 
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discontinuities due to the incompressibility condition at the boundary that guar- 
antees a zero normal derivative for this velocity component. In preliminary cal- 
culations (not presented here), we observed that both treatments of the internal 
normal velocity (reverse condition or cancellation) lead to equivalent results. 
In the data presented below, the normal inner velocity was maintained to zero 
except for the case of the tapered cylinder where the reverse condition was 
directly applied at the vectorial level. In complex geometry, the reverse con- 
dition is easier to implement because no projection of the velocity vectors is 
necessary in order to distinguish normal and tangential components. Naturally, 
the estimation of the target velocity using (4) on a cartesian grid needs to per- 
form interpolations. Here, we only use a multilinear interpolation to prescribe 
the internal flow from the knowledge of the external one. Despite the second 
order accuracy of this procedure (which is significantly lower than the formal 
accuracy of the numerical code itself), it will be shown in the following that 
important benefits can be obtained from the use of 6^*^ order compact schemes. 
An important point is that the target velocity field is not a priori diver- 
gence free. For this reason, the verification of the incompressible condition 
^ u’^+i _ Q Ynusi be discarded inside the body by allowing a mass source/sink 
in region where e = 1. Following the approaches proposed by [13, 6], a first 
possibility is to impose Here, we use a slightly mod- 
ified condition = V. that was found to reduce more effi- 

ciently oscillations in the vicinity of the obstacle. 

In the framework of the fractional step method, several adjustments are nec- 
essary in order to eliminate the various couplings introduced by the forcing 
method. In this context, a three step advancement yields 



u* -u" 


3 ^ 


_ If”-! - + r 
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(6) 


At 
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u** — u* 

At 
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u”+i - u** 
At 


= —'Vn 


n+1 


(8) 



with the associated forcing term 

r = £ (9) 

where the target velocity is estimated by 

= -f{r)u*{D - r,e,z,t) (10) 

In first analysis, it can be expected that the splitting error introduced by the use 
of f* in (6) and u* in (10) instead of and respectively is only 
without any consequence on the final order of the time advancement. 
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(a) Velocity field plots ((,) Vorticity plots 

(c) Velocity profiles Ux{X(.yi = 5D, y) 

Figure L Comparison between two direct forcing methods with and without internal flow at 
Re = 40. The computational domain (Lx.Lz) = (20Z), 12D) is discretized on Ux x riz = 
361 X 217 grid points and the numerical code is based on Ax^ compact schemes. 



The last step is to derive a Poisson equation compatible with the condi- 
tion = V. Here, we propose to use the approximation 

V. = V. (^u**) that leads to the pressure equation 






V. [(l-s)u**] 
At 



( 11 ) 



where the conventional Poisson equation is recovered for e = 0 whereas inside 
the body, the condition ^ = 1 yields the Laplace equation. Note that other 
variations on the method are possible, especially concerning the correction step 
(8) that can be conditioned by 6: as in [13] where the pressure cells are explicitly 
masked (in this case, a two step splitting is only necessary). In this work, the 
correction by pressure gradients is performed everywhere in the computational 
domain via a fractional method in three steps. 



3. RESULTS 

3.1 Steady 2D wake at Re = 40 

The benefit of the use of a non-zero target velocity is shown in figure 1 where a 
constant flow around a 2D cylinder is considered (see the caption of figure 1 for 
details about the simulation parameters). Two cases are compared depending 
on the target velocity treatment that can be zero (no internal flow) or given 
by (4) for the tangential component. The comparison between both forcing 
methods shows clearly the improvement offered by the use of a reverse flow 
inside the body. First, the examination of the longitudinal velocity profiles 
(Ic view) obtained in each case shows clearly the more realistic near-body 
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Table 1. Comparison of statistical results obtained from various combinations between the 
forcing method and the numerical code accuracy. All DNS are performed using a computational 
domain (L, , Ly, Lz) = (20Z), 27 tD, 12D) discretized on Ux x riy xuz — 361 x 48 x 216 grid 
points. Data of DNS IF are from [7]. The streamwise location of the cylinder is Xcyi — 5D. 



DNS 


I 


II 


III 


IV 


IF 


Forcing method 


direct 


direct 


direct 


direct 


feedback 


Internal flow 


yes 


no 


yes 


no 


no 


Scheme accuracy 




Ax'' 


Ax^ 


Ax“ 


Ax'^ 


Strouhal number 


0.206 


0.196 


0.211 


0.213 


0.20 


LrxJD 


1.38 


1.55 


1.22 


\21 


1.64 


MaxlR,:,]/U'^ 


0.26 


0.20 


0.32 


0.31 


0.19 



behaviour of the velocity when the first derivative discontinuity is avoided. 
The improvement of the near-body data is confirmed by the examination of 
vorticity isocontours (lb view). Note in particular the reduction of spurious 
vorticity when a reverse flow is imposed inside the cylinder. Quantitatively, 
by comparison to previous [14] or highly resolved results, we observe that 
the characteristic length scales of the flow are predicted more accurately when 
using the new forcing with the present spatial resolution. For instance, we 
verified that this new method allows a satisfactory prediction of the length of 
the wake bubble that is = 2.30D (d=0.03D), in good agreement with [14] 
who found Lyy = 2.27D. In contrast, the use of a zero target velocity field 
leads to an overestimation of 10%, i.e., Lyj = 2. SOD (±0.03D). Finally, 
note that we verified that when the spatial resolution is increased, both forcing 
methods allow the convergence towards the correct length of the wake bubble 
while reducing considerably the spurious vorticity in the neighbourhood of the 
cylinder. 

3.2 Unsteady 3D wake at Re = 300 

In this section, we compare four DNS combining three different forcing meth- 
ods with two numerical codes based on or Ax^ (compact) centred finite 
difference schemes (see table 1 and its caption for more details about the sim- 
ulation parameters). Concerning the length scale selection, similar trends as 
for Re = 40 are recovered for this unsteady case at higher Reynolds num- 
ber. The formation length (deduced from the streamwise location where 
the Reynolds stress R^x reaehes its maximum) is better predicted using the 
forcing (4) whereas the use of uq = 0 leads to a typical 10% overestima- 
tion, in agreement with previous observations of [7] based on DNS using the 
feedback forcing method. Compared to reference values, an improvement of 
the Strouhal number prediction is also obtained. However, the comparison be- 
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Figure 2. Profiles of longitudinal velocity statistics at different streamwise locations (x — 

x,:yi)/D = 1.2, 1.5, 2.0, 2.5, 3.0. — : DNS I; : DNS II; : DNS III; : DNS 

IV; +: reference data obtained by spectral DNS based on a cylindrical grid [8]. 




Figure 3. Isosurfaces of vorticity modulus u; = l.Wc/D. Left: DNS I, right: DNS III. 



tween DNS III and IV shows that these improvements are not obtained when 
schemes are used, this insensitivity to the forcing method (with or without 
internal flow) being consistent with the previous observations of [3]. Present 
conclusions can be confirmed by the examination of {ux) and Rxx profiles pre- 
sented in figure 2 for each case. The improvement offered by the use of 
compact schemes is clearly shown, especially when the forcing with internal 
flow is applied (DNS I). Conversely, the overestimation of the longitudinal ve- 
locity fluctuations obtained for both DNS III and IV emphasizes the interest of 
the use of highly accurate schemes, even if the formal accuracy is significantly 
lower due to the forcing method itself. Note that this present overestimation 
is consistent with the results of [10] who used also a numerical code based 
on schemes. Physically, at marginal resolution, the combination of Aa:^ 
schemes with a direct forcing method seems to inhibit the 3D motions near the 
cylinder. This phenomenon can be shown not only by statistical results but also 
through instantaneous visualizations. For instance, figure 3 presents a compar- 
ison between isosurfaces of vorticity modulus obtained from DNS I and III. 
The artificial inhibition of 3D motions in DNS III is clearly confirmed, espe- 
cially through the lack of longitudinal vortices (stretched between the Karman 
structures) compared to results from DNS I. 
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Figure 4. Comparison of instantaneous vorticity visualizations. The computational domain 
{Lx, Ly, Lz) = (22Dc, 48Dc, 12Dc) is discretized on rix xuy x Uz = 397 x 385 x 216 grid 
points with L'y = 40Df and Xcyi = 7D. Data of Case B are from [12] who used a feedback 
forcing method. 





3.3 Unsteady 3D wakes in complex geometry 

In this section, two specific wake configurations are compared (see the caption 
of figure 4 for details about the simulation parameters). The case A corre- 
sponds to a flow of constant velocity U = Uc over a tapered cylinder with a di- 
ameter D{y) ranging from D 2 — Dc/2 to D\ = 3Dc/2. The case B consists in 
a shear flow (U 2 <U{y) < Ui with U 2 = Uc/2 and Ui = 3Uc/2) over acylin- 
der of constant diameter D = Dc> For each case, D{y) or U {y) vary linearly 
from y = —L'y/2ioy = Ly/2 (see figure 4) and the common Reynolds num- 
ber Rcc — UcDc/ix is 200. Hence, both flow configurations cover an equiv- 
alent range of local Reynolds number Re — UD/v with 100 < Re < 300. 
Moreover, in both cases, a local adjustment of the vortex shedding frequency 
/ on the local diameter D{y) or velocity U (y) can be expected by limiting (in 
first analysis) the deviation of the local Strouhal number St — fD/U from its 
value for a conventional wake. Note that such a local selection leads to high 
frequencies in the low Re region for case A and the opposite situation for case 
B. Naturally, this selection cannot be purely local due to the preservation of the 
coherence of the flow motion in ^-direction. The vortical organization obtained 
for each case is presented in figure 4. Despite the similarities between these 
two flow configurations, the local mechanisms of vortex shedding lead to the 
formation of well marked cells in case A whereas in case B, the main effects 
are linked to the selection of oblique structures (note however that a cellular 
pattern of vortex shedding can also be identified for case B by means of a fre- 
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quency analysis [12]). The occurrence of dislocations (phase breaking, tearing 
of vortices) can be observed in both cases, but these phenomena are found to be 
more frequent for case A. A quantitative comparison between these two flows 
(frequency analysis, mean and fluctuating motions) is currently in progress. 
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Abstract Three-dimensional simulations have become widespread in the analysis of tur- 
bomachinery flows over the past decade. Air-intake configurations, blade pas- 
sages, internal cooling systems, or combustor flows are all investigated using 
advanced CFD techniques today. However, while the value of CFD for basic 
research is out of question, its use in the design process of turbomachinery com- 
ponents has remained very limited. Steady 3D computations are often done for 
final design assessment only, and unsteady methods like uRANS and LES are 
hardly employed at all. Given the broad design experience already available in 
the industry today, uRANS and LES are likely to be employed in future design 
efforts only where flow unsteadiness plays a critical role and where its effects 
cannot readily be predicted with sufficient accuracy using simplified correla- 
tions or steady-state computations. As an example, the present paper discusses 
a complex swirl-combustor application where LES or uRANS are needed in or- 
der to capture large-scale instabilities, which have a substantial impact on the 
mixing properties of the flow. 

Keywords: Turbomachinery flows, unsteady aerodynamics 

1. Introduction 

Turbomachinery offers some of the most complex applications of fluid dynam- 
ics, with intense turbulence, complicated-shaped domains, chemical reactions 
and heat transfer being just a few of the challenges that development engineers 
have to cope with. For better understanding of the physics of turbomachin- 
ery flows, advanced CFD techniques are widely used in academic and indus- 
trial research. On the other hand, the design of turbomachinery components 
is still largely based on one- or two-dimensional approaches today. Many of 
the computational tools used, like e.g. throughflow codes, treat the flow in a 
semi-empirical manner, employing tabulated datasets for characterizing stage 
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efficiencies and aerodynamic performance. CFD is normally applied for final 
design cross-checking only, and is restricted then to steady-state calculations. 
Among the main reasons why simplified tools are often preferred over more 
complete simulations in the design process, is the computational expense as- 
sociated with the latter. This is already true for steady simulations and even 
more so for unsteady RANS (uRANS) and Large-Eddy Simulation (LES). If 
more detailed resolution of flow phenomena in space and time were to produce 
much better predictions of the performance of a turbomachinery component 
(say, of its efficiency, stall margin, or emission levels), the additional compu- 
tational effort could be justified; however, this is often not warrented. Given 
the broad design experience in the industry, CFD results have to compete with 
established design rules and correlations that were validated extensively in the 
past. Moreover, design robustness and operational safety require to stay clear 
of critical unsteady flow regimes - like rotating stall, surge, or stage clocking, 
to name but a few - where uRANS and LES could be most advantageous for 
flow analysis. 

To what extent LES may enter the design process in the future will depend 
on the competitive advantage that LES (or for that matter uRANS) has over 
more “traditional”, simpler approaches. Advantage must be measured here in 
terms of both accuracy and effort. It is conceivable, for example, that unsteady 
simulations partly displace series testing of blades in wind tunnels, provided 
that accuracy isn’t compromised. The correlations and blade characteristics 
obtained would be used in subsequent steps of the design procedure just like 
experimental data are employed today. On the other hand, it is unlikely that 
LES can become economical for studying design variants of complete multi- 
stage engines in the foreseeable future; even if optimistic improvements in 
overall accuracy are assumed, the effort required would be prohibitive. 

A field where the strength of LES may pay off first is the aerodynamic de- 
sign of advanced gas-turbine combustors. Here the reliable prediction of the 
mixing properties of the flow is of crucial importance for achieving low NOx 
emissions. Since these mixing properties may be strongly affected by large- 
scale flow unsteadiness - which steady-state approaches inevitably miss out - 
the potential for uRANS and LES is appreciable. In the following sections we 
will illustrate this point, using the Alstom EV burner as a case study where the 
advantages of unsteady CFD can be already recognized. 

2. The Alstom EV burner 

As a typical example of a lean-premix burner, the Alstom EV burner is depicted 
in a perspective sketch in figure 1 . Like most modern gas turbine burners, it 
incorporates swirl. Towards the exit, vortex break-down occurs, which forms a 
recirculation zone that stabilizes the premix flame. The gaseous fuel is injected 
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via holes distributed along the s wirier slots. The strong swirl inside the burner 
cone leads to rapid mixing such that the fuel-air mixture is very homogeneous 
at the burner exit. 




Figure 1. The Alstom EV burner: The flow enters the swirl er through the two inlet slots on 
the cone shell in circumferential direction. Between the shells, a swirling conical flow develops 
which breaks down near the exit. Gaseous fuel is injected into the passing air stream along the 
burner slots. 



3. Numerical setup 

The geometry used in the CFD simulations corresponds to the setup sketched 
in figure 1. The body-fitted mesh with 500,000 cells is fully unstructured and 
based on hexahedral cells in the burner cone and in the combustor, while tetra- 
hedral cells are used to resolve the geometrically complex parts of the burner, 
as well as the plenum upstream of the swirler. 

The turbulence was parameterised using models of different complexity. At 
the simplest level, the standard k — e model was used. At an intermediate level, 
a full Reynolds-stress transport model was used. At the most involved level, 
the large-eddy simulation approach was used, and the subgrid turbulent stress 
was obtained from the Smagorinski-Lilly eddy viscosity. Scalar transport was 
always modeled through a gradient-diffusion model with constant turbulent 
Prandtl number Prt — 0.7. 

To keep numerical costs at a reasonable level, the fuel injectors were not re- 
solved explicitly. Rather, a simplified setup was chosen, where the fuel is 
injected into the flow shortly downstream of the injector location, through a 
numerical source in a single grid cell. The position of the injection point was 
determined from experimental observation. 

Table 1 shows a summary of the numerical schemes used for the simulations. 
Where possible, the most accurate schemes were employed. However, the 
RSM simulations did not lead to converged solutions for 2nd order discretiza- 
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steady 


unsteady 


Turbulence model 


k — e 


RSM 


RSM 


LES 


Pressure 


2nd order 


1st order 


2nd order 


2nd order 


Momentum 


QUICK 


1st order 


QUICK 


2nd order central 


Pressure- Vel. coupl. 


SIMPLE 


SIMPLE 


SIMPLE 


SIMPLE 


Reynolds stresses 


- 


1st order 


QUICK 


- 


Turb. kin. energy 


QUICK 


1 St order 


QUICK 


- 


Turb. diss. rate 


QUICK 


1 St order 


QUICK 


- 


Species transp. 


QUICK 


1st order 


QUICK 


QUICK 


temporal discr. 


- 


- 


2nd order 


2nd order 



Table 1. Summary of the numerical setup employed for the simulations presented here. 



tion due to the strong helical flow instability which was picked up by this 
model. To avoid the transient flow, either 1st order discretization had to be 
used or the flow needed to be modeled on a half grid (taking into account the 
polar symmetry in the goemetry, thereby suppressing the appearance of a heli- 
cal flow instability). 

All simulations were carried out on the same grid setup to make the simulations 
comparable. The grid resolution was based on a posteriori tests where the 
turbulent integral length scale was estimated from a A: — e simulation, and the 
final cell size was chosen to be significantly below this scale. 

4. Analysis of the mean burner flow 

The prediction of the position of the vortex breakdown is plotted in figure 2. 
All steady simulation approaches fail to predict both, the position of the vortex 
breakdown as well as the magnitude of the axial jet ahead of the breakdown 
when compared against LDA measurements in the watertunnel at the same 
operating conditions. The results are normalized with the nominal burner flow 
Un, and a characteristic burner size Only the unsteady RSM and LES 
simulations capture the flow pattern appropriately. 

The axial and tangential flow components in a line cut perpendicular to the 
burner axis are displayed in figure 3. Here, the discrepancies between the 
models is not so evident. Only the axial velocity component of the k — e 
model is significantly off which is due to the discrepancy in the breakdown 
position. Also included in this figure is a result from the simulation where the 
burner symmetry has been used to suppress the instability in order to achieve 
2nd order accurate RMS solutions. While the prediction of the breakdown 
position appeared to be significantly improved when compared against the k — e 
and 1st order RSM solutions (figure 2), the analysis of the velocity profiles in 
figure 3 reveals significant discrepancies for this modeling approach. Thus, 
this modeling approach was not followed further. 
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Figure 2. Normalized axial velocity along the burner axis. 0 corresponds to the burner exit 
position. 




Figure 3. Normalized axial velocity (top) and tangential velocity (bottom) in a line cut per- 
pendicular to the burner axis. Cut is taken shortly before the expansion into the combustion 
chamber. 



The correct prediction of mixing will not only depend on the correct prediction 
of the mean burner flow but also on the turbulent fluctuation field. In figure 4 
we plot the axial and transversal turbulent fluctuations at the same line cut from 
figure 3. The turbulence levels from the A: — e simulation are underpredicted 
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by a factor of two in the centre of the flow, and completely miss out the peaks 
in turbulence intensity which are associated with regions of high shear in the 
flow. As the complexity of the model is increased, the turbulent fluctuations 
are captured better and for the LES, excellent agreement with the watertunnel 
data is reached. 








Figure 4. Normalized axial (top) and transversal (bottom) turbulent fluctuations in a line cut 
perpendicular to the burner axis. Cut is taken shortly before the expansion into the combustion 
chamber. 



5. Analysis of mixing and the unsteady flow 

The burner mixing fields have been analysed at various axial locations in planes 
perpendicular to the burner axis. In these simulations fuel was injected only at a 
single fuel injector in the slot. Watertunnel measurements allowed to compare 
both the absolute location of the single fuel streak as well as the mixing quality 
in terms of its unmixedness. We present here only the main results in terms of 
the unmixedness U. The spatial unmixedness is summarized for all simula- 
tions in figure 5. The k — e simulation smears out the fuel too much almost 
immediately after the injection point and leads to underpredicting unmixedness 
at the burner exit by more than 100%. Whilst the unsteady simulations appear 
to give good (and in the case of LES excellent) agreement at the burner exit. 
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the unmixedness is overpredicted by almost a factor of 3 in the vicinity of the 
injector. This finding was surprising at first but became clearer after analysing 
also the temporal unmixedness. By definition, the temporal unmixedness in 
the flow can only be obtained from transient simulations and in figure 6 we 
show the results of this analysis for the large-eddy simulation in terms of both 
spatial and temporal unmixedness. In the experiment, the temporal unmixed- 
ness is much larger than the spatial, indicating that near the fuel injector large 
variations in time with respect to the local fuel position exist. This is caused by 
strong fluctuations of the fuel jet around its mean position. In the large-eddy 
simulation, this trend near the injector is completely reversed and temporal un- 
mixedness is below the spatial. It turned out that this is a direct consequence 
of the modeling approach for the fuel injector. The assumption of a steady fuel 
flow inside the burner slot is not representative of the strongly fluctuating fuel 
jet which emanates from the nozzle in reality. However, this effect is strongly 
damped out as the fuel travels downstream through the burner and excellent 
agreement with the experiment is reached at the burner exit plane. 




Figure 5. Spatial unmixedness versus axial position. 0 corresponds to the burner exit position. 



The effect of the flow instability which is picked up by both the unsteady RSM 
and by the LES simulations is now analysed in more detail. It has been noted 
before (Paschereit et al 2000) that the burner flow exhibits a helical flow 
instability at a Strouhal number St — 1.3. 

To quantify the contribution of this flow instability to the turbulent mixing pro- 
cess, we apply now a triple decomposition technique (Matsumura & Antonia 
1993) where the turbulent fluctuations a are split into a random part a' and a 
coherent part a: 



A — A Qj CL 



( 1 ) 



a 



Using this decomposition technique, the coherent structure a can be deter- 
mined by analysing the Fourier-transformed spectra of all the locations and 
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Figure 6. Temporal (Ur) and spatial (Us) unmixedness versus axial position. 0 corresponds 
to the burner exit position. 



extracting phase cj) and amplitude a for the frequency uj of the desired coherent 
structure. This implies for the coherent structure 2, 

a — a sm{ujt + 0). (2) 




Figure 7. Total turbulent scalar transport and coherent part only, plotted at the selected line 
cut from figure 3. u,v,w are axial, radial, and tangential velocity components. (-) global 
turbulent transport; (...) coherent turbulent transport. 

The Fourier decomposition allows to formulate analytical expressions for the 
stresses associated with the coherent motion. For example, for the coherent 
normal Reynolds stress 2^ 



u‘^ = (u + (/)))^ 

Integrating over one period T of the instability 



(3) 









iP [t 1 



sin^(o;i + (f>) dt = — sin(2(a;i + (/>)) 

Q 11-2 Auj J 0 



( 4 ) 
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leads to 



^ 1 ^2 
= -U . 



(5) 



Similarly, for the coherent Reynolds shear stresses and coherent turbulent 
species transport, 

uv = ^uv cos{A(f)) (6) 



and 



uc = -uc cos(A0). 



(7) 



The phase difference A</> is A0 = 0^ — 0^. 

The contribution of the coherent flow structure to the turbulent Reynolds 
stresses is not displayed here but is in the order of 25-50% of the overall turbu- 
lent stresses. Even more dramatically is the contribution of the coherent struc- 
ture to the turbulent scalar transport and this is displayed in figure 7. Both axial 
(left) and radial (middle) turbulent transport, and to a slightly lesser extend the 
circumferential (right) transport, are dominated by the coherent structure. In 
fact, the middle graph shows how the coherent structure transports fuel into 
the centre of the flow (i.e., the recirculation zone) and how it also transports 
fuel outwards to the walls of the swirler. This finding has an important impli- 
cation for the modeling of such flows: any steady-state simulation technique 
will necessarily fail to consider the effects of the coherent vortex motion. It 
is concluded that the mixing process simulated in steady-state computations is 
not appropriate if a dominant coherent flow instability is present, and this find- 
ing should be taken into consideration if steady-state computations are used to 
analyse the mixing field in swirl-stabilized burners. 



6. Concluding remarks 

In a case study for LES in turbomachinery flows, the flow and mixing pattern in 
a swirl- stabilized gas turbine burner has been analysed. All steady-state simu- 
lations of this configuration essentially failed to either predict the recirculation 
zone or the turbulence level correctly. However, for the unsteady RSM and full 
LES-turbulence models very good agreement with experiments for velocity, 
turbulence, and mixing fields could be observed. Indeed, a detailed analysis of 
the LES via a triple decomposition technique showed how the large-scale co- 
herent structure completely dominates the mixing process. This suggests that 
such flows can only be properly modeled by unsteady simulations (or perhaps 
by steady-state approaches with flow-specific model tuning). 

While the potential of LES in gas turbine combustors has been outlined in this 
study, a final word of caution is in order. For gas turbine combustor flows, 
appropriate LES combustion models are still being developed and validated 
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(Flohr & Pitsch 2000), and simulations including combustion for design pur- 
poses appear out of reach until today. Also, as the fundamental understanding 
of the processes in gas turbine combustion is far from complete, the applica- 
tion of unsteady CFD tools (and, in fact, all numerical and analytical tools) 
needs to be embedded always in a systematic development procedure where 
careful validation of CFD tools, the exploration of the range of applicability 
of a particular model, as well as detailed experimental analysis throughout the 
development all remain crucial and complementary steps for successful gas 
turbine combustor design. 
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Abstract The flow field induced by the interaction between a single jet flow exhausting 
from a pipe and a turbulent flat plate boundary layer at a local Reynolds number 
of Rcoo = 400, 000 is numerically studied using large-eddy simulation (LES). 
The ratio R of the jet velocity to the cross stream velocity is 0.1. The flow 
regime investigated corresponds to that of gas turbine blade film cooling. In or- 
der to provide the realistic time-dependent turbulent inflow information for the 
crossflow an LES of a spatially developing turbulent boundary layer is simulta- 
neously performed using a rescaling method for compressible flow. The main 
flow features such as the separation area inside the pipe and the recirculation 
downstream of the jet exit are analyzed. 

Keywords: LES, jet in crossflow (JICF) 

1. Introduction 

The highly com plex flow phenomenon of a jet in a crossflow (JICF) is en- 
countered in a variety of engineering problems. Depending on the ratio R of 
the jet velocity to the cross stream velocity, several examples of this flow can be 
found, for instance, in turbomachinery when film cooling of turbine blades or 
jets into combustors are considered, in V/STOL aircraft in transition flight, and 
in the case of waste disposal from smoke stacks into the atmosphere. The nu- 
merical simulation of such problems requires a correct prediction of the inter- 
action between the jet and the surrounding laminar or turbulent boundary layer. 
The interaction itself is characterized by the development of a horseshoe-like 
vortex wrapped around the exit jet and a counter-rotating vortex pair (CVP), 
which is formed as the jet transitions into the crossflow direction and domi- 
nates the far field. 

Due to the practical significance numerous investigations have been carried out 
over the last fifty years to gain more knowledge about the vortex structures and 
dynamics in the flow field. Most studies, however, do not consider the turbu- 
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lent boundary layer and the relatively small velocity ratio R, which is typically 
encountered when the cooling of gas turbine blades is inquired. Furthermore, 
an accurate prediction of the flow using the presently available Reynolds aver- 
aged turbulence models is impaired by the strong curvature of the streamline 
as well as the reverse flow (Hahn and Choi, 1997). Therefore, it is essential to 
apply a more precise numerical tool such as large-eddy simulations (LES) to 
investigate in detail the flow field and the vortex dynamics in the vicinity and 
further downstream of the jet exit. 

2. Flow Configuration 

The flow model for the simulation is shown in figure 1. The same configu- 
ration is experimentally analyzed using the particle image velocimetry (PIV) 
technique. The origin of the frame of reference coincides with the plate surface 
and the center of the hole. The coordinates x^y^z represent the streamwise, 
normal, and spanwise direction. 




RPo:, 


400,000 


Ma 


0.2 


It 


O.l 


D 


1 


S/D 


2 


S/D 


3 


H/D 


12 



Figure 1. Flow Parameters and Schematic of the Flow Configuration 



To mimic the flow parameters in a gas turbine a turbulent flat plate boundary 
layer at a local Reynolds number of Rcoc = 400, 000 and a Mach number 
Ma = 0.2 interacts with a jet, which is part of a complete row of jets that are 
located perpendicular to the streamwise direction of the boundary layer flow. 
The ratio of the local boundary layer thickness to the hole diameter is ^ = 2. 
Although the velocity ratio i? = 0.1 is rather small, it is, nonetheless, a typical 
value when film cooling for gas turbine blades is considered. The whole inte- 
gration domain comprises a plenum under the jet hole, a pipe connecting the 
plate and the plenum, and the region where the boundary layer interacts with 
the jet. Since the plenum is part of the computational domain no empirical 
information such as the discharge coefficient has to be prescribed. The flow 
rate and the velocity distribution at the jet exit are sought in the overall com- 
putation. The flow parameters and the geometrical parameters are summarized 
in figure 1 . 
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3. Numerical Method 

The governing equations for an LES are obtained by a convolution of the 
Navier-Stokes equations for an ideal gas with a low-pass filter of width A, 
which corresponds in this study to a local average in each grid cell (Rogallo 
and Moin, 1984). Since the turbulent flow is characterized by strong interac- 
tions between various scales of motion, schemes with a large amount of ar- 
tificial viscosity significantly impair the level of energy distribution governed 
by the small-scale structures and therefore distort the physical representation 
of the dynamics of small as well as large eddies. To remedy this problem 
the advective fluxes are approximated in this study by a mixed central-upwind 
AUSM (advective upstream splitting method) scheme with low numerical dis- 
sipation, which has been shown in (Meinke et al., 2002). Similar to the 
MILES approach (Fureby and Grinstein, 1999), the inherent dissipation of the 
numerical scheme serves as a minimal implicit SGS model. The viscous terms 
are approximated by a central scheme and an explicit five-step Runge-Kutta 
time stepping scheme is used for the temporal integration. These discretiza- 
tion schemes result in an overall approximation of the method of second-order 
accuracy in space and time. 

In the simulation of turbulent boundary layers the problem of how to prescribe 
time-dependent turbulent inflow conditions at the upstream boundary is en- 
countered. The formulation of the inflow boundary condition for the JICF 
calculation is based on a slicing technique. That is, the flow variables at the 
entrance of the domain are obtained from a simultaneously conducted LES 
of a spatially developing turbulent boundary layer flow, as shown in figure 2, 
such that the level of turbulence intensity is physically correct. To implement 
the auxiliary flat plate turbulent boundary layer simulation where an inflow 
boundary condition is also needed a rescaling technique for compressible flow 
is applied (El-Askary et al., 2001). 



turbuJent boondary Jayer domain 



jet in crossflow domain 





rescalad solulkjn 



sponge 

layer 



inject solirtion 



inlet, stagnation pressure 



Figure 2. Sketch of the Boundary Conditions 
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On the wall the non-slip condition holds and an adiabatic surface is assumed. 
In the spanwise direction full periodic boundary conditions are imposed. The 
stagnation pressure value is specified at the inlet of the plenum (Fig. 2) such 
that the jet flow is driven by the pressure difference between the plenum and 
the crossflow. At the outer circumferential surface of the plenum the mass flux 
is assumed to vanish asymptotically. A characteristic approach is applied at 
the outflow boundaries of the JICF domain. To damp possible numerical re- 
flections introduced by the outflow boundary conditions a sponge layer zone is 
used, as shown in figure 2, in which source terms S are added to the govern- 
ing equations. The source terms are computed as a function of the deviation 
of the instantaneous solution Q from an appropriate analytical distribution Qa 
based on the logarithmic law, S = (j{Q(t^x) — Qa{S)), which is valid far 
downstream from the interaction region. The parameter a is a function of the 
distance from the boundaries and decreases from (Tmax to 0 within the sponge 
layer zone. The value for (imax is chosen to be 0.5, which was determined in 
test simulations under the condition to efficiently minimize numerical reflec- 
tions. 

4. Results and Discussion 




Figure 3. Grids of JICF, Top View of the Jet Exit Region (Left) and Plenum (Right), Every 
2nd Grid Point Is Shown 



From the simultaneously performed turbulent boundary layer simulation the 
time-dependent flow properties at a certain plane are extracted and prescribed 
as inflow condition for the JICF calculation. The inflow boundary of the JICF 
domain is located 8D upstream of the jet hole center such that the influence 
of the jet flow on the upstream flow field can be neglected. The grid lines at 
the inlet area coincide with those of the boundary layer simulation, i.e., no 
interpolation of the solution is required. Various parts of the computational 
grid of the jet in a crossflow problem are shown in figure 3. The total mesh 
consists of 4.6 millions grid points distributed in 32 blocks, 5 of which are used 
for the turbulent boundary layer over the flat plate simulation. The grid points 
are clustered near the solid surfaces. The first control volume next to the flat 
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plate has the dimension of Ay = 0.004D, which corresponds to = 1.0 
scaled by the friction velocity of the incoming turbulent boundary layer. With 
this resolution the near-wall coherent structures, which contain most of the 
turbulent energy and distribute the turbulent energy from the streamwise into 
the other directions, are captured. 

In the left picture of figure 4 the mean streamwise velocity profile in inner-law 
scaling from the turbulent boundary layer simulation is compared with the log- 
arithmic law, which consists of the viscous sublayer < 5.0, = y^ 

, the buffer layer 5.0 < y~^ < 30.0, = 5.0 In — 3.05 , and the log- 

arithmic layer > 30.0, u/ur = 2.5 In + 5.5. The numerical solution 
matches the sublayer profile and slightly deviates from the analytical distribu- 
tion in the outer part of the boundary layer, which is due to the clustered mesh 
in the wall normal direction. In the right picture the turbulence intensities are 
compared with data from (Lund et al., 1998). The distributions evidence the 
good agreement with the findings from the literature right near the wall such 
that it can be stated that reliable inflow data are provided by the flat plate LES. 





Figure 4. Turbulent Boundary Layer Simulation Compared with Analytical Solution (Left) 
and Data from Lund et al (Symbols) (Right). 



The temporal evolution of the streamlines in the central plane near the jet exit is 
shown in figure 5. Compared with the experimental investigations for 7? > 0.5 
in (Andreopoulos and Rodi, 1984) and (Kelso et al., 1996), several signifi- 
cant flow features in the present low R case can be identified. A rather large 
separation area exists along the leading edge of the pipe. It consists of two 
counter-clockwise eddies with a clockwise eddy lying between them, which is 
analogous to the horseshoe vortex structure depicted in (Kelso et al., 1996). 
Due to the small velocity ratio hardly any separation upstream of the jet exit 
can be observed. The boundary layer separates just at the edge of the exit. Due 
to the increased pressure in the interaction region of the boundary layer and 
the jet a reverse flow region forms inside the pipe with several small vortices. 
There is no classical horseshoe vortex structure, since the main circulation is 
determined by the jet not by the boundary layer. The vortical structure is highly 
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unsteady, i.e., the vortices are shed from the edge of the exit resulting in an os- 
cillating flow field in the interaction region. 




Figure 5. Streamlines in the Central Plane Near the Jet Exit at 7? = 0.1 



Depending on the R value the interaction is different for each flow. If the veloc- 
ity ratio is large, e.g., R = 2, the jet flow penetrates right into the freestream 
and behaves as a rigid obstacle mounted on the plate. A vortex structure is 
formed upstream of the Jet exit. In contrast to the small velocity ratio case the 
blocking effect of the jet on the crossflow is significant. The crossflow behaves 
as if it encounters a pipe-like barrier. Although the flow undergoes a strong 
pressure rise on the windward side of the artifical pipe only tiny little vortices 
below the jet exit might occur since the inertia forces of the jet are large enough 
to overcome the pressure forces. 

More information about the development of the vortex structures ai R = 0.1 
is given by visualizing the vortices using the A 2 -criterion (Jeong and Hussain, 
1995) in figure 6. On the leeside of the jet exit the wake region with a complex 
unsteady three-dimensional flow pattern develops. First, the negative boundary 
layer vorticity caused by the trailing edge of the pipe forms vortices, whose 
axes point in the spanwise direction. Second, the vorticity generated by the 
crossflow-jet interaction at the upstream edge of the jet hole is wrapped around 
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the jet and rolls up into streamwise vortical structures, which interact with the 
span wise vortices. These are convected downstream and experience a shed- 
ding, bursting and regenerating process. Downstream of the jet exit a recircu- 
lation region occurs (Fig. 7) and in the wake patches of positive and negative 
vorticity can be observed. On the windward side of the jet flow the shear layer 
vortices, which are formed by the Kelvin-Helmholtz instabilities in the case of 
the strong jet flow, are not found in this study due to the small velocity ratio. 

In figure 6 the shade indicates the local Ma number mapped onto the A 2 - 
contours. In the left picture the turbulence characteristics within the boundary 
layer over the flat plate are clearly visible. Due to the ratio i? = 0.1 the jet flow 
possesses in the outer region of the boundary layer only a slight impact on the 
vortical pattern, which is indicated by the somewhat bulkier vortex structure 
just downstream of the jet exit. The flow pattern of the separation inside the 
pipe is shown in the right picture. The vortices flow around the jet and ex- 
tend into the crossflow. That is, the vortices that determine the heat transfer 
downstream of the jet evolve at i? = 0.1 from the interior of the pipe. 




Figure 6. A‘ 2 -Contours Near the Jet Exit at = 0.1; Top View (Left), Bottom View (Right) 



Some pronounced features in the flow 
can be clarified by time averaging the in- 
stantaneous solutions. In figure 7 the 3D 
streamlines in the vicinity of the wall are 
depicted using an averaged flow field. In 
the region where the wake is formed the 
streamwise velocity of the crossflow ac- 
celerates and the conservation of mass re- 
quires fluid to move towards the plane of 
the symmetry. Very close to the wall a re- 
verse flow region occurs. Fluid from the 
cross stream is entrained into this region, 
travels upstream, and is lifted upwards by 




Figure 7. Streamlines of the Mean Flow 
Field in the Wake Region of the Jet 
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the jet flow and washed downstream in the shear layer formed by the jet and 
the crossflow. The symmetry of the mean flow field in figure 7 indicates the 
averaging time, which contains 125 time units that are defined by the ratio of 
the diameter of the hole to the freestream velocity of the outer flow Djuoo, to 
be sufficient for the analysis. 

5. Conclusion 

Large-eddy simulations (LES) of a jet in a crossflow (JICF) problem have been 
carried out to investigate in detail the intricate vortex structures in the low 
velocity ratio case i? = 0.1. The parameters used in the calculation correspond 
to those encountered in film cooling of turbine blades. A rather large separation 
region is found on the windward side of the jet. It occurs within the pipe and 
the vortices wrap around the edge of the pipe and extend into the crossflow. 
A complicated unsteady wake region is formed on the leeside of the jet exit. 
The entrainment of the cross stream in this area prevents the cooling jet to 
effectively cover the wall surface just downstream of the jet exit and decreases 
the cooling efficiency. 

Acknowledgments 

The support of this research by the Deutsche Forschungsgemeinschaft (DFG) 
in the frame of SFB 561 is gratefully acknowledged. 

References 

Andreopoulos, J., and Rodi, W., 1984, “Experimental Investigation of Jets in a Crossflow,” Jour- 
nal of Fluid Mechanics, Vol. 138, pp.93-127. 

El- Askary, W. A., Meinke, M., and Schroder, W., 2001, “Towards the Numerical Analysis of 
Trailing-Edge Noise,” Deutsche r Luft- und Raumfahrtkongress 2001, Hamburg. 

Fureby, C., and Grinstein, R R, 1999, “Monotonically Integrated Large Eddy Simulation of Tree 
Shear Rlows,” AIAA Journal, Vol. 37, pp.544-556. 

Hahn, S., and Choi, H., 1997, “Unsteady Simulation of Jets in a Cross Rlow,” Journal of Com- 
putational Physics, Vol. 134, pp.342-356. 

Jeong, J., and Hussain, R, 1995, “On the Identification of a Vortex,” Journal of Fluid Mechanics, 
Vol. 285, pp.69-94. 

Kelso, R. M., Lim, T. T., and Perry, A. E., 1996, “An Experimental Study of Round Jets in 
Crossflow,” Journal of Fluid Mechanics, Vol. 306, pp.l 1 1-144. 

Lund, T. S., Wu, X., and Squires, K. D., 1998, “Generation of Turbulent Inflow Data for 
Spatially-Developing Boundary Layer Simulations,” Journal of Computational Physics, Vol. 
140, pp.233-258. 

Meinke, M., Schroder, W., Krause, E., and Rister, T, 2002, “A Comparison of Second- and 
Sixth-Order Methods for Large-Eddy Simulations,” Computers & Fluids, Vol. 31, pp.695- 
718. 

Rogallo, R. S., and Moin, R, 1984, “Numerical Simulation of Turbulent Annual Review 

of Fluid Mechanics, Vol. 16, pp.99-137. 




SEPARATED FLOW PAST AN AIRFOIL 
AT HIGH ANGLE OF ATTACK: 

LES PREDICTIONS AND ANALYSIS 



Nikola Jovicic and Michael Breuer 

Institute of Fluid Mechanics, Univ. of Erlangen-Nurnberg, D-9 1058 Erlangen, Germany 
njovicic/breuer® lstm.uni-erlangen.de 



Abstract The objective of this study is the prediction and analysis of the turbulent flow 
past an unswept wing at high angle of attack. The LES predictions were based on 
two different subgrid-scale models (Smagorinsky and Dynamic). The Reynolds 
number (Rcc = 10^) and the angle of attack (a = 18°) were chosen such 
that the flow exhibits a trailing-edge separation at the lowest Rcc realizable 
within the corresponding experiment COSTWING. At these operating condi- 
tions, many interesting flow phenomena appear, e.g., a thin separation bubble, 
transition, separation, and large-scale vortical structures. Qualitatively the pre- 
dictions based on both SGS models show the same aforementioned flow features, 
although some noteworthy differences become evident, e.g., the shape and size 
of the separation bubble. This has a strong impact on the transition process and 
thus the succeeding development of the entire flow yielding quantitative devia- 
tions regarding Cp, C f or k. The differences can be attributed to a well-known 
shortcoming of the Smagorinsky model. In addition, the paper aims at a deeper 
insight into the nature of turbulent separated flows. For that purpose the LES 
data were analyzed according to the anisotropy-invariant theory which provides 
an improved illustration of what happens in a turbulent flow. Therefore, the 
anisotropy invariants at various locations in the flow were displayed in the in- 
variant map in order to analyze the state of turbulence in distinct regions. 

Keywords: LES, separated turbulent flow, SGS models, anisotropy-invariant theory 

1. Introduction 

In order to study the physics of pressure-induced separation at high Reynolds 
numbers, LES is accepted to be a valuable tool. It allows to investigate highly 
unsteady turbulent flows which are dominated by large separation and recir- 
culation regions, vortex formation and shedding, or shear layer instabilities 
and transition. A typical aerodynamic application is the flow past wings at 
extreme operating conditions, where stall is observed. A flow of this kind 
is experimentally investigated within the COSTWING experiment (Lerche & 
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Dallmann, 1999). A nominally 2D airfoil based on a NACA-^415 profile is 
mounted inside a wind tunnel. In contrast to the LESFOIL project (Mellen et 
al., 2002) which was mainly a feasibility study of LES for the Aerospatiale 
A-airfoil at a high Reynolds number Rcc = 2.1 x 10^, the objective of the 
present investigation is to study the physics of the turbulent flow past highly 
inclined airfoils. Because the main outcome of LESFOIL was the realization 
that a proper resolution plays a dominant role for successful LES predictions, 
a much lower Rcc = 10^ still yielding a practically relevant trailing-edge stall 
was considered. This case allows to fulfill the basic requirement of an ap- 
propriate resolution assuring that all important flow features can be captured 
reasonably. Hence it makes sense to analyze the results in order to improve the 
understanding of the physics of pressure-induced separation. At first the pa- 
per provides some informations about the influence of different SGS models. 
More precisely, the effect of dynamically computing the value of Cs within 
the Germano/Lilly SGS model (Dynamic model, denoted D) is compared to 
a fixed value of Cs (Smagorinsky model, denoted S). In comparison to a first 
study (Breuer & Jovicic, 2001; Jovicic et al., 2003) at Rcc = 20,000, the SGS 
model is expected to play a major role at Rcc = 10^. Based on the outcome of 
this comparison, only the results of case D were analyzed in more detail with 
respect to the anisotropy-invariant theory. 

2. Numerical Methodology 

The LES code CSSOCC is based on a 3-D finite-volume method for arbi- 
trary non-orthogonal and non-staggered grids (Breuer & Rodi, 1996; Breuer, 
1998, 2002). The spatial discretization of all fluxes is based on central dif- 
ferences of second-order accuracy. A low-storage multi-stage Runge-Kutta 
method (second-order accurate) was applied for time-marching. For modeling 
the non-resolvable SGS the well-known Smagorinsky model (1963) with Van 
Driest damping {Cs = 0.1) and the dynamic approach by Germano (1991) and 
Lilly (1992) were taken into account. In order to stabilize the dynamic model, 
averaging was carried out in the spanwise homogeneous direction as well as 
in time using a recursive digital low-pass filter (Breuer, 2002). CESOCC is 
highly vectorized and additionally parallelized. The simulations were carried 
out on the SMP-system Hitachi SR8000-F1 with a sustained performance of 
about 40.9 GFlops on 16 SMP nodes. 

3. Flow Configuration & Numerical Parameters 

In the experimental setup by Lerche & Dallmann (1999) a NACA-4415 pro- 
file is mounted inside a plane channel of height 3 c (c = chord length). Up- 
stream and downstream of the profile the channel has a length of 2 c and 3 c, 
respectively. In order to exclude the unknown effect of any wall function in 
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the simulations, the no-slip and impermeability conditions are employed at the 
surface of the airfoil. To save grid points, the channel walls are approximated 
by slip conditions. In the experiment either statistically two-dimensional or 
spanwise periodical flow structures are expected. Therefore, periodicity in the 
spanwise direction is assumed and a spanwise computational domain of depth 
^max = 1.0 X c is choscn based on a detailed investigation (Breuer & Jovicic, 
2001b). At the inlet a constant velocity is prescribed, whereas at the outlet 
a convective boundary condition is applied (Breuer, 1998, 2002). 

The simulations were performed using a block-structured C-type grid consist- 
ing of 16 blocks with about 16.23 million control volumes (CVs) in total. The 
grid points are clustered in the vicinity of the airfoil and at the leading and 
trailing edges. The height of the first layer of CVs along the airfoil surface 
is about A^/c = 0.005, corresponding io ^ 2 in the separation bub- 
ble and ^ I in the recirculation region. Motivated by the stability limit 
of the explicit scheme a dimensionless time step At = 8 • 10~^ was chosen 
{CFL < 1). The time-averaged results are based on averaging intervals of 
at least 80 dimensionless time units and additional averaging in the spanwise 
direction. This time interval was found to be sufficiently large verified by the 
convergence of the statistics. 

4. Comparison of Results for Two SGS Models 

Compared to Rcc = 20,000 where a leading-edge stall was observed, at 
Rcc = 10^ a completely different flow situation occurs. As can be seen from 
the time-averaged flow field in Fig. 1, the oncoming flow hits the profile and 
initially a very thin laminar boundary layer evolves. At the profile nose the 
flow is strongly accelerated. Shortly after, the boundary layer separates due 
to the strong adverse pressure gradient followed by an immediate transition 
to turbulence in the shear layer close to the wall. Thus, the turbulent flow 
reattaches and a closed separation bubble is formed. Despite the still existing 
adverse pressure gradient, the turbulent boundary layer remains attached up to 
approximately 0.6-0. 7c where it separates at last. Finally, at the trailing edge 
a recirculation region emerges rotating in clockwise direction. However, in 
contrast to Rcc = 20,000 no dominating trailing-edge vortices and no asym- 
metric shedding motion including a corresponding Strouhal number could be 
observed. The boundary layer at the leeward side remains attached along a 
large portion of the chord and consequently the flow field does not show typi- 
cal flow features observed in bluff-body configurations. 

At first glance, the predictions with both SGS models seem to resemble each 
other yielding eddy viscosities vt/^ — 0(10). However, looked at closely, 
some noteworthy differences become evident, e.g., concerning the shape and 
influence of the separation bubble. In case S the maximum thickness of the 
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bubble is Ay/c = 0.00752 (covered by 12 CVs in height) which is more than 
twice as high as predicted in case D (Ay/c = 0 .00323). At the same time, the 
bubble is also shifted slightly upstream in case S compared to D, whereas its 
length is approximately the same. 




Figure 1. Streamlines of the time-averaged flow field (top) and a zoomed profile nose region 
(bottom), Rcc = 10^, a = 18°, case S (left) and caseZ> (right). 

Another discrepancy is found with respect to the separation of the turbulent 
boundary layer. In case S a slightly delayed separation {x/c ^ 0.687) is pre- 
dicted in comparison with case D (x/c ^ 0.625). Obviously, these differences 
also influence quantitative values such as the distributions of the pressure coef- 
ficient Cp, the local skin friction coefficient Cf, or the turbulent kinetic energy 
k. From Fig. 2 it is apparent that, due to its greater thickness, in case S the 
bubble has a distinct impact on the Cp distribution. Thus, in the region of 
the separation bubble an almost constant pressure is observed. Thereafter, the 
pressure increases up to the point where the turbulent boundary layer separates 
at the rear part of the airfoil and again a nearly constant pressure is found. 
Contrarily, the presence of the bubble predicted in case D is hardly noticeable 
in the corresponding Cp distribution. Besides the bubble region the pressure 
distribution is equal in both simulations. 

In the Cf distribution (Fig. 2, right) huge discrepancies exist between both 
simulations, especially in the region of the separation bubble where case S 
yields much higher absolute values than D. Furthermore, this also applies to 
almost the entire windward side of the airfoil where S overpredicts the wall 
shear stress in comparison to Z>. Because here the flow is attached and laminar, 
one would not expect any deviations in the Cf distributions between the results 
of both SGS models. A detailed investigation proved that case S yields non- 
zero values of the eddy viscosity in the boundary layer (vt/F 1.2) although 
the flow is laminar. This shows a well-known shortcoming of the Smagorinsky 
model with fixed Cs which is unable to distinguish laminar and turbulent flow 
regions and hence produces non-zero eddy-viscosity values in laminar flows. 
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Figure 2. Surface pressure (Cp) and skin friction (C/) distribution of the span wise and time- 
averaged flow, Rcc = 10^, a = 18°. 



In contrast, the dynamic model determines the distribution of Cs from the re- 
solved flow and thus is able to predict the amount of turbulent viscosity prop- 
erly {vt/v « 0). 

It is obvious that this observation is also the main reason for the differences 
with respect to the size and position of the separation bubble. Due to increased 
eddy-viscosity values in the accelerated boundary layer in front of the bubble 
predicted in case S which causes a damping of the instabilities at least to some 
extent, the transition process is delayed compared to D, This influences the 
entire development of the flow in the nose region and leads to a thicker sep- 
aration bubble in case S compared to D. Furthermore, large deviations in the 
distributions of k (not shown here) are found. 

Integral quantities such as time-averaged lift and drag coefficients are only 
weakly affected by the choice of the SGS model. Both, lift and drag coeffi- 
cients are almost equal for both SGS models applied: Ci = 1.532 vs. 1.545 
for S and D; Cd = 0.128 vs. 0.126 for S and D, respectively. Corresponding 
experimental data are under way (Kreplin, personal communication, 2003) but 
not available yet. Compared to the lower- case, noticeably smaller ampli- 
tudes in the fluctuations of the lift and drag signals are found for Rcc — 10^. 

5. Anisotropy-Invariant Theory 

In order to gain a deeper insight into the nature of turbulence for sepa- 
rated flows, the simulations were also analyzed according to the anisotropy- 
invariant theory. According to Lumley and Newman (1977) the state of tur- 
bulence can be characterized by the amount of anisotropy defined as aij = 
vfUj/(2k) — 1/3 that prevails in the flow. By cross-plotting the scalar in- 
variants Ila = CLijOji and Ilia = dijdjk^^ki of the anisotropy tensor aij, the 
state of turbulence can be displayed with respect to its anisotropy. It can be 
shown that all physically realizable turbulence has to lie within a small region 
called invariant map which is bounded by the limiting cases of two-component 
and axisymmetric turbulence (see Fig. 3). However, different states of turbu- 
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lence are represented by different parts of the invariant map. Thus, by trans- 
ferring the anisotropy into the invariant map, more detailed informations about 
the intrinsic turbulence can be obtained. In the present study, this was done for 
various portions of the flow in order to analyze the state of turbulence in dis- 
tinct regions. First, a complete cross-section of the domain was transferred to 
the invariant map taking the resolved Reynolds stresses of case D into account. 
In doing so, almost the entire map was covered demonstrating the complexity 
of the investigated flow and also indicating that all imaginable states of turbu- 
lence occur. 

In order to examine the turbulence behavior at specific locations in the flow, 
the anisotropy along two straight lines normal to the profile (see Fig. 1, case 
D) is extracted and displayed in the invariant map shown in Fig. 3(a). The 
first line is located at x/c = 0.5 in the region of the attached turbulent bound- 
ary layer. The second line is placed close to the trailing edge {xjc = 0.9) in 
the recirculation region. The anisotropy determined along these lines leaves 
a trace in different parts of the invariant map indicating the different states of 
turbulence that occur. Starting from the airfoil surface, the turbulence states at 
both lines are close to the two-component limit (upper boundary of the map). 
This finding is as expected since close to solid walls the fluctuations normal to 
the wall are strongly damped and therefore only two components remain. In 
addition, the starting state of turbulence of the first normal line at x/c = 0.5 
is also very close to the two-component isotropic state which is represented by 
the left corner point A of the map. Such a turbulence is characterized by the 
existence of only two fluctuating components of equal strength. From experi- 
ments and also from numerical databases it has been found that wall-bounded 
turbulence reaches the two-component isotropic state in the proximity of the 
wall if the Reynolds number is sufficiently large, e.g., in channel flows this 
state is approached close to the walls with increasing Re. Hence in the present 
airfoil flow at x/c = 0.5, the velocity fluctuations in both the spanwise and 
streamwise directions are equal in size in the direct vicinity of the wall. Away 
from the wall, the curves representing the anisotropy cross the map and come 
close to the right branch of the map for both lines, indicating that some kind of 
axisymmetric turbulence is present in that parts. 

Finally, the region where the separation bubble is observed is analyzed in the 
same way. As can be seen from Fig. 3(b), the complete upper part of the in- 
variant map is covered, reaching from the isotropic two-component limit (point 
A) up to the one-component limit at the upper right comer point B of the tri- 
angle. This indicates how the nature of turbulence can differ even within a 
very small portion of the flow. Furthermore, it becomes apparent why it is so 
difficult to predict such complex features by the use of any kind of near-wall 
modeling. Most near-wall models are based on rather simple assumptions and 
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hence, can not adjust themselves to such strongly different states of turbulence 
as observed in the invariant map for the separation bubble. 





Figure 3. Anisotropy-invariant map showing (a) the anisotropy of the flow at two lines normal 
to the profile, x/c = 0.5 (dashed) and x/c = 0.9 (solid) and (b) the anisotropy of the flow in 
the region of the separation bubble close to the profile nose. 



Thus, analyzing the flow using the anisotropy-invariant theory reveals new de- 
tails of turbulence which is not easy to observe in the physical space. However, 
further effort has to be put on these investigations in the ongoing work. 

6. Conclusions 

Based on LES even complex turbulent flows such as the separated flow past an 
unswept wing can be tackled. At Rcc == 10^ a trailing-edge stall is observed. 
Consequently, the flow in the nose region is laminar only along a short distance. 
Thereafter, a tiny laminar separation bubble is found triggering the transition 
process to turbulence. The turbulent boundary layer is able to resist to the 
adverse pressure gradient over a long distance but finally separates at x/c 
65% leading to a recirculation region in the vicinity of the trailing edge. The 
deviations observed between the results of both SGS models can be attributed 
to well-known deficiencies of the Smagorinsky model for transitional flows. A 
further refinement of the near-wall grid actually on the way will strengthen the 
confidence in the predictions based on the dynamic approach. Nevertheless, 
the enormous amount of valuable data generated allow to study the physics of 
separated flows in detail and to analyze the state of turbulence in different flow 
regions as demonstrated by the anisotropy-invariant theory. 
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Abstract Large-eddy simulations (LES) are performed on moving block-structured grids 
for a simple model of a turbine stage at different Reynolds numbers and exit 
Mach numbers without any freestream turbulence. The wake of a moving cylin- 
der interacts with a T106 turbine blade. To ensure flux conservation between 
the rotor and stator within the numerical algorithm a sliding interface is ap- 
plied. In order to determine the effect of the upstream wake the flow field 
around the turbine blade was simulated numerically with and without a mov- 
ing cylinder. Results of the LES with different resolutions of the computational 
grid are presented in comparison with experimental data and other simulations. 
Good agreement between simulations and measurements concerning time aver- 
aged and fluctuating quantities for the moving cylinder and the turbine blade was 
achieved. 

Keywords: LES, moving grid, wake, blade, turbine 

1. Introduction 

Concerning the low pressure turbine (LPT) of an aero-engine the Reynolds 
number based on the blade-chord length changes by a factor of 3 to 4 between 
sea-level take-off and cruising altitude. Depending on this condition the exten- 
sion of the laminar, transitional, and turbulent boundary layer zones differ. In 
addition, the stator blade loading and heat transfer as well as the boundary layer 
characteristics are influenced periodically by the wake flow generated by the 
upstream rotor. For loss predictions and further improvements of the efficiency 
it is essential to use turbulence models which are able to predict the location of 
the onset of boundary-layer separation and transition on low-pressure turbine 
blades that are periodically influenced by the passing wakes of the upstream 
blades. 

Algebraic and one- or two-equation turbulence models suffer from the draw- 
back that they must be adapted to different flow conditions and fail in regions 
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of curved streamlines or swirling flow. Whereas direct numerical simulations 
(DNS) of compressible flow problems in moving grid coordinates at techni- 
cally relevant Reynolds numbers are currently out of reach due to the high 
computational costs, large-eddy simulations can be performed since the over- 
all computational effort is considerably less than that of a DNS. There are large 
coherent structures that dominate the wake-blade interaction and the wake flow 
behind the blade itself makes LES a promising numerical method for such flow 
problems. 

2. Numerical method 

The governing equations for the LES are the filtered Navier-Stokes equations 
for compressible flows in moving coordinates. For the integration in time an 
explicit 5-step Runge-Kutta scheme of second-order accuracy is used. The 
convective terms are conservatively formulated for moving and deforming 
grids with appropriate metric terms. They are discretized using a modified 
mixed central-upwind AUSM scheme (Liou & Steffen, 1993). The pressure 
term is treated separately from the Euler-fluxes and discretized using central 
differences. This decomposition leads to a scheme, which exhibits a very little 
numerical dissipation and as such was found to be well suited for the LES of 
different flow problems. Using central differences the viscous stresses were 
approximated to second-order accuracy. 

In general various subgrid scale models that are supposed to simulate the 
impact of the unresolved fine-scale eddies on the turbulent flow are used. 
There are some drawbacks of the dynamic model of Germano et al. (1991) 
and models containing the eddy- viscosity ansatz which are discussed in detail 
in (Opiela, 2003). Moin and Kim performed a large-eddy simulation of a tur- 
bulent channel flow using a somewhat finer grid resolution in the wall-normal 
direction without incorporating any subgrid scale model (Moin & Kim, 1982) 
and compared the results with the direct numerical simulation of exactly the 
same flow problem. Since they found such an excellent agreement, the LES 
findings, computed without any subgrid modeling, are used as reference data 
in the literature. Further investigations of internal and external flows based 
on discretization schemes up to sixth order confirmed this result (Meinke & 
Schroder, 2002). Therefore, no subgrid scale model is used in this analysis. 

2.1 Problem definition 

The geometry of the model used for the wake-blade interaction as well as the 
main geometric and flow parameters are shown in figure 1 and listed in table 1. 

These parameters defined in detail in (Sieverding, 2000) are chosen ac- 
cording to an experiment performed at the University of Cambridge within the 
framework of the BRITE-Euram project TURMUNSFLAT. The Profile T106 
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Figure 1. (a) Cascade geometry; (b) main geometrical parameters of the cascade. 
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none 


with 

cylinder 
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0.923 
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0.091 
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0.139 


0.144 


0.405 


0.404 
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P 2 /P 0 


0.986 


0.986 


0.964 


0.966 


0.853 


0.856 


Ma2 


0.158 


0.158 


0.263 


0.263 


0.590 


0.590 


Re 2 (adjusted) 


160200 


160200 


263817 


263817 


500000 


500000 


moving 

cylinder 


U 7 JI / CiQ 


0.098 


— 


0.154 


— 


0.354 


— 


Vla x / U-rri 


0.714 


— 


0.715 


— 


0.889 


— 


Re cyl 


1688 


— 


2681 


— 


5911 


— 



Table 1. Main flow parameters for the LES. 



is typical of current low pressure turbine profiles and has a design exit Mach 
number of Mo 2 = 0.59. The flow angle of the cylinder is equal in magnitude 
and opposite in sign to the design exit flow angle (a 2 = —63.2°) to mimic a 
50 percent reaction turbine. A high aspect ratio h/C was chosen in the exper- 
imental investigations to guarantee a satisfactory two-dimensional flow at mid 
span, such that in the numerical simulations periodic boundary conditions in 
the spanwise direction could be used. The experiments regarding the influence 
of a moving cylinder wake were conducted for Reynolds numbers Re 2 based 
on the chord length of the blade C and the velocity downstream the blade V 2 
of Re 2 — 160000 and Re 2 = 260000. These were essentially incompressible 
flow conditions, such that for the compressible solver the Mach numbers based 
on the exit velocity were approximated to Mo 2 = 0.158 and Ma 2 = 0.263. 
For the design exit Mach number of Mo 2 = 0.59 with Rc 2 = 500000 only 
experimental data of Hoheisel et al. (1987) for the case without the impact 
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of a cylinder wake are available. The corresponding Reynolds numbers in the 
frame of reference for the moving cylinder are Rccyi = 1688, 2681, and 5911. 

2.2 Computational grid 

For the LES of the wake-blade interaction a coarse grid with 2 million grid 
points arranged in 13 structured blocks is used. The size of the domain of in- 
tegration in the spanwise direction is twice the cylinder diameter with 33 grid 
points where the distance between the grid planes in the spanwise direction is 
equal to Az~^ = 0.44 and the distance of the first grid line normal to the blade 
surface on the suction side near the trailing edge is equal to An"*" = 0.11. The 
cylinder surface is resolved in the circumferential direction with 33 and the 
blade with 433 grid points. A sliding interface is used for the connection of the 
moving and non-moving part of the grid to avoid any kind of interpolation and 
to ensure flux conservation across the interface. A critical point in the simula- 
tion of the flow problem is the resolution of the wake generated by the cylinder. 
Due to its movement the wake passes nearly through the whole flow field. Ad- 
ditionally, a nearly equidistant distribution of the grid points is required across 
the sliding interface, which is located between the grid blocks around the cylin- 
der and those around the blade. Therefore, small spatial steps are required in 
the major part of the domain of integration which leads to a large number of 
grid points for the simulation of this flow problem. In order to examine the 
influence of the grid resolution on the solution of the LES a finer grid with 
about 16 million grid points distributed in 42 blocks was generated. In this 
case the size of the domain of integration in the spanwise direction is three 
times the cylinder diameter with 53 grid points where the distance between the 
grid planes in the spanwise direction is equal to = 0.41 and the distance 
of the first grid line normal to the blade surface is equal to An+ = 0.03. The 
cylinder surface is resolved in the circumferential direction with 321 and the 
blade surface with 969 grid points. 

2.3 Boundary conditions 

At the inflow boundary only the inflow angle a\ = 37.7° is prescribed, whilst 
at the outflow boundary a non-reflecting boundary condition with pressure 
level relaxation is imposed. In addition a sponge layer is used to minimize 
the reflection of spurious waves back into the domain of integration. In the 
spanwise and lateral direction periodic boundary conditions are used for the 
2d- and 3d-case. At the blade surface a no-slip condition and a constant wall 
temperature is prescribed. Also for the moving cylinder an isothermal surface 
is assumed whilst the velocity at the wall is equal to the velocity of the moving 
system. 
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3. Results 

In figure 2 distributions of the time and spanwise averaged velocity on the 
centerline of the near wake of the moving cylinder and across the wake in a 
distance of 2.02 cylinder diameters downstream of the center of the cylinder, 
obtained with the LES for Rccyi = 1688 and Recyi = 2681, are plotted in 
comparison with experimental data and LES results of (Beaudan & Moin, 
1994) for Rccyi = 3900. Good agreement can be observed up to ten cylinder 
diameters downstream of the cylinder and for about two cylinder diameters 
perpendicular to the wake centerline. The physics of the cylinder wake for the 
Reynolds-numbers Recyi — 1688 and Rccyi = 3900 is almost alike which is 
why the velocity distributions differ only slightly. The time averaged two-point 
correlations of the velocity fluctuations u' and w' in figure 3 as a function of 
the spanwise direction (z/D) in the cylinder wake at a distance of 0.59 diame- 
ter downstream to the cylinder center obtained with the LES on the coarse grid 
shows that the domain size is large enough. The visualization of the turbulent 
cylinder wake using the A 2 criterion (Jeong & Hussain, 1995) for the LES on 
the fine resolved grid for Rccyi = 1688 indicates in the spanwise direction 
three coherent structures downstream the cylinder. Each structure consists of 
counter-rotating vortices with an axis in the streamwise direction marked by 
dark and light surfaces. The finer resolved grid for the LES gives only a small 
improvement of the results. This shows that the coarse grid has already a suf- 
ficient resolution in the near wake region of the cylinder for the wake-blade 
interaction. In figure 4 the time and spanwise averaged blade surface pressure 
distributions Cp 2 = (-Poi - p)/{Pqi - P 2 ) and Cp = {p - poo)/((Poo/2)'u^) 
computed on the coarse grid at Re 2 = 260000 are plotted in comparison with 
experimental data and DNS results. A good agreement on the pressure side 
and on the suction side of the blade up to S/Smax ^0.6 and xjCax ^0.7, 
respectively, can be observed. Furthermore, it is shown in figure 5 that even 
the time and spanwise averaged velocity profile and the corresponding RMS- 
profile at SjSmax — 0.95 obtained with the coarse grid for Re 2 — 160000 
match the experimental data quite well. The displacement thickness 6i, mo- 
mentum thickness © and the shape factor H 12 on the suction side of the blade 
of the coarse grid LES at Re 2 = 260000 confirm the satisfactory quality of the 
findings in the region of 0.8 < S/Smax < 10. On the left hand side of figure 7 
the turbulent flow field of the wake blade interaction at Re 2 = 260000 is vi- 
sualized by the A 2 -criterion. After the vortical structures of the cylinder wake 
have passed the leading edge of the blade they are stretched above the suction 
side due to the acceleration caused by the pressure gradient in the streamwise 
direction. Since the convection speed on the pressure side near the leading 
edge of the blade is lower than that on the suction side the wake gets deformed 
when passing over the blade. Near the trailing edge the wake structures are also 
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stretched due to the acceleration and they are aligned to the blade wake flow 
direction. The right hand side of figure 7 compares the blade surface pressure 
distribution and the shape factor H 12 on the suction side of the blade for the 
coarse grid LES at Re 2 = 500000 with and without the influence of a passing 
cylinder wake with the experimental data of Hoheisel et al. (1987). A com- 
pressible LES has to be performed since in this case the density varies by more 
than 20 percent. For both quantities a good agreement can be observed. The 
plot for the shape factor H 12 shows that the passing cylinder wake prevents the 
formation of a ’bubble-type’ transition. 

4. Conclusions 

Large-eddy simulation for a simple model of a wake-blade interaction in low 
pressure turbines has been presented on a moving grid using a sliding interface 
technique. Good agreement with experimental data has been achieved con- 
cerning time-averaged and fluctuating quantities for the moving cylinder and 
the T106 turbine blade at different Reynolds and Mach numbers. Even the 
results obtained on a relatively coarse mesh showed a convincing agreement 
between measurements and simulations. 
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Figure 2. Time and spanwise averaged velocity on the centerline (left) of the cylinder wake 
and across the wake in a distance of 2.02 cylinder diameters downstream of the moving cylinder. 
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Figure 3. Time averaged two-point correlations across the cylinder wake (left) and visualiza- 
tion of the instantaneous turbulent cylinder wake by the A 2 -criterion. 






1.4 

1.2 

1 

O.S 

0.6 

0.4 

0.2 

0 












0.2 



04 0.6 

S/S max 



/ 

/ 

Exp. * 
LES 

0,8 



1 

0 

-1 

t 

-2 

-3 

-4 









DNS 

LES 



1 



0.2 



0,8 



Figure 

(right) 



0.4 0.6 

x/Cax 

4. Time and spanwise averaged blade surface pressure distribution Cp 2 (left) 
at Re 2 = 260000. 



and Cp 







626 DIRECT AND LARGE-EDDY SIMULATION V 




Figure 5. Time and spanwise averaged velocity profile at S/Smax = 0.95 on the suction side 
of the blade (left) and corresponding RMS-profile (right) at Rc 2 = 160000. 
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Figure 6. Time and spanwise averaged displacement thickness momentum thickness 0 
(left), and shape factor H \2 (right) on the blade suction side at Re 2 = 260000. 
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Figure 7. Visualization of the wake-blade interaction with the A 2 -criterion at Rc 2 = 260000 
(left); time and spanwise averaged blade surface pressure distribution and shape factor //12 at 
Rc 2 = 500000 (right). 
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Abstract The aim of the present work is to predict and describe the boundary layer tran- 
sition process influenced by an incoming upstream turbulent wake generated by 
a moving cylinder for a subsonic blade turbine configuration. High-resolution 
Large-Eddy Simulation type computations have been carried out for the T106 
low-pressure blade turbine at Mach number of 0.1 and chord based Reynolds 
number of 1.6 10^ and have been compared with experiments. 

Keywords: LES, transition, wake-blade interference 

1. Introduction 

In the turbomachinery field, the flow around the turbine blades is often char- 
acterized by a high level of incoming turbulence and the presence of both sep- 
aration and intermittency phenomena. Indeed in a complete stage the flow 
around the blade of a stator blade (static) is strongly influenced by the flow 
generated upstream by a rotor blade (moving), which periodically creates a 
high level of incoming turbulence for the stator. Therefore the prediction of 
the performances of some specific blade profiles with RANS models is often 
unsatisfying, because the capabilities of such turbulence models are still lim- 
ited when intermittent and transitional phenomena occur in the flow. Several 
experimental studies have been carried out recently (see [1],[2] for instances) 
in order to build some data bases for RANS model validation and to get a bet- 
ter knowledge of such complex flow. As the Reynolds number based on the 
blade chord is quite moderate 10^) in Low Pressure Turbine (LPT), DNS 
and LES of wake-blade interference could be achieved recently in order to 
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evaluate their feasibility on current supercomputers and to get a better under- 
standing of the flow dynamics. DNS [3], [4] have been performed on very fine 
mesh (up to 57 x 10^ cells), and the physical analysis was focused on stream- 
wise vortices, which occur periodically in the boundary layer located in the 
pressure side of the stator blade. However the flow configuration of these DNS 
is a simplification of the experimental setup. Indeed the wake is not gener- 
ated by a rotor stage, but modeled by an unsteady inflow condition, which has 
a strong influence on the stator boundary layers development [3]. Moreover 
these DNS results require additional validation, since there is no comparison 
with experimental measurements. In order to study a real experimental con- 
figuration Meinke [5] performed LES on a moving grid around the rotor and 
a static grid around the rotor blade with the help of a sliding boundary condi- 
tion. However only one passage of the moving bar was calculated with a grid 
composed of 1.8 x 10^ cells due to the computational cost(300 CPU hours on 
a Fujitsu VPP300). Moreover its mesh resolution in the wake of the rotor was 
undoubtly too coarse to allow an accurate representation of the wake vortices. 
Recent studies [6], [7] have shown for isolated profiles that accurate LES can 
be performed even at Reynolds number higher than 10^ thanks to the use of 
a local mesh refinement. Therefore the objective of this work is to assess the 
feasibility of a well resolved LES for a wake/blade interaction configuration 
with this technique. The influence of the subgrid scale model is investigated 
and results are compared to the experimental data [2]. 

2. Numerical method 

2.1 General description 

The three-dimensional unsteady filtered Navier-Stokes equations are dis- 
cretized using a cell-centered finite volume technique and a structured mesh. 
Concerning the subgrid-scale modeling, two models have been evaluated: the 
Selective Mixed Scale Model [8] and the MILES approach proposed in [9], 
which has been successfully employed in [7] to simulate the flow around a sta- 
tor blade without incoming wake. The numerical method is identical to those 
developed to perform LES of the flow around a two-dimensional wing profile 
[6]. The convective fluxes, which are fully described in [6], are discretized by 
a second-order accurate hybrid centered/upwind scheme based on a wiggle de- 
tector in order to minimize the numerical dissipation. An implicit second-order 
accurate backward differentiation formula is used to approximate the tempo- 
ral derivative. A Newton-like sub-iteration technique is employed to solve the 
non linear problem, whereas the inversion of the linear system relies on lower 
upper Symmetric Gauss Seidel (LU-SGS) implicit method (see [10] for more 
details). As well-resolved LES of complex flows at a realistic Reynolds num- 
ber requires a huge amount of grid cells, it becomes essential to optimize the 




LES of wake-blade interference in a low-pressure turbine 



629 



cell distribution. In a structured solver, this can be achieved by the means of 
multi-domain/multi-resolution methods. The technique retained in this study 
is described in [1 1] and is an adaptation for a complex geometry context of the 
method proposed in [12]. 

2.2 Sliding interface 

To perform simulation of the interaction between the cylinder wake and the 
blade boundary layer, a sliding interface is employed for the connection of the 
moving and non-moving parts of the grid. This method, which is very fast 
compared to the Chimera technique, avoids interpolation and guarantees the 
flux conservation across the interface. However there are several constraints 
concerning the mesh resolution in the directions normal and parallel to the 
interface. In the parallel direction, a uniform distribution must be used to allow 
a correct connection between moving and non-moving parts of the grid. In 
the direction normal to the interface the mesh size must be identical to those 
employed in the parallel direction in order to get a square cell in the plane of the 
blade. Otherwise there is a strong discontinuity in the slope of the grid when 
the center of a moving cell is coincident with a vertex of the non-moving grid. 
This sliding interface condition has been coupled with a local mesh refinement 
technique [[12]] in order to optimize the number of cells in the computation 
(see Fig.l). 

3. Numerical results 

3.1 Flow configuration 

The T106 low-pressure blade turbine has been retained to evaluate the feasi- 
bility of the LES of wake-blade interference. Measurements of velocity and 
Reynolds stress profiles have been carried out by Hodson [2] for different lev- 
els of incoming turbulence. A first attempt to model the fluid on this configu- 
ration have been realized (Raverdy [7]) without passing wake. In the present 
case, an upstream wake is generated by the vertical motion of a cylinder (see 
Fig. 2). This cylinder has a diameter equal to djC = 0.01 and a translation ve- 
locity equal to the inlet uniform velocity. The cylinder is positioned at 0.28C 
in front of the blade. The inlet uniform flow angle and the exit angle are equal 
to 37.7 and -63.2 degrees, respectively. The pitch to chord (g/C) is equal to 
gjC = 0.799. The Reynolds number, based on the blade chord and exit veloc- 
ity, is equal to 1.6 x 10^, whereas the inlet Mach number is set to 0.1. 

3.2 Computational setup 

The topology retained to build the mesh is the same for both static blade and 
moving cylinder located in the cylinder grid. The mesh is composed of a com- 
bination of O grid (around the cylinder and the blade) and H grid in the oth- 
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ers parts of the computational domain (cylinder wake, inter-blade channel and 
far field). The computational domain is spread between x/C=-0.5 and x/C=2, 
in x-direction, and represents 3.2% of the blade chord in the spanwise direc- 
tion. The mesh resolution in the near-wall blade region is chosen such that 
< 30, < 2 and A 2 :“^ < 10. The mesh characteristics are summa- 

rized in the Table 1 and compared with those of [3], [5], [4]. The grid is nearly 
identical to those of [3], [4], excepted the spanwise extent which is at least four 
times smaller in the present simulation. However, this choice does not prevent 
the development of three-dimensional solution. Indeed it is shown in [7] that 
the present spanwise extent is sufficient to simulate the flow without the wake, 
whereas it is larger than three times the cylinder diameter. As the turbulent 
structures generated by the cylinder have a size in the spanwise direction ap- 
proximately equals to one cylinder diameter [13], the spanwise extent, which is 
approximately three times larger than the cylinder diameter, may be sufficient 
to capture the dynamics of both the wake and boundary layer zones. Coarser 
resolution have been used at the exit of the moving domain and in the center 
part of the inter-blade channel (see Fig.l) in order to adapt the resolution to the 
size of the wake vortices in the spanwise direction. Moreover nearly rectangu- 
lar cells are used in the zone of the cylinder wake in order to prevent a spatial 
filtering of the turbulent vortices. Thanks to the coarse/fine coupling technique, 
only 1.4 X 10^ cells are located in the rotor grid and 4 x 10^ in the stator grid. 
All simulations are obtained by using periodic conditions in the far field and in 
the spanwise direction. Non reflecting characteristic boundary conditions are 
applied for the upstream and downstream limits of the computational domain. 
The time step is equal to 4.5 x in order to have a maximal value of 

the CFL number inferior to 16 with the use of only 4 sub-iterations in the ap- 
proximate Newton method. For average quantities, the averaging procedure is 
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performed in the homogeneous spanwise direction and in time over four wake 
passing periods. Around 40 CPU hours are required on a NEC SX5 to compute 
one wake passing period. 





Present grid 


Ref. [3] 


Ref. [5] 


Ref. [4] 


Cells around the blade 


980 


1152 


433 


771 


Cells in the inter blade passage 


290 


384 


130 


256 


Cells in the spanwise direction 


15/30 


128 


32 


128 


Spanwise extent Lz/C 


3.2% 


15% 


2% 


25% 


Wake 


simulated 


modeled 


simulated 


modeled 


Total cells number (x 10^) 


5.4 


57 


1.9 


25 



Table 1. Stator grid description 

3.3 Results 

Two simulations have been performed with the Selective Mixed Scale Model 
(LES MSM) and with the MILES approach (LES MILES). In order to evaluate 
the accuracy of the present simulations mean flow quantities are compared with 
experimental data. The pressure coefficient, which is presented in the Fig. 3a), 
is in very good agreement with the experimental data of Engber and Fottner [1] 
despite the fact that those measurements were realized at higher Mach number. 
As the flow experiment of Hodson [2] was carried out with the same physical 
parameters as those used in the simulations, the comparison of the simulated 
and experimental velocity field is more relevant for the validation. Both the 
mean streamwise and RMS velocity profiles in the wall normal coordinate sys- 
tem are shown in the Fig. 3b) and 4, respectively. For the mean streamwise 
velocity profiles the results are in good agreement with the experimental data 
from x/C = 0.83 iox/C = 1, excepted at x/C = 0.95 where the simulations 
predict a too strong deceleration of the flow. Concerning the RMS velocity 
profiles, the agreement with the experiment is satisfying up to x/C = 0.95. 
From this position the computations slightly over-predict the turbulence level 
especially in the lower part of the boundary layer. Concerning the influence 
of the SGS models, it can be noticed that this parameter does not have a large 
effect in the present computations, despite the fluid and subgrid viscosity ratio 
is about one. As the overall agreement between the LES and the experimental 
data are satisfying, one can suppose that the influence of the incoming wake 
on the boundary layer is well represented by the simulations. The Fig.5, 
which shows four different snapshots of a Q-criterion [14] iso-surface during 
one wake passing period, illustrates the influence of the cylinder wake on the 
turbulent structures located in the stator boundary layers. On the suction side, 
the boundary layer becomes turbulent because of the incoming turbulence due 
to the wake passage. But the flow rapidly relaminarizes when the wake goes 
downstream, which is in agreement with [3]. Near the trailing edge the same 
phenomenon occurs, but two-dimensional vortices are present in the boundary 
layer when the flow is laminar. The same structures were observed in the sim- 
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Figure 3. a) Mean pressure coefficient; b) Mean veSocity profiles 




Figure 4. Mean RMS velocity profiles 



ulation of Meinke [5], whereas the flow always remains fully turbulent in this 
zone in the DNS of Wu and Durbin [3] and Wissink [4]. But this difference is 
certainly due to the wake parameters retained in [5], [4], which are not identical 
to those of the present simulations concerning the cylinder velocity translation 
and the axial distance between the cylinder and the leading edge of the stator. 
Concerning the pressure side, longitudinal vortices due to the straining of the 
wake are present in the boundary layer, which is in agreement with the flow 
analysis done in [3], [4], 

4. Conclusions 

Well-resolved LES of the wake-blade interference in a Low Pressure Turbine 
have been carried out at a realistic Reynolds number and compared to available 
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Figure 5. Instantaneous Q-criterion iso-surface at t/T=: a) 0.25 b) 0.5 c) 0.75 d) 1. 



experimental data. From an industrial point of view, the mean and the RMS 
velocity profiles are in satisfying agreement with the experimental data. More- 
over the use of a local mesh refinement technology allows the computational 
cost to be significantly reduced, since only 40 CPU hours are needed on a NEC 
SX5 to compute one wake passing period. Therefore LES should appear in a 
near future as a potential tool to predict some complex flow configuration in the 
turbomachinery domain, for which RANS model are still not enough accurate. 
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Abstract Large-eddy simulations of wakes passing over highly cambered LP tur- 
bineblades (the T 106 profile) for a Reynolds number of 1.6 x 10^ are performed 
using wake data extracted from precursor simulations. The wake data are inter- 
polated at the inlet plane of the cascade taking into account the kinematics of 
flow. We describe the effects of the wake kinematics and wake turbulence on 
the boundary layer developing over the suction surface of the blades. An insight 
into the underlying physical mechanism including the formation of rollup vor- 
tices during the wake-induced transition over an inflexional boundary layer is 
presented and the results are compared with experiment and DNS. 

Keywords: Simulation, turbomachinery, wakes, transition. 

1. Introduction 

The study on the boundary layer developing over low-pressure (LP) turbine 
blades under the influence of passing wakes has received a great deal of at- 
tention owing to the importance of high lift blades. Periodic passing wakes 
from the upstream blade row have a strong influence on the flow field and heat 
transfer characteristics of the downstream blades. The resulting flow field is 
highly unsteady and the boundary-layer transition is greatly affected through 
phenomena known as wake-induced transition and calming. LP turbines oper- 
ate at Reynolds numbers in the range of 0.9 to 2 x 10^, leading to the formation 
of a separation bubble on the suction side under steady flow condition. The in- 
teraction of oncoming wakes with this separation bubble further complicates 
the transition process, posing a challenge to researchers. Although significant 
progress has been made in understanding bypass transition based on attached 
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boundary layers (Myles 1991, Liu and Rodi 1992, Walker 1993, Schulte and 
Hodson 1998, Wu et al. 1999), the behaviour of a separated boundary layer 
under the influence of unsteady wakes has not been adequately addressed. Re- 
cent experiments conducted by Stieger and Hodson (2003) have provided an 
insight into the transition process resulting from the interaction of convective 
wakes and separation bubbles. 

The present study describes the application of LES as a high-resolution time- 
dependent calculation to elucidate the flow dynamics and mechanism including 
the formation of rollup vortices during the wake-induced transition over a tur- 
bine blade. Realistic simulation of these processes is of great importance to 
the design of turbomachinery blades. Successful prediction of transition start 
and length, along with the structure of boundary layer transition would help in 
efficient design of turbine and compressor stages. Moreover, the problem of 
wake-induced transition over a turbine blade is not only of engineering interest 
but also of fundamental importance from the viewpoint of flow stability. 

2. Numerical methods 

The computational techniques employed have previously been applied to flat- 
plate bypass transition (Yoke and Yang, 1995) and also to transition with reat- 
tachment following a geometry-induced separation (Yang and Yoke, 2001). 
The methods are based on the fully covariant Navier-Stokes equations discre- 
tised using symmetry-preserving (and hence conservative) finite differences. 
The pressure problem is Fourier transformed in one dimension (in which peri- 
odicity of the flow and so uniformity of the geometry is imposed) and solved 
iteratively using multi-grid acceleration in the other two dimensions. The ex- 
tension to highly skewed meshes around high-lift (and hence strongly cam- 
bered) modern LP turbine blades is non-trivial: the iterative solutions on such 
meshes do not always converge well or parallelise efficiently. These techni- 
cal problems have been solved over the past three years, resulting in highly 
efficient LES code for simulation of turbulence even in strongly distorted 2D 
geometries. 

DNS/LES poses a more stringent mesh requirement than Reynolds-averaged 
Navier Stokes computation. For the present study, a H-grid of good quality 
within the blade passage is developed by applying a power-law to the con- 
trol functions appearing in the elliptic grid generation scheme of Hsu and Lee 
(1991). The grid lines generated are nearly orthogonal to boundaries. The 
simulations are performed on a grid with 384 points in the streamwise, 192 
in the blade-to-blade plane and 32 in the spanwise directions with average 
less than 2.0 at the first grid point. The domain is 10 percent of chord in the 
spanwise direction. For modeling the non-resolvable subgrid scales (SGS), 
the classical Smagorinsky model with model constant of 0.125 and the wall 
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damping function modified to prevent extreme values near separation regions 
are used. To simulate the transitional flow, the low Reynolds number model of 
Yoke (1996), which was derived following the dissipation spectrum, has been 
used. 

Most experimental studies on the unsteady wake-induced transition have been 
performed by sweeping a row of wake-generating cylinders upstream of a flat 
plate or a cascade. However, the characteristics of these generated wakes have 
not been elearly speeified. The large-scale simulations of wake passage over 
highly cambered blades (T106 profile) for a Reynolds number of 1.6 x 10^ are 
performed using wake data extracted from precursor simulations. The wake- 
date are generated on a refined grid of 248 x 384 x 32 for the flow passing 
a thin cylinder (2 percent of chord) and are interpolated at the inlet plane of 
cascade considering the kinematics of flow by matching the velocity triangles. 
The effects of wakes on the transition and calming process over the turbine 
blades in terms of the wake deficit and turbulent intensity are quantified. The 
computation required 13.5/xs/iteration/grid based on 32 processors of an Origin 
3000. Eaeh wake passing eycle corresponds to 12000 time-steps. After 5 wake 
passing cycles, data are collected for the phase averaging over 8 cycles. In 
practice the simulation took about two months to perform. 

3. Results and discussion 

The prineipal objectives of the study are to gain insight into the underlying 
physical mechanisms of wake effects on transition over a separated bound- 
ary layer and also to explore key faetors such as wake turbulence scale and 
intensity on transition and calming. All data gathered are analysed by phase 
averaging as well as through the study of instantaneous dynamies and spectral 
analyses. The LES results are compared with both experiments and DNS. 

The unsteady wakes produce an incident flow that has two distinctive char- 
acteristics: a free-stream velocity defect described by kinematics and associ- 
ated high turbulence during the wake passing, b Although the kinematics of 
the wake is partly responsible for the character of the boundary layer devel- 
oping over the downstream blade rows, the effect of wake turbulence and its 
eonvection through the blade passage are also very important. The realistic 
representation of wake data is vital for the successor simulation of wake con- 
vection through a turbine cascade passage. The wake is generated by a small 
eylindrical wire, the dimension of which is about 2 percent of the blade chord. 
The mean turbulent kinetic energy and vortieity are symmetric along the line 
of symmetry of the cylinder. Spectral analysis of streamwise component of 
velocity indicates a value of Strouhal number of 0.2 with a wide spectrum in 
the spanwise direction. 
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The distortion of the migrating wake segments within the blade passage is 
characterized by bowing, orientation, elongation and stretching. After being 
segmented at the leading edge, the suction side and the pressure-side wakes 
behave differently. The suction-side portion wraps around the leading edge and 
is pulled towards the surface by the high flow velocity. This high acceleration 
over the suction surface creates stretching and thickens the wake width over the 
suction surface. The pressure side leg of the wake segment is under the action 
of a velocity field with nearly uniform direction but increasing strength away 
from the wall. The direction of the convective velocity is nearly perpendicular 
to the wake axis. This makes the wake rotate slowly in a counter-clockwise 
direction as it is convected downstream. Elongation of the wake is also gradual 
and is nearly traverse to the base flow. The difference in convective velocities 
near the suction and pressure side also causes bowing of the wake segment. 
As the downstream half of the pressure side is approached, the flow velocity 
undergoes a change in direction and increase in magnitude. The velocity is 
turned such that it becomes nearly parallel to the wake axis. This causes severe 
stretching and thinning of the wake segment. 

The effect of a negative jet is also observed. A wake segment within the blade 
passage may be identified as a perturbation jet pointing towards the source of 
the wake. This negative jet has a velocity across the blade passage that causes 
the wake fluid to convect towards and impinge upon the suction surface. As 
the wake fluid impinges on the surface, it splits into two streams, one pointing 
downstream which accelerates the flow downstream of the approaching wake 
and one pointing upstream which retards the flow after the wake has passed. 
The negative jet effect within the blade passage also produces a pair of counter- 
rotating vortices. This can also be explained as a local concentration of vortic- 
ity produced by convection. 

Further results on the transport ad development of vorticity and turbulence 
kinetic energy, drawn from three-dimensional visualisations, will be presented 
elsewhere. How the boundary layer development, transition and calming are 
affected by the kinematics and turbulence of wake passing will be explained 
briefly in the following sections. 

The time-averaged wall-static pressure coefficients with wake passing over the 
T106 blade from the present LES are compared with the undisturbed surface 
pressure distributions from experiment by Professor L Fottner’s group at the 
Univ. der Bundeswehr, Miinchen, Germany and the corresponding distribu- 
tions with wake passing from the DNS of Wu and Durbin (2001), Fig la. The 
agreement between the present LES and DNS of Wu and Durbin is seen to 
be excellent. Small discrepancies between the simulations and the experiment 
may be attributed to different inflow conditions, endwall effects and compress- 
ibility. The phase-averaged wall static pressure coefficients over the rear part 
of the blade (magnified view) are presented in Fig lb. As the wake is crossing 
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Figure 1. (a) Left: Time-averaged wall static -pressure coefficient Cp: present LES; DNS by 

Wu and Durbin 2001; and experiment (Munchen). (b) Right: Phase-averaged Cp distributions 
on the T 106 blade: present LES and experiment (Cambridge). 



over the steady flow separation location, a series of large amplitude pressure 
oscillations are observed, particularly for t/T > 0.73 and the wake position 
Sj So > 0.70. Figure lb reveals that the peak-to- valley amplitude of these 
pressure fluctuations is AC^ = 0.15. The corresponding experimental value 
is 0.3 [Stieger, 2002]. During the time 0.4 < t/T < 0.7, as the wake is ap- 
proaching the separation region, no pressure fluctuations over the rear part of 
the blade are observed. This is attributed to the calmed region of the boundary 
layer. It is worthwhile to mention that these pressure fluctuations are dependent 
on the wake turbulence intensity and length scale. 

The process of phase averaging eliminates random fluctuations and shows 
large amplitude fluctuations, so the pressure oscillations reflected in the phase- 
averaged results indicate that they are formed by deterministic coherent struc- 
tures in the flow. Recent work of Stieger et al (2003) has shown that the 
formation of rollup vortices as the wake passes over the separating boundary 
layer is the cause of these pressure oscillations. 

Velocity vectors plotted at t/T = 0.85 (not shown) indicate that velocity pro- 
file becomes inflexional at about Sj So = 0.8 and a small separation bubble 
has formed. This is followed by two large regions of flow separation. Stream- 
line patterns illustrate that these separated regions are the manifestation of vor- 
tices formed as the wake passes over the region of inflexional velocity profiles. 
Iso-contours of spanwise vorticity depict the development of cats-eye patterns 
in the computed flow field, typical of the Kelvin-Helmholtz instability; thus 
these vortices embedded in the boundary layer are formed by rollup of the 
separated shear layers through an inviscid instability as the shear layers are 
perturbed by the wake fluid. Once the vortices are formed, the region of sep- 
aration changes remarkably by convection of these coherent structures. The 
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S/So 



Figure 2. Space-time diagram of shape factor H. 



3D views (figures not presented because of space) also illustrate longitudinal 
streaky structures, characteristics of transitional boundary layers [Alfredsson 
and Matsubara (1996), Westin et al (1994), Henningson et al (1993) and Wu 
et al (1999)]. The breakdown of these streaks into small and irregular struc- 
tures that enhance turbulence is observed downstream. The visualization of the 
computed flow along with the experimental evidence lead to the firm conclu- 
sion that the pressure fluctuations on the rear part of the blade occur owing to 
the formation of vortices caused by the rollup of shear layers via the Kelvin- 
Helmholtz mechanism as the wake passes over the inflexional boundary layer. 
The transition process occurring on LP turbine blades is multi-modal and un- 
steady. A number of authors [Mayle (1991), Welker (1993), Addison and Hod- 
son (1992), Schulte (1995) and Halstead et al (1997)] have described the devel- 
opment of the boundary layer through space-time (S-T) diagrams during wake 
passing. We highlight the state of boundary layer and the wake interaction 
by presenting the shape factor, H, in an S-T diagram. Fig 2. Two trajectory 
lines A and B denote the maximum and minimum velocity that occur owing to 
the kinematics of the passing wakes (the negative jet effect already explained). 
The centreline of the wake lies in between the trajectories A and B. When 
compared with the corresponding diagram presented by Stieger and Hodson 
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(2003), some discrepancies in the state of the boundary layer are observed, 
although the time-dependent nature is predicted well. 

The outer part of the boundary layer is accelerated along A by the approach- 
ing wake. A delay in response to this increase of velocity occurs in the inner 
boundary layer due to viscous effects. As a result, the outer part of the bound- 
ary layer accelerates more than the inner part and the level of H is increased in 
between lines A and B and downstream of S/ So = 0.6. The coherent struc- 
tures marked by C and D originating along the wake centreline are distinctly 
revealed by an increased level of shape factor. This is attributed to the thicken- 
ing of the shear layer due to vortices formed by rollup of laminar shear layer 
over the inflexional velocity profile. These structures travel downstream at a 
speed lower than the local free-stream, following the trajectories C and D, and 
finally break down to a turbulent boundary layer creating a wedge-shaped per- 
turbation. A typical wake-induced transition, forming a turbulent strip, occurs 
at S/So = 0.7 along the trajectory B. This process, which lags behind the 
wake passing, may be attributed to the diffusion of wake turbulence into the 
boundary layer, causing bypass transition. Orth (1993) mentioned that the dis- 
turbance caused by periodic passing wake enters the boundary layer early and 
convects with it before triggering transition. The line E, drawn at 35 percent 
of the free-stream speed, is parallel to the trailing edge of the wake-induced 
turbulent strip. The turbulence created by the breakdown of the coherent struc- 
tures C and D also merges with the turbulent strip. Some difference of the state 
of the boundary layer between the computation and experiment (Stieger and 
Hodson, 2003) is found between the trajectories E and F. A few wedge-shaped 
turbulent perturbations are evident between lines E and F. We suggest that even 
behind the line E, up to F, transition takes the form of bypass transition through 
disturbances either from the free-stream or from the breakdown of coherent 
structures generated by inviscid instability of the shear layer. The calming of 
the boundary layer is evident just beyond the trajectory line F, characterized by 
a slow increase of shape factor. 

4. Conclusions 

An innovative method has been presented using coupled simulations of flow 
past a small cylinder for generating a wake, providing space- and time- 
dependent inflow conditions for the successor large-eddy simulation of wake 
interaction with an LP turbine blade. The kinematics of wake convection il- 
lustrates a dramatic difference in wake deformation between the pressure and 
suction sides. The suction-side wake is highly irregular with a good deal of 
small-scale turbulence. The pressure-side wake suffers from severe stretching 
and thinning with the decay of turbulence. The large amplitude of pressure 
fluctuations over the rear half of the suction surface represent a novel type of 
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wake-boundary-layer interaction. As the wake passes over inflexional bound- 
ary layer, coherent vortices are generated owing to inviscid instability over 
the last 30 percent of the surface length. The vortices play an important role 
in the generation of turbulence and thus decide the transitional length, which 
becomes time-dependent. The source of the pressure fluctuations on the rear 
part of the suction surface is also identified as the formation of these coherent 
structures. The calmed region is nothing but attached flow with fewer pertur- 
bations as the boundary layer tends to relax after wake passing, but the level of 
turbulent intensity suggest the boundary layer is still transitional. 
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Abstract Three-dimensional large eddy simulations of flow in a low-pressure turbine cas- 
cade consisting of modern highly loaded turbine blades have been performed. 
The effects of the variation of frequency and strength of the impinging wakes on 
the suction side boundary layer transition are studied. Weak impinging wakes 
with a low frequency only manage to mildly trigger unstable modes, leading to 
a natural transition scenario. With increasing strength and/or frequency, the trig- 
gering becomes more intense and a by-pass transition scenario is obtained. In 
none of the simulations the boundary layer is found to become fully turbulent. 

Keywords: LES, Transition, Free-stream disturbances 

1. Introduction 

Because of advances in computational power, recently DNS and LES of flow 
in a Low-Pressure Turbine (LPT) cascade have become feasible (Fujiwara 
et al (2002); Kalitzin et al. (2002); Michelassi et al (2003a); Wissink 
(2003); Wu and Durbin (2001)). As part of the German Research Foun- 
dation (DFG) project "Periodic Unsteady Flow in Turbo-machinery" three- 
dimensional Large Eddy Simulations (LES) of flow in such a LPT cascade, 
consisting of modem highly loaded low-pressure turbine blades, are carried 
out and some of the more qualitative results are reported here. Earlier LES 
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of flow in a similar cascade were performed by Fujiwara et al (2002), while 
experiments in such a cascade were performed by Schulte and Hodson (1998). 
For boundary layer flow around a turbine blade, three types of transition can 
be distinguished (Mayle (1991)). When the impinging disturbances are very 
weak, the boundary layer is only mildly triggered and a natural transition sce- 
nario driven by Tollmien-Schlichting waves will appear (Schlichting (1979)). 
Owing to the large free-stream turbulence levels in a real multi-stage environ- 
ment this scenario is very unlikely to occur. Provided the Reynolds number is 
large enough, stronger impinging disturbances will usually give rise to by-pass 
transition (Wu et al. (1999)). Here, some of the stages of natural transition are 
skipped. By-pass transition is usually characterised by the appearence of longi- 
tudinal streaks that become unstable to spanwise disturbances, resulting in the 
formation of turbulent spots which grow as they are convected in the down- 
stream direction and subsequently merge to form a fully turbulent boundary 
layer. In regions with a strong adverse pressure gradient, the boundary layer 
is likely to separate. Since such a separated boundary layer is very unstable, 
it will usually undergo rapid transition to turbulence. The near wall turbu- 
lent flow will relax downstream and, provided the length of the blade is large 
enough, eventually form a turbulent boundary layer (Wissink (2003)). 

1.1 Computational Aspects 

The computational domain is chosen to resemble the experiments performed 
by Schulte and Hodson (1998) and is given in Figure 1. The experiments 




Figure 1. The computational domain. 

were performed employing a Reynolds number of Re = 130 000 (based on 
chord length and exit conditions). For the LES a Reynolds number (based on 
the mean inflow velocity Uq and the axial chord length L - see Figure 1) of 
Re = 100000 is chosen. The latter Reynolds number is large enough for 
the boundary layer to become unstable, while still allowing a good resolu- 
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Table 1. Overview of the large eddy simulations. 



Simulation 


Incoming wakes 


Dhar 


d 


A 


No 


— 


— 


B 


Yes 


P 


0.0157L 


C 


Yes 


\P 


0.0157L 


D 


Yes 


\P 


0.0315L 


E 


Yes 


P 


0.0315L 



tion of the flow using a relatively moderate number of 11.5 x 10^ grid points. 
The mesh was optimised using experience gained in earlier Direct Numeri- 
cal Simulations (DNS) and LES of periodic unsteady flow in a T106 cascade 
(Michelassi et al. (2003a); Wissink (2003)). In the ^-direction, 20-25 grid 
points are placed inside the boundary layer, and the grid sizes, in wall-units, 
in the streamwise and spanwise direction are less than 60 and 12-18, respec- 
tively. As illustrated in Figure 1, periodic boundary conditions are employed 
in the y-direction for x/L < 0 and x/L > 1, while on the surface of the 
blade no-slip boundary conditions are prescribed. The size of the spanwise 
direction, where periodic boundary conditions are applied, is Iz = 0.15L. At 
the outflow plane a convective boundary condition is prescribed, while at the 
inflow plane artificial turbulent wakes are introduced, superposed on the mean 
flow field {u^v,w) = [/(cos a, sin a, 0), where a = 30.46^. The wake data 
has been kindly made available by Xiaohua Wu and Paul Durbin of Stanford 
University. Its statistical properties are described in Wu et al. (1999). The 
artificial wake data corresponds to plane wakes generated by a row of bars, 
located in the plane xjL — — 0.60L, moving in the negative y-direction with 
speed Uhar — L23U. The pitch between blades is P = 0.9694L. The distance 
between bars, D^ar^ and the diameters of the bars, d, is varied to be able to 
study both wake-wake interaction and the effect of the strength of the wake 
on the boundary layer transition (see Table 1). The simulations are performed 
using a second-order accurate central finite- volume discretisation of the three- 
dimensional, incompressible Navier-Stokes equations in space, combined with 
a three-stage Runge-Kutta method for the time-integration. To avoid a decou- 
pling of the pressure field and the velocity field due to the collocated vari- 
able approach used, the momentum interpolation procedure of Rhie and Chow 
(1983) is employed. For a more detailed description of the code we refer 
to Breuer and Rodi (1996). The SubGrid-Scale (SGS) model employed in the 
LES is the dynamic model by Germano et al (1991). The calculations have 
been performed on the Hitachi SR8000-F1 of HLRS (University of Stuttgart) 
using 64 processors and the standard Message Passing Interface (MPI) proto- 
col for communication between blocks. 
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2 . Results 

In Figures 2 (a) and (b), the respective time-averaged wall static-pressure coef- 
ficients of the simulations listed in Table 1 are displayed along with the exper- 
iments of Schulte and Hodson (1998), which were performed using the same 
blade geometry with slightly different operating conditions. The wall static- 
pressure coefficient, Cp, defined by Cp — (Pqi ~ P)/{Poi ~ ^ 2 ). where P is 
the local static pressure, Pqi is the inlet total pressure, and P 2 is the outlet static 
pressure, is plotted as a function of the normalised wall-coordinate, S/S^ax^ 
The wall coordinate is normalised such that S/S^ax = 0 corresponds to the 
leading edge, while S/Smax = 1 corresponds to the trailing edge. The time av- 
eraged data are obtained by averaging the well developed flow field during 3.15 
time-units in Simulation A and, alternatively, during 10 periods of simulation 
in Simulations B — E, where one period corresponds to a tangential sweep over 
the bar distance D^yar- Figure 2 (a), shows that a reasonably good agreement 





Figure 2. Time-averaged wall static-pressure coefficient, (a): Without wakes (Simulation A), 
(b): with wakes (Simulations B-E). 

is obtained between the measurements and Simulation A, performed in the ab- 
sence of wakes. While the static pressure distribution along the pressure side 
is captured very well in the simulation, along the suction side small deviations 
can be observed. Here, the small peak near S/Smax ~ 0.9 indicates that the 
flow is likely to separate near the trailing edge. This is confirmed by the LES- 
results, which show that the flow separates at S/Smax ^ 0.72 and re-attaches 
just upstream of the trailing edge. In Figure 2 (b), the simulations with variable 
incoming wake strength and frequency are compared with typical experimen- 
tal results obtained using 0.01 57L diameter bars and with only one wake per 
blade-pitch. As expected, the best agreement between the measurements and 
the computations is found for Simulation B, where similar operating condi- 
tions are employed as in the experiments. All the computed results exhibit a 
"knee" in the static pressure distribution at approximately S/Smax = 0.85. 
This position on the suction side of the blade corresponds to the transition to 
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Figure 3. Snapshots of vortical structures found inside the passage between two turbine 
blades. The vortical structures have been made visible using the A 2 criterion of Jeong and 
Hussain (1995). (a): Simulation B; (b): Simulation C; (c): Simulation D; (d): Simulation E. 



turbulence of the boundary layer. Observe that the decrease of the suction side 
static pressure for S/Smax > 0.8 — 0.85 becomes smoother with increasing 
wake strength. Note that some of the observed differences between the four 
static pressure distributions can be attributed to the different inlet total pres- 
sure. These differences stem from the variable losses induced by the different 
wakes starting at the inlet section and continuing downstream. 

In Figure 3 snapshots of the vorticity field inside the passage between blades 
are shown. The figure clearly illustrates the more intense triggering of the 
suction side boundary layer in the simulations with increased wake-strength 
(Simulations D and E) and increased wake-frequency (Simulations C and D). 
In the latter simulations, the boundary layer has only little time to relaminarise 
in between two subsequent impinging wakes, such that during the entire period 
a large part of the suction side boundary layer is found to carry disturbances. 
Comparing the effects of the increase of wake-strength and wake-frequency to 
one another, the increase of wake frequency is found to have the largest effect 
on the suction side boundary layer. A series of snapshots showing close-ups 
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of vortical structures present inside the downstream half of the suction side 
boundary layer is displayed in Figure 4 (Simulation B) and Figure 5 (Simula- 
tion D). The figures illustrate the dynamics of these vortical structures during 




Figure 4. Simulation B: snapshots showing the evolution of vortical structures along the 
suction side near the trailing edge during one period. The A 2 criterion has been used to identify 
vortical structures. 



one period. The relatively weak wakes with a low frequency in Simulation B 
(see Figure 4) only mildly trigger the suction side boundary layer and leave 
it ample time to relaminarise. Only very close to the trailing edge, some dis- 
turbances remain present in the boundary layer at all times. In the snapshots 
at t/T = 13.25 and t/T = 13.50, various A-vortices can be observed. The 
spanwise rollers, visible at t/T — 13.00, correspond to Tollmien-Schlichting 
waves, which are triggered by the impinging wakes and form the first stage 
of natural transition. The laminar-turbulent transition is found to end approxi- 
mately when the A-vortices start to become unstable. Here, one has to keep in 
mind that the boundary layer is only reasonably resolved and the resolution of 
the wakes in the passage between blades is hardly sufficient. In an earlier LES 
of flow in a T106 cascade at Re = 148 000, similar resolution problems were 
found to delay boundary layer transition (Michelassi et al (2003b)). 
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Figure 5. Simulation D: snapshots showing the evolution of vortical structures along the 
suction side near the trailing edge during one period. The A 2 criterion has been used to identify 
vortical structures. 



The vortical structures found in Simulation D (see Figure 5), which is the sim- 
ulation with the highest wake-frequency and the strongest wakes, are found 
to be much more pronounced than in Simulation B. Along the downstream 
half of the suction side many longitudinal, streamwise vortical structures are 
observed of which the scale becomes smaller when approaching the trailing 
edge. Though no turbulent spots were found, the streak-like structures do in- 
dicate the presence of a by-pass transition scenario. As in Simulation B, even 
near the trailing edge the suction side boundary layer does not turn fully turbu- 
lent at any time. 

3. Conclusions 

Large eddy simulations of flow in a modem highly loaded turbine cascade have 
been performed. The comparison of the wall static-pressure with experiments 
performed by Schulte and Hodson (1998) shows a fair agreement. By varying 
the frequency and the strength of the wakes, a qualitative study of the laminar- 
turbulent transition of the suction side boundary layer flow has been made. In 
the simulation with weak impinging wakes and a low wake-frequency, a nat- 
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ural transition scenario is obtained, while the streaky structures found in the 
simulation with the strongest wakes and the highest wake-frequency give evi- 
dence of a by-pass transition scenario. In none of the simulations the boundary 
layer flow managed to become turbulent. 

A fuller account of the results will be given in a future publication. 
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